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Preface 


A systematic, unifying approach to the dynamics of the ocean and atmosphere 
is given in this book, with emphasis on the larger-scale motions (from a few kilom¬ 
eters to global scale). The foundations of the subject (the equations of state and 
dynamical equations) are covered in some detail, so that students with training in 
mathematics should find it a self-contained text. Knowledge of fluid mechanics is 
helpful but not essential. Simple mathematical models are used to demonstrate the 
fundamental dynamical principles with plentiful illustrations from field and labora¬ 
tory. In fact, the search for suitable mathematical models during the eight years of 
writing stimulated several of my research papers written during that time. 

Undergraduates in meteorology and oceanography should find the text a useful 
introduction to the dynamics of both air and sea. Having grown out of a graduate 
course, it is equally suitable for more advanced students, and material can be selected 
from many sections to give a well-structured program. For instance, my graduate 
course begins with a brief introduction from Chapter 1, skips to Section 5.6 and, 
by the third lecture, is focusing on rotation effects as covered in Chapter 7. Stratifica¬ 
tion effects are brought in later with material from Chapters 6 and 8, and then selected 
sections from the remaining chapters are used. Thus there is scope for considerable 
flexibility. Elementary courses would use material from the earlier chapters, whereas 
more advanced courses could be based on in-depth studies of later chapters. 

Researchers should find the book attractive, not only for its systematic treatment 
of the dynamics, but also because of its extensive bibliography and index, the appen¬ 
dixes, and the many useful diagrams and formulas. The treatment of many topics is 
novel, and considerable historical information is incorporated to make the book more 
readable and interesting. In fact, I became quite absorbed in pursuing historical 
aspects during the writing period. 
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xii 

General Description of Contents 


The two introductory chapters give an overall picture of how the circulations of 
both atmosphere and ocean are ultimately driven by the sun’s energy. A somewhat 
novel treatment of basic thermodynamics and hydrostatics follows in Chapter 3, 
both ocean and atmosphere being discussed together. The fundamental equations 




fur muVlng uUlds» afc derived in Chapter 4^ with particular reference tC an euiiuiiii- 
ing moisture and water containing dissolved salts. Various types of energy are intro¬ 
duced, and the use of a rotating frame of reference is dealt with. 

The fundamental aim is to understand the circulations of the atmosphere and 
ocean and the observed distributions of physical quantities such as temperature. 
The temperature distribution can be viewed (following Halley) as the result of a 
“competition” between the sun, which tries to warm the tropics more than the poles 
(and so create horizontal contrasts), and gravity, which tries to remove horizontal 
contrasts and arrange for warmer fluid to overlie colder fluid. This “competition” 
is complicated by such effects as the rotation of the earth, the variation of the angle 
between gravity and the rotation axis (the beta effect), and contrasts between the 
properties of air and water. Accordingly, we start with as simple a situation as possible 
and proceed by adding complicating effects one at a time. 

The first step is taken in Chapter 5, where we consider adjustment under gravity 
of a homogeneous layer of fluid in the absence of rotation and external forcing effects. 
The results are directly applicable to phenomena such as seiches and tides in lakes, 


csiUiirlcii, iinu narrow seas, rnls untipicr aisu IniruuUocs uic impuriani iiyurusiaiiC 


approximation,” which leads to the “shallow-water” equations. Effects of density 
stratification are then incorporated in Chapter 6, beginning with the two-layer 
system, like the oil-over-water arrangement that so intrigued Benjamin Franklin in 
1762. Several aspects of wave motion are also introduced in Chapters 5 and 6. For 
instance, group velocity, introduced in Chapter 5 for surface waves, is applied in 
Chapter 6 to internal gravity waves in a continuously stratified fluid. Waves pro¬ 
duced at a horizontal boundary, and possible refraction, reflection, or absorption in 
the fluid above, are also discussed. 

Chapter 7, perhaps the most important in the whole book, introduces effects that 
are due to the earth’s rotation. Although Laplace included these in his tidal equations 
in 1778, and Kelvin investigated wave motions in a rotating fluid a hundred years 
later, some of the fundamental ideas were developed relatively recently by Rossby 
in the 1930s. The “Rossby adjustment problem” brings out many facets of the be¬ 
havior of rotating fluids, such as the tendency to attain “geostrophic equilibrium,” 
the significance of “potential vorticity,” and the importance of the length scale known 
as the Rossby radius of deformation. 

Wave motion in a stratified rotating fluid is examined in Chapter 8 with applica¬ 
tions to flow of air over hills and mountains. Propagation in a slowly varying medium, 
ray-tracing techniques, the internal wave spectrum in the ocean, and effects of waves 
on the mean flow are also examined. Chapter 9 introduces forcing by effects such as 
wind action, tide-producing forces, and solar heating. Inertial oscillations in the 
ocean surface layer are an example of forced motion, and these are dynamically 
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xiii 


related to the nocturnal jet in the atmosphere. Hurricanes and the ocean’s response to 
storms are also considered. 

Phenomena associated with lateral boundaries are treated in Chapter 10. Dy¬ 
namical studies that stem from Kelvin’s work in 1879 can explain the main features 
of the very destructive North Sea Surge of 1953. Coastal upwelHng, which is of great 
importance to fisheries, can be studied using similar analysis. Other classes of coastally 
trapped waves are also discussed. Equatorially trapped waves, considered in Chapter 
11, have similar dynamics and are used to introduce both the beta effect and the mid¬ 
latitude beta-plane approximation for studying quasi-geostrophic flow. The tropical 
circulations of the atmosphere and ocean are also dealt with in this chapter. 

In extratropical latitudes (Chapter 12), slow small-amplitude adjustments take 
place by means of planetary waves. These can be used, for instance, to describe how 
the ocean response to the wind has a highly asymmetric character with strong western 
boundary currents like the Gulf Stream and the Kuroshio. They are also useful for 
understanding the stationary wave patterns in the atmosphere. The omega equations, 
which provide a useful diagnostic tool, are also discussed. 

The mid-latitude atmosphere is dominated by cyclones and anticyclones, which 
result from an instability of the basic wind distribution. Models illustrating how the 
potential energy of the zonal flow is converted into the kinetic energy of the cyclone 
systems are studied in Chapter 13. Fronts that develop in evolving cyclones and eddies 
in the ocean are also discussed. The book concludes with a global view of the 
atmosphere-ocean system. 
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Chapter One 


How the Ocean-Atmosphere 

System Is Driven 


i 1 


lltBI 


This book is about winds, currents, and the distribution of heat in the atmosphere 
and ocean. Since these are due to the sun, this first chapter looks at some of the essen¬ 
tial processes that determine how the atmosphere and ocean respond to radiation 
from the sun. Ideally, one would like to be able to deduce this response in all its 
details from a knowledge of the appropriate properties of the earth and of its ocean 
and atmosphere, but this is not a simple matter. The nearest approach to a solution 
of this problem is by means of numerical models, but these still rely to some extent 
on observations of the real system, e.g,, for determining the effects of processes (like 
those associated with individual clouds) that have a scale small compared with the 
grid used in the model. 

The aim of the numerical models is to include the effects of all processes that play 
a significant part in determining the response of the ocean-atmosphere system. The 
aim of this chapter, on the other hand, is to consider only the most basic processes 
and to show how an equilibrium state can be reached. One such basic process is the 
absorption of radiation by certain gases (principally water vapor, carbon dioxide, and 
ozone), and so the “greenhouse” effect is discussed. The density field that results from 
radiation processes acting in isolation is not in dynamical equilibrium, because air 
near the ground is so warm that it is lighter than the air above. Consequently, vertical 
convection takes place and stirs up the lower atmosphere. Calculations of the equili¬ 
brium established when convective and radiative processes are both active is dis¬ 
cussed in Section 1.5. These calculations, however, neglect variations in the horizontal, 
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which are, of course, extremely important since they are responsible for the winds and 
currents that are the main subject of this book. A brief discussion of the elTects of 
horizontal variations is given in Section 1.6. Finally, since radiation is the source of 
energy for the atmosphere-ocean system, variations in the radiative input are dis¬ 
cussed in Section 1.7. 


1.2 The Amount of Energy Received by the Earth 


Energy from the sun is received in the form of radiation, nearly all the energy being 
at wavelengths between 0.2 and 4 /^m. About 40% is in the visible part of the spectrum 
(0.4—0.67 /»m). The average energy flux from the sun at the mean radius of the earth 
is called the solar constant S and has the value (Willson R. C. 1984) 

5= 1.368 kWm"^ (1.2.1) 

(A great variety of units is used for energy flux. The relation between these is given 
in Appendix 1.) In other words, a 1-m-diameter dish in space could collect enough 
energy from the sun to run a 1-kW electric heater! Since the earth’s orbit is 
elliptical rather than circular, the actual energy received varies seasonally by + 3.5% 

nnHratvf»v 10^0 I M fhp mavimiim amniint h(»ino at hpCTfnnirm 

of January. 

The total energy received from the sun per unit time is 

nR^S, 


( 1 . 2 . 2 ) 



North South 


Fig. 1.1. The radiation balance of the earth. The upper solid curve shows the average flux of solar energy 
reaching the outer atmosphere. The lower solid curve shows the average amount of solar energy absorbed; the 
dashed line shows the average amount of outgoing radiation. The lower curves are average values from satellite 
measurements between June 1974 and February 197B, and are taken from Volume 2 of Winston el al. 11979) Values 
are in watts per square meter. The horizontal scale is such that the spacing between latitudes is proportional to 
the area of the earth's surface between them, i,e„ is linear in the sine of the latitude 
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where R is the radius of the earth. Since the area of the earth’s surface is 4nR^, the 
average amount of energy received per unit area of the earth’s surface per unit time is 

is = 344 Wm-^ (1.2.3) 

If the earth’s axis were not tilted, the average flux received would vary from /r“'S at 
the equator to zero at the poles. However, the tilt of the earth (23.5°) results in seasonal 
variations in the distribution of the flux received. When account is taken of these 
variations, the average flux received in 1 yr is found to vary with latitude as shown 
in Fig. 1.1. 



(•) 


Fig. tZ. The geographical distribution of reflectivity for (a) January 1967-1970 and (b) July 1%9-1970, as deter¬ 
mined from sateflite observations. Most of the bright areas in the figure are characterized by persistent cloudiness 
arxl relatively heavy precipitation. However, the following exceptions should be noted; areas indicated by X's 
denote desert regions where the earth's surface Is highly reflective and areas indicated by V's denote regions of 
persistent low, nonprecipitaiing cloud decks. Tick marks along the side denote the position of the equator: the 
Mercator grid litres are spaced at intervals of 5° of latitude and lorrgitude. [From U.S. Air Force and U.S. Department 
of Commerce, Global Atlas of Relative Cloud Cover, 1967-1970, Washington, D.C, 19711 





(b) 

Fig. 12 (Continued) 


Not all the energy impinging on the earth is absorbed. A fraction a is reflected 
or scattered, so the average flux actually absorbed is 

i(l - a)S = 240 W m-^ (1.2.4) 

The amount reflected or scattered is about 100 W m'^ at all latitudes, as shown in 
Fig. 1.1. (There is no obvious reason that this amount should vary so little with lati¬ 
tude.) The number a is called the albedo of the earth and has a value (Stephens et ai, 
1981) of about 

a = 0.3. (1.2.5) 

Similarly, the albedo a can be defined for a particular place and particular time as 
the fraction of the impinging radiation that is reflected or scattered. The reflected 
light is the light by which the earth may be photographed from space, and such 
photographs (see Fig. 1.2, which is effectively the result of combining many such 
photographs to give the mean reflectivity) show that the albedo can vary enormously 
with such factors as the amount of cloud, and whether the ground is covered by ice or 



ANNUAL ALBEDO 



(a) 

flg. 13. (alTheaverageaibedoobCainedfromacoiTipositeof 46 months of sateKte data obtained betwe«n 1964 and 1977. (From Stephens e( a/. <1961. Fig. 6KI(trf The nitfiimum 
at>edo of the earth from Nimbus 3 saielite measurements in 196^1970. (From Raschke ef af. (1973. Fig. 23).J 
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snow. Mars, with no cloud cover, has about half the albedo of the earth, whereas 
Venus, with total cloud cover, has about twice the albedo of the earth. A quantitative 
estimate of the degree to which clouds, ice, and snow affect the albedo can be obtained 
from satellite measurements (Fig. 1.3). The minimum albedo is presumably close to 
the value in the absence of clouds and of snow-free conditions where these occur. On 
land, the value is usually about 0.15, with higher values in desert regions (0.2-0.3) 
and in icy regions, reaching 0,6 in parts of the Antarctic. Comparison of the minimum 
albedo with the average albedo shows the effect of clouds. For instance, most of the 
ocean within 40"^ of the equator has minimum albedo below 0.1, but the average 
albedo is normally between 0.15 and 0.3. It is clear from these figures that the factors 
that determine albedo are very important in determining the energy balance of 
the earth. 


1.3 Radiative Equilibrium Models 


Since the ocean-atmosphere system is driven by the sun’s radiation, it is important 
to know how radiation is affected by the atmosphere and ocean. Detailed discussion 
may be found in books such as those of Goody (1964), Kondratyev (1969), and 
Paltridge and Platt (1976). Only the most basic elements will be discussed here. 

To begin with, consider the equilibrium that would be established if the earth 
had no fluid envelope. The surface would reflect a fraction a of the incoming radiation 
and absorb the remainder. The absorption of energy would cause the surface to warm 
up until it radiated to space as much energy as it absorbed. When the surface reaches 
temperature T, the amount of energy E radiated per unit time is given by Stefan’s law 


where 


E = (TT^ 

WW — A. 

a = :>.! X IV w m K. . 


(1.3.1) 

y * A \ 

(l.XZ) 


For the radiation actually absorbed by the earth (see Fig. 1.1), such an equilibrium 
would be achieved when the temperature at the equator reached 270 K, the tem¬ 
perature at the South Pole 150 K, and the temperature at the North Pole 170 K. 
In fact the earth’s surface is much warmer, and the contrast in temperature between 
the equator and the poles is much less. The difference from the observed surface 
temperature must be due to the existence of the fluid cover of the earth. This can 
affect the equilibrium reached in two ways. First, radiation can be absorbed within 
the atmosphere itself. Second, the atmosphere and ocean can carry heat from one 
area to another, thereby affecting the balance. In this section, the first effect will be 
considered in isolation from the second. In subsequent sections, the effect of fluid 
motion on the equilibrium will be discussed. This fluid motion consists of winds, 
ocean currents, etc., which will be the main concern of this book. 

The radiative equilibrium that would be established in the absence of fluid motion 
has been calculated by Mdller and Manabe(1961), and is discussed by Goody (1964, 
Chapter 8). The average temperature profile thus obtained is shown by the solid line 
in Fig. 1.4. In some ways the left-hand version of the figure is more appropriate 
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Fig. 1.4. The radiative equilibrium solution (solid line) corresponding to the observed distribution of atmospheric 
absorbers at TS^N in April, the observed annual average insolation for the whole atmosphere, and no clouds. The 
dashed line shows the effect of convective adjustment to a constant lapse rate of 6,5 K km"'. In (a) the curves are 
drawn with a scale linear in pressure, i.e,, equal intervals correspond to equal masses of atmosphere. In (b) the 
scale is linear in altitude. [From Manabe and Strickler (1964, Fig. 4).l 
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the atmosphere, the main physical factor responsible for the equilibrium reached is 
the absorption of radiation by the water vapor present in the atmosphere. For their 
calculations, Mdller and Manabe used the observed distribution of water vapor with 
height. At higher levels, other absorbers such as carbon dioxide and ozone become 
important. Figure 1.4 shows that the presence of the atmosphere results in much 
higher ground temperatures than would otherwise be achieved. This is due to the 
“greenhouse” effect, which will be discussed in Section 1.4. 


1.4 The Greenhouse Effect 


The radiative equilibrium solution shown in Fig. 1.4 has much higher ground 
temperatures than would exist in the absence of the atmosphere. This is caused by 
the “greenhouse” effect, the principle of which can be explained as follows. Consider 
a greenhouse formed by placing a horizontal sheet of glass above the ground as shown 
in Fig. 1.5. The glass used is transparent to radiation with wavelengths below 4/im, 
but partially absorbs radiation of longer wavelengths. Suppose the glass and ground 
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radiation will pass through the glass unattenuated and be absorbed by the ground. 
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Fig. 1.5. The greenhouse effect. The glass is transparent to short-wave radiation, the net downward flux of 
which is I. The balancing upward flux of long-wave radiation from the ground is U, a fraction e of this being absorbed 
by the glass. This warms the glass, causing it to emit a flux B in both directions. 


The ground will warm up to a temperature and emit long-wave radiation with an 
upward flux U given by Stefan's law: 

U = aT*. (1.4.1) 

Practically all the radiation emitted at temperatures typical of the atmosphere has 
wavelengths above 4 fim (the range is 4-100 /im), so a fraction e of this radiation will 
be absorbed by the glass. Thus the glass will also warm up and emit radiation. Sup¬ 
pose the flux emitted in each direction is B. 

Equilibrium will be reached when the upward fluxes balance the downward 
fluxes, i.e., when 


(1A2) 


(IA3) 


I = (I - e)U + B = U - B. 

Solving (1.4.1) and (1.4.2), the result for the ground temperature is 

aTt = U = //(I - e/2). 

Thus Tg is higher (by up to 19%) than it would be in the absence (e = 0) of the glass. 
This is the principle on which a greenhouse operates. 

The effect can be most easily understood in the extreme case of glass that absorbs 
ail the long-wave radiation (e = 1). Then (Fig. 1.5) / = B, which implies that the 
glass reaches the same temperature that the ground would have in the absence of 
glass. Since the underside of the glass is at the same temperature, it radiates a down¬ 
ward flux B of long-wave radiation downward, so the ground receives a total flux of 
I + B = 21. Thus by Stefan’s law the ground reaches a temperature that is higher 
than in the absence of glass by a factor 2^^^ = 1.19. For other nonzero values of e, 
the ground still receives a back radiation flux B in addition to the short-wave flux 
/, so it reaches a higher temperature than it would otherwise. 

In the atmosphere, the absorbing material is distributed continuously in the 
vertical rather than being confined to a thin sheet. Generalization of the above ideas 
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Fig. 1.6. Radiation balance for the atmosphere. [Adapted from "Understanding Climatic Change," U.S. National 
Academy of Sciences, Washington, D.C., 1975, p. 14, and used with permission ] 


to this case is straightforward however (Goody, 1964, Section 8,4; Chamberlain, 
1978, Section 1.2), and gives temperature profiles for the lower atmosphere that are 
similar to those of Mdller and Manabe. More accurate calculations require the 
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*Mong'’ and “short” waves), and to take account of the absorption in each band 
separately. Also, reflection and scattering must be allowed for. This depends on the 
distribution and albedo of clouds and on the albedo of the underlying surface. 

An estimate of the radiation balance for the atmosphere is summarized in Fig. 1.6. 
Setting the incident flux at 100 units, the reflected and scattered flux of short-wave 
radiation is 100a 30 units. This leaves 70 units of net downward flux of short-wave 


radiation at the top of the atmosphere, of which 19 units are absorbed in the atmo¬ 
sphere, leavin® onl'^ 51 units to be absorbed at the surface. There is also a large amount 
[London and Sasamori (1971) estimate 98 units] of long-wave radiation absorbed at 
the surface, this representing back radiation from the atmosphere (it is possible for 
the back radiation to exceed the incident radiation, as a generalization of Fig. 1.5 
to several sheets of glass can readily show). The net surface emission (excess of upward 
over downward radiation) of long-wave radiation is 21 units, the remaining upward 
flux of 30 units being by convection. The upward flux at the top of the atmosphere 
is 70 units, as required to balance the short-wave radiation received. The mean 
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energy flux at the ground rather than that corresponding to the 70 units emitted at 


the top of the atmosphere. The latter flux can be more closely identified with a tem¬ 


perature at “cloud-top” height. 


1.5 Effects of Convection 

The radiative equilibrium solution was described in Section 1.3 as the solution 
that would be obtained in the absence of fluid motion. This statement is not strictly 
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true, however, because the radiative equilibrium solution is based on the observed 
distribution of water vapor. This distribution is not predetermined, but is the result 
of a balance that involves fluid motion. 

To see how fluid motion can affect the balance, consider an atmosphere that, at 
some initial time, contained no water vapor, but was in radiative equilibrium. If the 
atmosphere absorbed no radiation at all, the ground would warm up as in the absence 
of an atmosphere (see Section 1.3), but the air above would remain cold. Although 
the system would be in radiative equilibrium, it would not be in dynamic equilibrium 
because the air warmed by contact with the surface could not remain below the cold 
air above without convection occurring, as it does in a kettle full of water that is 
heated from below. The vigorous motion produced carries not only heat up into the 
atmosphere, but also water vapor produced by evaporation at the surface. The water 
vapor then affects the radiative balance because of its radiation-absorbing properties, 
so the final equilibrium depends on a balance between radiative and convective effects 
and is called radiative-convective equilibrium. 

Whether or not convection will occur depends on the “lapse” rate, i.e., the rate at 
which the temperature of the atmosphere decreases with height. Convection will only 
occur when the lapse rate exceeds a certain value. This value can be calculated by 
considering the temperature changes of a parcel of air that moves up or down 
“adiabatically,” i.e., without exchanging heat with the air outside the parcel. As such 
a parcel rises, the pressure falls, the parcel expands, and thus its temperature falls. 
The rate at which the temperature falls with height, due to expansion, is called the 
dry adiabatic lapse rate and has a value of about 10 K/km. If the temperature of the 
surroundings fell off more quickly with height, a rising parcel would find itself warmer 
than its surroundings, and therefore would continue to rise under its own buoyancy. 
In other words, the situation would not be a stable one, and so convection would 
occur. Convection carries heat upward and thus will reduce the lapse rate until it 
falls to the equilibrium value, for then convection can no longer occur. Another way 
of expressing the same ideas is in terms of potential energy. When the lapse rate 
exceeds the adiabatic value, the potential energy can be reduced by moving parcels 
adiabatically to different levels. Thus energy is released and is used to drive the 
convection. 

If the atmosphere contained only small amounts of water vapor, convection would 
only occur if the dry adiabatic lapse rate were exceeded. In practice, the situation is 
complicated by the fact that air at a given temperature and pressure can only hold a 
certain amount of water vapor. The amount of water vapor relative to this saturation 
value is called the relative humidity. When the relative humidity reaches 100%, water 
droplets condense out of the air, thereby forming clouds. The condensed water 
ultimately returns to the earth’s surface as precipitation. 

This hydrological cycle affects the energy balance of the atmosphere in a number 
of important ways. First, clouds have an important effect on the total amount of 
energy absorbed by the atmosphere because they reflect and scatter a significant 
amount of the incoming radiation (see Section 1.2). Second, the radiation-absorbing 
properties of water vapor are important in determining the temperature of the lower 
atmosphere, as discussed in Section 1.3. Third, cooling takes place upon evaporation 
because of the latent heat required. This heat is released back into the atmosphere 
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when condensation takes place in clouds. The heat transferred by this means is, on 
average, about 75% of the convective transport (see Fig. 1.6), 

The release of latent heat in clouds also affects the conditions under which con¬ 
vection can take place. The amount of water vapor a parcel of air rising adiabatically 
can hold decreases with height. Thus if the parcel is already saturated with water 
vapor, latent heat will be released as the parcel rises, so the rate of decrease of tem¬ 
perature with height will be less than for dry air. The rate of decrease with height is 
called the moist adiabatic lapse rate and has a value that depends on the temperature 
and pressure. In the lower atmosphere, the value is about 4 deg km“‘ at 20°C and 
5 deg km“‘ at 10°C [for precise values, see List (1951, Table 79)]. The appropriate 
lapse rate may also be different if ice is formed instead of liquid water (List, 1951, 
Table 80). A fuller discussion is given in Section 3.8. 

The moist adiabatic lapse rate is appropriate for ascending air, but for descending 
air the story is different. The amount of water vapor a parcel of air can hold increases 
as the parcel descends, so the parcel is always unsaturated and the dry adiabatic 
lapse rate is appropriate. Thus in a convecting atmosphere, potential energy may be 
released where the air is ascending, whereas work is being done against gravity where 
the air is descending. [For a discussion of convection and models of convection, see 
Haltiner (1971, Chapter 10) and Holton (1979, Chapter 12).] 

Another consequence of the nature of moist convection is the distribution of 
relative humidity in the atmosphere. The mean value must He between the 100% 
of the moist air in rising regions and the lower values of the descending regions. A 
rough approximation to the observed mean distribution (Manabe and Wetherald, 
1967) is a relative humidity that decreases linearly with pressure from 77% at the 
ground to zero at the top of the atmosphere. The relative humidity does not change 
very much from one season to another, whereas the actual amount of water vapor 
present varies a great deal. 

A problem in modeling the atmosphere is to find a satisfactory way to represent 
the effects of convection without modeling details of the ascending and descending 
parcels of air. Radiative-convective models represent the effects of convection in a 
very simple way. First, they ignore horizontal variations, so that the temperature 
and other quantities are functions only of altitude (or, equivalently, of pressure). 
Distributions of the radiation-absorbing gases, carbon dioxide and ozone, of clouds, 
and of either relative humidity or absolute humidity are fixed, as is the downward 
flux of short-wave radiation at the top of the atmosphere. An initial temperature 
distribution is allowed to adjust toward equilibrium, taking account not only of 
radiative fluxes but also of convective fluxes. Convection is assumed to occur only 
when the radiative fluxes are tending to increase the lapse rate above a certain critical 
value. Then an opposing convective flux is introduced that redistributes (but does 
not add or remove) heat in such a way as to keep the lapse rate at the critical value. 
The difficulty lies in the choice of the critical value. Usually this is simply chosen to 
be the observed mean lapse rate of the lower atmosphere, namely, 6.5 deg km~‘. 
The result of such a calculation (Manabe and Strickler, 1964) is shown in Fig. 1.4 and 
gives quite a good approximation to the observed mean temperature profile. As such, 
it is an improvement over the pure radiative equilibrium-model, but its limitations 
should not be forgotten. 
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1.6 Effects of Horizontal Gradients 


In Section 1.5 it was seen that the large vertical temperature gradients that would 
be produced by radiation acting in isolation result in convection that tends to reduce 
these gradients. In a similar way, the variations with latitude of the absorbed radiative 
flux (Fig. 1.1) would lead to large horizontal temperature gradients if radiation acted 
in isolation. Again fluid motion takes plate that tends to reduce these gradients. The 
nature of these motions depends on dynamical processes, which will be the subject 
of subsequent chapters. 

Intuitively, one might expect the nonuniform heating of the atmosphere to cause 
rising motion in the tropics and descending motion at higher latitudes. Halley (1686) 
and Hadley (1735) proposed this type of circulation, which is now known as a Hadley 
cell (see Section 2.3). A similar circulation might be expected to occur in the ocean, 
so that the excess heat received in the tropics would be transported poleward in both 
atmosphere and ocean. 

The circulation (in the meridional plane) that actually occurs is known quantita¬ 
tively (but with limited accuracy) for the atmosphere from observations and is shown 
in Fig. 1.7. By comparison, the meridional circulation in the ocean is very poorly 
known, but estimates have been made that at least give an order of magnitude. A 
brief description of the atmospheric part of the circulation is as follows. The Hadley 
cell is confined to the tropics. Moist air from the trade wind zone, where evaporation 
exceeds precipitation, is drawn into the areas of rising motion, which, because they 
are wet and cloudy, show up as regions of high reflectivity in Fig. 1.2. Important 
regions of rising motion are over Indonesia and the Amazon and Congo basins. Over 
the Atlantic and Pacific Oceans, the rising motions tends to be concentrated in a 
fairly narrow band called the Inter-Tropical Convergence Zone (ITCZ), usually 
found between 5 and 10“ to the north of the equator. It can be seen very clearly as a 
band of high reflectivity in Fig. 1.2. The regions of descending air are dry, and include 
in particular the desert regions (marked by X’s in Fig, 1.2), which are found between 
latitudes 20° and 30°. These show up as regions of high albedo over land in Fig. 1.3. 
Where the descent is over cold ocean, low nonprecipitating cloud decks (marked Y 
in Fig. 1.2) are often found. 

In mid-latitudes, the picture is quite different. Because of the rotation of the earth, 
the motion produced by the horizontal density gradients is mainly east-west, and 
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ature distribution is shown in Fig. 7.9.) However, the situation is not a stable one, and 
large transient disturbances (which appear as cyclones and anticyclones on the 
weather map) develop. These disturbances are very effective at transporting energy 
poleward. 

The effectiveness of fluid motion in reducing horizontal gradients can be judged 
from a comparison of the two lower curves in Fig. 1,1, The solid curve shows the 
variation with latitude of the absorbed flux of radiative energy. In a pure radiative 
equilibrium (or a radiative-convective equilibrium), the outgoing radiation would be 
equal to the absorbed radiation at all latitudes. In practice, the outgoing flux of 
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(b) 

Fig. 1.7. Streamlines of the mean meridional mass flux in the atmosphere for (a) December—February and 
(b) June-August. Units are megatons per second (Mt s“ * =■ 10^ kg s“ *). The horizontal scale is such that the spacing 
between latitudes is proportional to the area of the earth's surface between them, i.e., is linear in the sine of the 
latitude. lAdapted from Newell et al. (1972, Vol. 1, p. 45).l 


radiative energy, shown by the dashed line in Fig. 1.1, is much more uniform, its 
departures from the average flux being about one third of those for the absorbed flux. 
From the difference between the two curves, the amount of energy that must be 
transported across each circle of latitude by fluid motion can be calculated. The curve 
so obtained for the northern hemisphere is shown in Fig, 1,8, This curve can be com¬ 
pared with the one for the observed transport of energy by the atmosphere (Oort, 
1971; Vonder Haar and Oort, 1973). The difference between the two curves (the 
shaded region in Fig. 1.8) provides an estimate of the energy transport by the ocean. 
According to these results, ocean and atmosphere are equally important in trans¬ 
porting energy, the atmosphere being most important at 50°N and the ocean most 
important at 20°N. There is, however, considerable uncertainty in the measurements, 
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Fig. 1.8. The northward transport of energy (in units of petawatt = 10** VV)as a function of latitude. The outer 
curve is the net transport deduced from radiation measurements. The white area is the part transported by the 
atmosphere and the shaded area the part transported by the ocean. The lower curve denotes the part of the atmos¬ 
pheric transport due to transient eddies and is the mean of the monthly values from Oort (1971, Table 3). The 
horizontal scale is such that the spacing between latitudes is proportional to the area of the earth's surface between 
them, i.e., is linear in the sine of the latitude. IFrom Vonder Haar and Oort (1973).) 


and probable errors are estimated by Vonder Haar and Oort (1973). For instance, 
the probable error in the transport of energy by the ocean at 20°N is about 70%. 

In calculating the energy transport by the atmosphere from observations, a distinc¬ 
tion can be made between the energy transported by the mean (time-averaged) 
circulation and the energy transported by transient motions. If this calculation is 
done for each month in turn and the results are averaged, the curve in the unshaded 
part of Fig. 1.8 is obtained. In latitudes where the transport by the atmosphere is 
important, the transient motions account for most of the transport. This observation 
is the basis for simple equilibrium models [e.g., Stone (1972); see also Held and 
Suarez (1978)1 in which the radiative heat flux is balanced not bv small-scale con- 
vection, as in radiative-convective equilibrium models, but by energy fluxes due to 
large-scale transient motions (such as cyclones and anticyclones). These motions 
transport heat vertically as well as horizontally [see Palmcn and Newton (1969, 
Chapter 2)], so calculations of both vertical and horizontal gradients can be made. 

The method of estimating the transports due to the large-scale transient motions 
is beyond the scope of the present chapter, but the concept is important. The structure 
of the atmosphere and ocean depends on the motions driven by radiation and their 
effectiveness in redistributing heat. If the effect of the dominant energy-transporting 
mechanism can be estimated in some simple way, one hopes that reasonable estimates 
of basic features such as the mean horizontal and vertical temperature gradients of 
the atmosphere can be obtained. 


1.7 Variability in Radiative Driving of the Earth 


Since the present state of the ocean and atmosphere is a result of their response 
to the radiation received from the sun, one would like to know what variability there 
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is in this driving. The total amount of radiation incident on the earth in 1 year depends 
only on the output of radiation from the sun, which is measured by the solar constant 
5, whose present value is given by (1.2.1). Measurements since the 1920s (Drummond, 
1970) show no variations larger than the probable measurement errors, so S cannot 
have varied more than 1 or 2% in that time. Thus the hypothesis that S is constant, as 
suggested by the name “solar constant,” is consistent with observations to date, 
although other possibilities are not ruled out. 

The amount of radiation incident at a particular point on the earth does, however, 
vary enormously between day and night and from season to season, and these vari¬ 
ations are of obvious importance to life as we know it. Since the emphasis in this book 
is on periods larger than a day, daily variations will not be discussed explicitly. 
However, it is important to realize that the existence of daily variations can affect 
the state of the atmosphere over longer periods, the magnitude of the effect depending 
on the amplitude of the daily variations. An example of such an effect is the mixing of 
the lower atmosphere. In summer especially, the ground can become very hot during 
the day, causing strong convection that stirs up a considerable depth of air. The air 
is not “unmixed” at night, so the net effect is substantially different from that which 
would be achieved with uniform radiation. 

Seasonal variations are due to (i) the tilt of the earth’s axis relative to the plane 
of its orbit (at present 23.5°) and (ii) the ellipticity of the earth’s orbit. The ellipticity 
is such that the total amount of radiation incident on the earth varies by ±3.5%, 
with the maximum in early January. The consequent changes with latitude and time 
of the incident radiation are given by List (1951, Tables 132 and 134), whereas Stephens 
et al. (1981) give the observed changes in outgoing radiation. These are smaller than 
the changes in incident radiation, so there is a net gain of energy between October 
and March when the earth is nearer the sun, and a net loss in the remainder of the 
year. The variations show a marked asymmetry between the two hemispheres because 
of the different proportions of land and sea, changes over the latter being relatively 
small. 

The existence of seasonal variations has important effects on the mean state of 
the atmosphere and ocean, the magnitude of the effect depending on the amplitude 
of the variations. This fact has been demonstrated by numerical experiments of 
Wetherald and Manabe (1972). They began with an ocean-atmosphere model driven 
by the annual mean radiation and then changed to seasonal forcing. The mean state 
was changed thereby, e.g., surface temperatures in high latitudes were greater and the 
mean north-south temperature gradient in the atmosphere was reduced. [The 
sensitivity, e.g., to changes in CO 2 content, is also affected—sec Wetherald and 
Manabe (1981).] The most important contributing factor was found to be the melting 
of snow in high latitudes in summer, thus reducing the net albedo. Another factor 
was found to be the development of a warm surface layer in the ocean in summer, 
giving a higher mean sea-surface temperature. 

The fact that seasonal variations affect the mean state of the ocean-atmosphere 
system is the basis of an astronomical theory of climate change due to Milankovich 
(1930, 1941). Because of perturbations caused by other planets, the tilt of the earth’s 
axis varies between 22 and 24.5°, and the eccentricity of the earth’s orbit changes, 
the time scales of these changes being 10“*-10^ years. The net radiation incident over 
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a year is altered very little, but the distribution in time and space is changed. The 
eccentricity varies sufliciently for the amplitude of seasonal variations in the incident 
radiation to change between 0 and 15% and the time of the maximum also changes. 
The effects of these changes on the incident radiation are given by Berger (1979), 
and the theory is discussed by Imbrie and Imbrie (1979) and Monin (1972, Chapter 
4), Periods during which the amount of radiation received in summer over the high- 
latitude continental areas of the northern hemisphere was small appear to coincide 
with ice ages. Geological evidence in support of the theory is discussed by Hays et al. 
(1976) and Imbrie and Imbrie (1980). 




Chapter Two 


T ransfer 
of Properties 
between Atmosohere 

I 

and Ocean 


2.1 Introduction 

As stated in the introduction to Chapter 1, one would like to determine the 
response of the atmosphere-ocean system to the known radiative input from the sun 
given only the physical properties of air and water, the distribution of land and sea, 
and other such basic information. Some of that information is given in this chapter, 
as Section 2.2 discusses the differences between the physical properties of air and 
water that make their mutual boundary of such importance. The density difference 
is obviously significant, but contrasts in optical properties are also important since 
they result in the thermal driving of the ocean being effectively at the surface. 

Processes that are responsible for transfer of heat and moisture across the air-sea 
boundary are briefly discussed in Section 2.4, along with formulas used for calculating 
the rates of transfer. These can be used to calculate global budgets of heat, moisture, 
and momentum, which arc examined in three different sections. First, the angular 
momentum budget of the atmosphere is discussed in Section 2.3, this having some 
historical interest in connection with the Hadley circulation. The moisture budget 
(hydrological cycle) is discussed in Section 2.5, and the heat budget of the ocean is 
discussed in Section 2.6. Finally, the thermohaline or buoyancy-driven circulation 
of the ocean is considered in Section 2.7. 
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2.2 Contrasts in Properties of Ocean and Atmosphere 


Water is very much denser than air. The density of air varies with temperature, 
pressure, and humidity (see Chapter 3), typical surface values being 1.2-1.3 kg m"^ 
(0.0013 tonne m“^), whereas the sea is some 800 times more dense (1025 kg m^^ = 
1.025 tonne m“^ at the surface). Thus the interface between air and water is very 
stable because of the strength of the gravitational restoring force when it is displaced 
from its equilibrium position. Typical displacements observed in surface waves are 
of order 1 m. Because of the stability of the interface, the two media do not mix in any 
significant way (whitecaps and spray are only found close to the interface), so transfers 
of properties between the two media must take place through a well-defined interface. 
This contrasts with the atmosphere, for instance, where heat transfer can take place 
through a plume of hot air rising hundreds of meters and then mixing with the sur¬ 
rounding air. Obviously, such a plume cannot cross the ocean surface, and this is 
one reason why the air-sea transfer processes need special consideration. 

The existence of the interface affects the radiation balance because it reflects 
radiation. The fraction a of solar radiation reflected is a function of the angle of 
incidence and of the surface roughness (Kraus, 1972, Section 3.2). Typical values of 
a are indicated by the satellite measurements of minimum albedo shown in Fig. 1.3b. 
It is assumed that the minimum albedo approximates the value that would be ob¬ 
tained in the absence of clouds, and so is close to the surface value. At latitudes below 
SO'", values less than 0.1 are found. At higher latitudes, the values increase with latitude 
because of the progressive reduction in the angle between the sun’s rays and the 
surface. 

There is not only a discontinuity in density at the ocean surface, but also a dis¬ 
continuity in optical properties that has important consequences for the radiation 
balance. Consider first the solar radiation impinging on the atmosphere. According 
to Fig. 1.6, only 19% of this is absorbed within the atmosphere. At the surface, a 
fraction a is reflected. What happens to the remainder that enters the ocean? This 
represents about 51% (see Fig. 1.6) of the radiation entering the outer atmosphere. 
Unlike the atmosphere, the ocean absorbs solar radiation very rapidly. The rate of 
absorption varies with wavelength and with the amount of suspended material 
(Kraus, 1972, Section 3.2). The total energy (in the range of wavelengths appropriate 
to solar radiation) falls off exponentially with depth. Typical decay rates are such that 
about 80% (Jerlov 1968, Table 21 and Fig. 50) is absorbed in the top 10 m. In coastal 
areas where a lot of suspended material is present, the absorption rate can be much 
greater. A more detailed discussion can be found in Jerlov’s (1968) book. 

In the atmosphere, long-wave radiation is absorbed much more rapidly than 
solar radiation, the principal absorber being water vapor. It is hardly surprising, 
therefore, that long-wave radiation in the ocean is absorbed very rapidly indeed. 
The result is that the emission (and absorption) of long-wave radiation takes place 
from a very thin layer, less than 1-mm thick (McAlister and McLeish, 1969). 

The density contrast between air and water means that the mass of the ocean is 
very much greater than (270 times) that of the atmosphere. The mass per unit area of 
the atmosphere is approximately 10“* kg m"^ (10 tonne m"^), and since the acceler- 
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ation due to gravity is about 10ms the weight per unit area, or surface pressure, 
is about 

10^ Pa = 10= Nm"^ = 1 bar. 
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creases by 1 bar every 10 m. For this reason, oceanographers often express pressures 
in decibars (dbar) since 1 dbar «1 m in depth (see Section 3.5). 

The large difference in mass between air and water also implies a large difference 
in heat capacity. In fact, the specific heat (heat capacity per unit mass) of water is four 
times that of air, so a mere 2.5-m depth of water has the same heat capacity per unit 
area (10^Jm“^ K“^)as the whole depth of the atmosphere. In other words, the heat 
required to raise the temperature of the atmosphere by 1 K can be obtained by 
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or of 250 m by 0,01 K). Heat can also be stored in latent form, and this same amount 
of heat can be used to evaporate 4 mm of water or to melt 30 mm of ice. (Values of 
latent heats and specific heats from which these figures are derived are given in 
Appendixes 3 and 4.) The importance of latent heat can be seen when it is considered 
that evaporation rates in the tropics are of order 4 mm per day, corresponding to 
changing the temperature of the atmosphere by 1 K per day. This is consistent with 
cooling rates by radiation, which are of order 1 K per day (Riehl, 1979). 

The large heat capacity of the ocean is of importance for seasonal changes. 
Although in the long term each hemisphere loses by radiation about as much heat as 
it receives, this is not true of an individual season. The excess heat gained in summer 
is not transported to the winter hemisphere, but is stored in the surface layers (100 m 
or so) of the ocean and returned to the atmosphere in the winter (Palmen and Newton, 
1969. Chanter 21. Because of this abilitv to store heat, the ocean surface temnerature 

- r X f ^ 7 - X 

changes by much smaller amounts than the land surface, which cannot store much 
heat. This contrast between land and sea shows up vividly in Fig. 2.1, which shows the 
seasonal range in temperature at the earth's surface. Although the outlines of the 
continents are not drawn in, their position is quite clear. Thermal storage in the 
ocean is also important at longer time scales, and therefore is of significance for 
climatic variations. 


2.3 Momentum Transfer between Air and Sea, 

and the Atmosphere's Angular Momentum Balance 


How are the winds produced, and what determines their distribution? In offering 
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out that the driving force is “the Action of the Suns Beams upon the Air and Water. ” 
This produces a dynamic effect, namely, “that according to the Laws of Staticks, the 
Air which is less rarified or expanded by heat, and consequently more ponderous, 
must have a Motion towards those parts thereof, which are more rarified, and less 
ponderous, to bring it to an Equilibrium.'* Thus Halley had in mind a steady situation 
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in which there is a balance between the forcing effect of radiation, which tends to 
produce horizontal density differences, and the dynamic effects, which tend to reduce 
the differences. 


But as the cool and dense Air, by reason of its greater Gravity, presses upon 
the hot and rarified, ’tis demonstrative that this latter must ascend in a con¬ 
tinued stream as fast as it Rarifies, and that being ascended, it must disperse it 
self to preserve the Equilibrium; that is, by a contrary Current, the upper Air 
must move from those parts where the greatest Heat is: So by a kind of Circu¬ 
lation, the North-East Trade Wind below, will be attended with a South 
Westerly above, and the South Easterly with a North West Wind above (Halley, 
1686, p. 167). 


Such a circulation in the meridional plane is now known to exist in the tropics 
(see Fig. 1.7) and Halley’s explanation of the circulation is essentially correct. However, 
this meridional circulation is now called the Hadley circulation. This appears to be 
because Halley’s explanation of the easterly component of the trade winds was 
incorrect, whereas Hadley (1735) gave an explanation that is much closer to the 
truth. He pointed out that because of the rotation of the earth, the speed of the 
equator about the earth’s axis is greater than that of the tropics (23.5° latitude) by 
some 2083 miles per day. Thus air at rest relative to the earth at 23.5° would, in the 
absence of friction, acquire a westward velocity of 2083 miles per day at the equator. 
Since velocities this large are not observed, “it is to be considered, that before the Air 
from the Tropicks can arrive at the Equator, it must have gained Some Motion 
Eastward from the Surface of the Earth or Sea, whereby its relative Motion will be 
diminished, and in several successive Circulations, may be supposed to be reduced to 
the Strength it is found to be of. Thus I think the N.E. Winds on this Side of the 
Equator, and the S.E. on the other Side, are fully accounted for” (Hadley, 1735, p. 61). 
Halley (1686, facing p. 151) produced the first comprehensive map of these winds over 
the tropical Atlantic and Indian Oceans based on his own observations and 
information obtained from “a multitude of Observers.” 

The principle Hadley appealed to was that of conservation of angular momentum, 
which applies in the absence of friction. Hadley (1735, p. 62) also stated, “The N.E. 
and S.E. Winds within the Tropicks must be compensated by as much N.W. and 
S.W. in other Parts, and generally all Winds from any one Quarter must be com¬ 
pensated by a contrary Wind some where or other; otherwise some Change must be 
produced in the Motion of the Earth round its Axis.” This statement is not correct 
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referring to is clear enough. The net rate of exchange of angular momentum between 
the atmosphere and the underlying surface must be zero, otherwise the angular 
momentum of the atmosphere would be continually increasing or decreasing. The 
quantitative expression of this principle may be derived as follows. Suppose the 
average eastward force (or rate of transfer of eastward momentum) per unit area 
acting on the earth’s surface at latitude qy is 
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Then the average torque (or rate of transfer of angular momentum) per unit area 
about the earth’s axis is 


az^((p) cos (p, 

where a is the radius of the earth. The area of a zonal strip between latitudes <p and 
(p + d(p is 2na^ cos (p dtp, so the torque on this strip is 

'yTTrt^r^(in\ tn tim 

The net torque on the earth’s surface (or the net rate of exchange of angular momen¬ 
tum between the atmosphere and the underlying surface) must vanish, so 

rrril 

I T*(<p) cos^ (p dtp = 0. (2.3.1) 

J ~n /2 

This is the quantitative expression of the principle that Hadley appealed to. 

The force of the atmosphere on the underlying surface may be exerted in two 
different ways. One is the force exerted on irregularities in the surface associated 
with pressure differences across the irregularities. The second is by viscous stresses. 
The irregularities on which forces are exerted may vary in size from mountain ranges 
like the Andes down to trees, blades of grass, and ocean surface waves. When the 



Fig. 2.2. The average eastward stress on the ocean surface as a function of latitude lvalues are frorn Eyre 
(1973)J. The spacing of latitudes is such that the distance between two nearby latitudes is proportional to the square 
of the cosine of the latitude. With this scale the area under the curve would be zero if the average rate of transfer 
of momentum from the atmosphere were the same over the land as over the sea at each latitude. 


2 J Momentum Transfer and the Atmosphere’s Momentum Balance 


25 


irregularities are small enough (as is the case over the ocean), the associated force 
per unit area added to the viscous stress is called the surface stress, or wind stress. 
Since the earth’s surface is mainly ocean, it is not surprising that (2.3.1) is approxi¬ 
mately true with T^(<p) being the average eastward wind stress over the ocean at 
latitude <p [other contributions to the angular momentum exchange are discussed by 
Newton (1971)], Figure 2.2 shows estimated values of the average eastward wind 
stress x%(p) as a function of latitude. The latitudinal axis is drawn linear in 

j(p + i sin 2<p = j* cos^ d(p', 

so that the area under the curve would be zero if (2.3.1) were exactly correct. Note 
that there is a westward stress in the trade wind zone (latitudes below 30°) and there¬ 
fore an eastward stress is required at higher latitudes to give an overall balance. The 
eastward stress is associated with the prevailing westerly (i.e., eastward) winds at 
those latitudes. The reason that westerly winds should be found in these latitudes is 



Fig. 2.3. Mean sea-level pressure (mb) for January ((a) and (b)l and July ((c) and (d)J. Tfie nortJiern fiemispfiere 
data are from Crutcfier and Meserve (1970), and tfie southern hemisphere data are from Taljaard et al. (1969). 
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ng. 23. (contmued) 


not particularly straightforward and is discussed in relation to the angular momen¬ 
tum balance in Chapter 13 [see also Lorenz (1967,1969)]. 

To calculate the ocean currents that are produced by the wind, the detailed 
distribution of stress with position on the earth’s surface is required. The pattern of 
surface winds away from the equator can be obtained from surface pressure maps 
(Fig. 13), whereas the tropical wind distributions are shown in Figs. 11.24, 1128, 
and 11.29. Features like the trade winds, intertropical convergence zone, and westerly 
wind belts can be clearly seen in these figures. Sources of more detailed information 
are listed in Appendix S. 


2.4 Dependence ol Exchange Rales on Air-Sea Velocity, Temperature, 
and thamidily Differences 

Winds are produced in the atmosphere in response to radiative forcing. These 
winds transfer momentum to the ocean, producing ocean currents. By what processes 
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Fig. 2.3. (continued) 


is the momentum transferred and on what do the transfer rates depend? This is an 
important question, about which much has been written (Kraus, 1972, 1977; Garratt, 
1977; Liu et al., 1979; Charnock, 1981; Lumley and Panofsky, 1964), and this section 
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The radiative forcing of the atmosphere produces pressure gradients that result 
in wind speeds of order 10 m s '. If there were no momentum transfer to the lower 
boundary (i.e., no frictional contact between the atmosphere and surface), such 
velocities would be expected right down to the surface. However, there is frictional 
contact at the surface. This means that at solid boundaries, the air in immediate 
contact with the boundary is constrained to have zero velocity. Thus a velocity 
gradient or shear exists near the ground. (An example of the way wind speed varies 
with height is shown in Fig. 2.4.) The shear flow, however, is not stable because small 
disturbances can grow to make the flow turbulent. The turbulent eddies (which are 
responsible for the “gusty” nature of the wind) modify the shear, but over a sufficiently 
long time, a well-defined mean velocity can be determined for each value of z, the 
distance above the ground. (Typical averaging times required are of the order of 
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fil- 13. (continued) 


minutes for points a Tew meters above the ground.) In the region of substantial shear, 
momentum is transferred downward by bodily movement of parcels of air, le., by 
fast-moving parcels moving downward and slow moving parcels moving upward. If 
u is the horizontal component of velocity, w the vertical component, and p the density, 
then the vertical flux of horizontal momentum per unit area is puw, so the mean value 
of this quantity over a sufficiently large area or sufficiently large time is equal to the 
mean stress t. 

As the ground is approached, the shear increases in inverse proportion with the 
distance from the ground. (This law can be deduced on dimensional grounds from the 
assumption that the shear depends only on t, p, and distance z from the ground. It 
implies a logarithmic mean velocity profile.) The inverse law holds only sufficiently 
close to the ground where the shear is strong because other effects become important 
when the shear gets weak. For instance, if the lapse rate (see Section l.S) is large 
enough to produce convection, turbulence due to convection will become more 
important than turbulence due to shear at some level. 
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Fig, 2.4, An example of how the wind speed (in m s"') varies with height (in m). The height scale is (a) linear 
and (b) logarithmic. Values at 0.5,1, 2, 4, B, and 16 m are ^1 hr averages obtained from anemometers on a mast. 
Values at 50 m and above were obtained by tracking a pilot baloon released in the same general area, [From 
Clarke et al. (1971, data p. 307, 0900 hr).] 


In order to relate the stress t to the wind speed u, it is necessary to specify the 
height at which the wind is measured. Once this is done, it follows on dimensional 
grounds that the relationship between t and u can be put in the form 

X = Cjypu^, (2.4.1) 

where Cq is a dimensionless coefficient called the drag coefficient. Its value over solid 
surfaces depends on the roughness of the surface and can also depend on the lapse 
rate. Values for different types of surface are known from measurement. 

The ocean is not a solid surface, but surface velocities are still very much less than 
those in the atmosphere (typically about 3% of the velocity at 10 m). This is basically 
due to the density difference, for the same momentum can be carried in water with 
much smaller velocities. Hence the shear over the ocean is just as large as over the 
land, and turbulence is produced in the same way. However, measurements over the 
ocean are more difficult than over land, and less is known about how the drag co¬ 
efficient varies, particularly at high wind speeds. As mentioned in Section 2.3, transfer 
across the surface can be due to pressure differences across irregularities (in this case 
waves) or to viscous stresses. The pressure differences across the waves can increase 
the amplitude of the waves, and waves can carry momentum away without any mean 
motion of the fluid. However, it seems likely that most of the momentum transferred 
during a storm is used to drive currents (Manton, 1972). 

The drag coefficient for the ocean surface is found to increase with wind speed. 
Values for low speeds are around 1,1 x 10"^. For speeds over 6 ms“* a linear relation 
between Cq and u is often used, e.g., S. D. Smith (1980) suggests 


IO^Cd = 0.61 -h 0.063u for 6 m s ^ < m < 22 m s"‘. 


(2.4.2) 
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Alternatively, the data can be fitted by a relation obtained on dimensional grounds 
by Charnock [see Charnock (1981)]. This makes a quantity called the roughness 
length (see Section 9.5) proportional to the length scale, which can be obtained from 
T, p, and g. The drag coefficient is then given by 

Co = [K/ln(pg2/aT)]^ (2.4,3) 

where k and a are constants (called the von Karman and Charnock constants, re¬ 
spectively), and z is the anemometer height (normally 10 m). Wu (1980) suggests 
the values 


K = 0.4, a = 0.0185. 


(2.4.4) 


An alternative formula for Cp is suggested by Liu et al. (1979). 

Because the eddying motion in the 10 m or so of air near the surface is caused by 
shear rather than by buoyancy differences (cf. Section 1.5), the rates of transfer of 
sensible heat and of moisture depend on the wind speed. The heat and moisture are 
transferred by bodily movement of parcels of air. The direction of transfer usually 
involves hot and moist fluid being carried upward and relatively cold and dry air 
being transferred downward. Like the shear, the temperature and humidity gra¬ 
dients increase as the surface is approached, also in inverse proportion with the 
distance from the surface. Assuming that the upward heat flux Q* depends on (i) the 
wind speed u, (ii) the difference between the sea temperature and the air tem¬ 
perature Ta at the standard level, and (iii) the heat capacity p^Cp per unit volume of 
the air, the relationship 


QJp^Cp = Chm(7; - TJ, 


(2.4.5) 


Ch being a dimensionless coefficient, is obtained by dimensional arguments, is 
sometimes called the Stanton number. The corresponding rule for the evaporation 
rate E, defined as the mass of water evaporated per unit area per unit time, is 


£'/Pb = CBu(q^ - q^), (2.4.6) 

where q^ is the specific humidity (mass of water vapor per unit mass of air) at the 
standard level, q^ is the specific humidity at the sea surface, assumed to be the satura¬ 
tion value of q at the sea-surface temperature, p^ is the density of air, and is a 
dimensionless coefficient, sometimes called the Dalton number. 

Different formulas for Ch and Cg have been suggested; e.g., S. D. Smith (1980) 
finds a good fit to data using 


lO^c 


H 


0.83 

1.10 


for stable conditions, 
for unstable conditions, 


(2.4.7) 


whereas a constant value of 


lO^E = 1.5 


(2.4.8) 


seems to work reasonably well. Alternative formulations are given by Liu et al. (1979). 
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2.5 The Hydrological Cycle 


The fundamental importance of water in the atmosphere on the energy balance 
was pointed out in Chapter 1. If water vapor could only be transported by molecular 
diffusion, it would presumably diffuse upward until the whole atmosphere was 
saturated. The atmosphere is not saturated, however, because of the motion produced 
by radiation effects. Air is continually moving upward and downward because of 
convection (caused by radiation tending to heat the bottom of the atmosphere more 
than the top) and because of the horizontal gradients due to more radiation being 
received in the tropics than in the polar regions. The upward moving air is carried 
to levels where the temperature is lower and therefore less moisture can be held. If 
the air is carried high enough, it becomes saturated, condenses out, and may then fall 
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when it is brought downward again it will be unsaturated. When it gets low enough, 
some of this relatively dry air will get caught up in the shear-driven eddies and be 
brought down close to the surface itself. Contact of dry air with the surface leads to 
evaporation, which moistens the air, and so the cycle continues. 

The cooling of the surface due to evaporation represents the main loss of heat to 
the atmosphere required to balance the radiative gain. The heat removed at the 
surface is put back into the atmosphere at a higher level when the water vapor con¬ 
denses, thus providing the upward transfer of heat required by the radiation balance. 
The mean rate of evaporation over the ocean that provides this transfer is about 1 m 
yr“* (3 mm day“‘). However, the amount of water in the atmosphere at any one 
time is not large. If precipitated, it would cover the earth’s surface to a depth of 23 mm. 
[This is equivalent to a latent heat content per unit area of the atmosphere of 5.7 x 10^ 
J m"^, which is the value for the northern hemisphere calculated from Oort (1971, 
Table 1). A change of heat content of this magnitude would change the temperature 
of the atmosphere by 6“.] Dividing by the mean evaporation rate, a mean residence 
time for water vapor in the atmosphere of about 1 week is obtained. 

In the time during which a particular molecule of water vapor is in the atmosphere, 
it can be transported considerable distances in the horizontal. From figures for mean 
winds, the estimated movement of a water molecule in 1 week is of order 10,000 km 
to the east or west and 1000 km to the north or south. Thus condensation may take 
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transported horizontally as well as vertically. The water vapor (and hence latent 
heat) transport can be calculated from measurements of velocity and humidity within 
the atmosphere (Oort, 1971) or from estimates of differences in the rates of evaporation 
and precipitation. Figure 2.5 shows estimates based on both techniques. The me¬ 
ridional latent heat flux is an important contributor to the total atmospheric energy 
flux shown in Fig. 1.8 (Oort, 1971, Table 5); e.g., at 40°N it contributes 1.6 x 10‘® W 
to the total atmospheric flux of 2.9 x 10‘ ® W, whereas at 10“N the latent heat flux 
is - 1.4 X 10*® W with a total atmospheric flux of 1.2 x 10*® W. 

Sources of information on the geographical distribution of evaporation and pre¬ 
cipitation are given in Appendix 5, and the world water balance is discussed by 



32 


2 Transfer ol Properties between Atmosphere and Ocean 



Fig. 2.5. The excess of evaporation over precipitation (in kg rn'^ yr ’) as a function of latitude. The values 
between the north pole and 5°S are taken from Oort (1971), The rernaining values are from Newell ei al. {1%9). 


Bau m gartner and Reichel (1975). Figure 2.6 shows a map of the mean annual pre¬ 
cipitation. Note the high contrasts in precipitation rates in the tropics. The high- 
precipitation belt near the equator is the ITCZ (see p. 13), which is a region of ascend¬ 
ing air. By contrast, the regions of descending air, which lie on the north and south 
of this zone in the eastern Atlantic and Pacific, are very dry. 

Although the moisture in the air is very significant for the heat balance of the 
earth, the amount of water in the atmosphere is only a tiny fraction of the total amount 
on earth. A useful way of describing the relative amounts of water in various forms is 
by means of the depth they would occupy in a vertical-sided container with the sur¬ 
face area of the ocean. Then the ocean water would occupy a depth of 3800 m, whereas 
the moisture in the atmosphere when condensed would only occupy 0.03 m. After 
the ocean, the next largest repository of water is in the solid form, most of this being 
in the Antarctic Ice Sheet. If melted, this would occupy 76 m. The water in lakes and 
rivers would occupy 4 m, whereas that in the ground (mostly very deep) would occupy 
about 19 m. 

Of the water in solid form, that in the ice sheet can only exchange heat very slowly 
with the atmosphere because of the poor conductivity of ice and the thickness of the 
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ice sheet. Thus particles in the ice sheet have residence times of order 10’ years. Of 
more significance for the heat balance of the earth at a given time is the snow cover, 
which has high albedo, and sea ice, which not only has high albedo but also inhibits 
heat exchange between the ocean and atmosphere. As far as the heat and water 
balance of the ocean is concerned, melting and freezing of sea ice are analogous 
to precipitation and evaporation. During a season, ice may move a distance of order 
1000 km, so ice particles will melt in a different place from where they formed. Thus 
there is a melting-freezing imbalance analogous to the precipitation-evaporation 
imbalance. Values of this imbalance are not known but could reach several meters 
per year in special locations of small extent [see Gill (1973)], such as the region in the 
southern Weddell Sea, where ice is blown off shore by the prevailing winds, thus 
opening up leads in which rapid freezing can take place. 

Where the precipitation rate P exceeds the evaporation rate E (or where the 
melting rate M exceeds the freezing rate F), the ocean surface would get higher in 
time if it were not for gravitational restoring forces that tend to keep the surface level 
constant. At one time [see Stommell (1957)] it was thought that the currents required 
to keep the level constant might be significant, but it is now known that wind-driven 
currents are much stronger. [This is basically because the “Ekman suction velocity,” 
to be discussed later, is greater by a factor — 30 than typical values of the velocity 

{P - 

A more important effect of the precipitation-evaporation (or melting-freezing) 
imbalance is the effect on salinity. If F - Ffmass of water per unit area per unit time) 
is positive, the water is diluted at the same rate it would be if there were a loss of salt 
at a rate (mass of salt per unit area per unit time) 


(P-£)s, (2.5.1) 

where s is the salinity of the seawater, i.e., the mass of salt per unit mass of seawater, 
which is usually close to 0.035. (Note: The symbol s will be used for salinity expressed 
as a fraction, and 5 reserved for absolute salinity expressed in parts per thousand 
(written °/oo), i.e., 5 = 1000s, or for practical salinity (see Appendix 3) in practical 
salinity units.) When the ocean is ice-covered, the equivalent upward salt flux is 


(M - F)(s - Sj), 


(2.5.2) 


where Sj is the salinity of sea ice, usually about 0.004 or 4%o. The changes in salinity 
are of dynamic significance because they cause changes of density (see Section 2.7) 
that produce motion. They also cause differences in water mass properties, and there 
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(1980)]. 


2.6 The Heat Balance of the Ocean 


The average amount of solar radiation absorbed at the ocean surface is only 
about half (see Fig. 1.6) of that incident on the earth and averages about 175 W m“^. 
In response to this warming, the ocean surface reaches a temperature such that the 
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net losses of heat equal the gain from solar radiation. The upward flux by long-wave 
radiation is at the rate (1.4.1) determined by the surface temperature, but as discussed 
in Section 1.4, this radiation is not lost to space, most being absorbed and re-emitted 
in the atmosphere or else reflected downward by clouds. The net surface emission 
(or effective back radiation) is the difference (upward minus downward flux), which 
varies rather little from a constant value of about 65 W m“^. The remaining non- 
radiative heat loss from the ocean is principally through cooling by evaporation (the 
latent heat loss) and through direct thermal (or sensible heat) transfer. 

The calculations of heat flux at a particular locality are usually based on empirical 
formulas [Kraus (1972) discusses some of them] that involve only quantities that are 
regularly observed from ships. For instance, the rate Q, of absorption of solar radiation 
is usually calculated as a product of (a) the net downward flux of solar radiation 
just above the surface in cloudless conditions (this is usually 0.7-0.75 of the flux 
incident at the top of the atmosphere), (b) (1 - a,), where is the surface albedo, 
and (c) a correction factor for cloud effect. A simple example of such a formula is 


Gi = Giod - “sXl - 0.7/iJ, (2.6.1) 

where n^ is the fraction of sky covered by cloud. The correction factor for cloud effect 
really depends on cloud type and height, and Lumb (1964) has given formulas that 
take this into account. However, Lumb’s formulas cannot be used if n^. is the only 
cloud parameter available, so global computations are usually based on formulas 
like (2.6.1). 

The net upward flux of long-wave radiation from the ocean is usually calcu¬ 
lated as a product of (a) oTf, which is the flux emitted by a blackbody of temperature 
Tj, a being Stefan’s constant, which is given by (1.3.2), (b) a correction factor, 0.985 
for departure of the ocean surface from blackbody behavior, (c) a correction factor 
for back radiation in the absence of clouds, and (d) a correction factor for cloud 
effect. An example of such a formula is 

Qb = 0.985ffT*(0.39 - 0.05ei^^)(l - 0.6/i,^), (2.6.2) 

where e, is the vapor pressure of water at the standard height (mb). The factor in¬ 
volving e^ is the correction for back radiation, this depending on the vapor content 
of the atmosphere, and the last factor is obviously the correction for cloud effect. 

The total upward flux Q of heat from the ocean is the sum of the fluxes due to the 
individual processes, namely. 


n = n_ -L. 


j F -u n — n 




where Q* ‘s the upward sensible heat flux and L^E the upward latent heat flux, with 
E the evaporation rate and the latent heat of vaporization of water, given by 


L, = 2.5 X 10^ Jkg“‘. (2.6.4) 

[Note; (2.6.3) omits the small effects of condensation on the ocean surface, and heat 
transferred by precipitation.] Values of Q, and E are normally calculated from formu¬ 
las like (2.4.5) and (2.4.6). Figure 2.7 shows the result of such a calculation for the 
Atlantic Ocean. Note the intense cooling in the western North Atlantic, where cold 
air from the continent blows over the warm ocean in the winter. Month-by-month 
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Fig. 2.7. The annual average net surface heat flu* into the ocean (W m *) [According to Bunker (1980, Fig. 18)j. 


balances for this and other special regions are given by Bunker (1976). From such a 
map, heat fluxes across difTerent sections can be computed by integrating southward 
from the northern extremity of the map. The poleward flux at 24°N is about 1 PW 
(1 petawatt = 10watts) and this compares well with calculations from oceano¬ 
graphic data across this section by Bryden and Hall (1980). Integrals over the ocean 
basins yield some surprises (Hastenrath, 1980; Slommel, 1980), e.g., the heat flux in 
the Atlantic appears to be northward at all latitudes. (Sources of data on 
atmosphere-ocean heat fluxes are given in Appendix 5.) 
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exchanges heat with the lower boundary of the ice rather than the atmosphere, and 
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TABLE 2.1 

Values o( dQ/dT. dQ/dr\,, and dQ/dr 
for the Latitude Ranges Shown® 




Average value 



for latitudes 

Quantity 

Unit 

0-30“ 

40-50“ 

dQldT 

W m"* 

40 

32 

dQldn^ 

Wm'^ 

215 

135 

dQlcr 

W m"^ 

-555 

-290 


" dQjdT is the rate of change of the upward heat flux Q 
from the ocean with the air-sea temperature difference, 

^9 ~ the rate of change of Q with fractional 

cloudiness and dQ/dr is the rate of change of Q with 
relative humidity r expressed as a fraction. 

the flux depends on the history of the ice layer. Maykut and Untersteiner (1971) have 
constructed an ice model that takes such effects into account. 

The formulas used for calculating fluxes are nonlinear, and it is often useful to 
replace them with linearized versions, which assume that deviations from some pre¬ 
scribed state are not too large. Haney (1971) has already used the idea for changes in 
sea-air temperature difference, but it can be extended to cloudiness n* and relative 
humidity r as well. The result has the form 

Q~Qo^(T,~ TJ dQ/dT + («c - 0.25) dQ/dn, + (r - 0.75) dQ/dr, (2.6.5) 

where the derivatives are calculated at = 0.25 and r = 0.75. Table 2.1 shows values 
of these derivatives for different latitude ranges calculated from the formulas used by 
Haney (1971). According to these figures, an increase of 10 W m“^ in the tropics will 
result from either (i) an increase of air-sea temperature difference of 0.25 K, (ii) an 
increase of cloud of 5% or (iii) a reduction in relative humidity of 1.8%. 


27 Surface Density Changes and the Thermohaline Circulation 
of the Oc]ean 


The radiative heating of the atmosphere causes motion because it leads to density 
differences. However, these differences are effective only in producing motion be¬ 
cause of gravity, and it is really differences in the weight per unit volume gp that are 
important. The quantity ~gp is called the buoyancy, the minus sign being used 
because a particle is said to be more buoyant when it has less weight. The ocean 
moves because of buoyancy contrasts, but these are due to salinity differences as well 
as temperature differences. These differences are created by the fluxes of heat and 
water at the ocean surface, whose combined effect on buoyancy is called the buoyancy 
flux B, which is given by 


B = c'^gtxQ -f- gP(E - P)s, 


(2.7.1) 
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where Q is the upward heat flux, E the evaporation rate, P the precipitation rate, 
the specific heat of water, s the surface salinity, a = —p~^ dpIdT the thermal ex¬ 
pansion coefficient of seawater at the surface, and (i = p~^ dp Ids the corresponding 
coefficient for salinity. An alternative expression may be obtained by using (2.6,3), 
which gives 

B = c~^g(xiQji + Q, - Qi) - gfisP + g(,c~'^ixL^ + Ps)E. (2.7.2) 


This expression shows that evaporation decreases buoyancy in two ways—by cooling 
and by increasing salinity. The former effect is greater by the factor 


ixLJc^lis, 

which is about 4 for typical surface conditions. This relates to the fact that temperature 
differences generally make greater contributions to density differences than salinity 
differences in the ocean. There are, however, exceptions such as the polar regions, 

wiicic (x 15 iiiuuxi aiimiicx ixiaxi xxi xxxxu-iaixiuuc& /AjjpcxiuxA ux ixxc oaxiiu, wiixl;xi la 

a relatively fresh body of water. The circulation that is driven by the buoyancy flux 
is called the thermohaline circulation. {Note: This expression has a clear meaning for 
model oceans in which motion is produced only by a buoyancy flux. In practice, 
however, motion is also driven by the wind and one cannot say that a particular 
current is, say, 70% wind-driven and 30% buoyancy-driven because the ocean is not 
a linear system.) Discussions about the nature of the thermohaline circulation fol¬ 
lowed measurements by Ellis in 1751 of the coldness of subsurface waters in the tropics 

Vwaxxcxi, aixu ivuxixxuxu (^louuj afuggcaicu a xxxuuci Mxxxxiax lu naixcy a xux iiic 

atmosphere. 


But if the water of the ocean, which, on being deprived of a great part of its Heat 
by cold winds, descends to the bottom of the sea, cannot be warmed where it 
descends, as its specific gravity is greater than that of water at the same depth in 
warmer latitudes, it will immediately begin to spread on the bottom of the sea, 
and to flow towards the equator, and this must necessarily produce a current 
at the surface in an opposite direction. 

The element that is different from the atmosphere is bottom topography, which can 
steer the deep currents from basin to basin. 

An interesting feature of a surface-driven thermohaline circulation is the extreme 
asymmetry between rising and sinking regions. Whenever conditions produce surface 
water dense enough to sink to the bottom, it does so and spreads over the bottom. If, 
at a later stage, denser water is produced, it will spread over the bottom in its turn 
and displace the earlier bottom water upward. When surface water is warmed or 
freshened, on the other hand, it remains on the surface because it is light. Also, it 
tends to spread out across the surface due to gravity, covering it with a layer of low 
density that acts as a barrier against bottom-water formation. Only in extreme con¬ 
ditions can the density of the surface layer be made great enough to cause sinking 
to the bottom, so sinking tends to be a rare event, found only in localities in which 
extreme conditions are sufficiently frequent. The main such regions in the ocean 
appear to be in the Greenland Sea and the Weddell Sea [see Warren (1981)]. The 
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analogous regions in the atmosphere are the regions of rising motion in the tropics 
fsee Section 1.6 and Charney and Flierl (1981)]. 

The subdivision of the ocean floor into basins gives the circulation a special 
character since bottom water may form in one basin and then spill over into another. 
Extreme cases are provided by marginal seas such as the Mediterranean, which is 
connected to the rest of the ocean by a narrow strait with a shallow sill. The bottom 
water formed in the Mediterranean, where there is a large excess of evaporation over 
precipitation, is warm compared with the rest of the ocean and salty. It flows out of 
the Straits of Gibraltar at a rate of order 1 Mt s ~ ^ (megatonne per sec) but is not dense 
enough to sink to the bottom, and instead spreads out into the Atlantic at an inter¬ 
mediate depth. It is readily identified by its saltiness [see, e.g„ Worthington (1976)]. 

A useful model for discussing the nature of thermohaline circulation is one due to 
Baines and Turner (1969) [see also Turner (1973)] that is based on laboratory experi¬ 
ments with a source of dense fluid in a container. The descending dense plume entrains 
fluid from the surroundings in an amount that can be estimated, thus allowing a 
solution for the circulation to be obtained. When there are competing plumes with 
different buoyancy fluxes (Peterson, 1982), the weaker one may not penetrate very 
deeply even if only slightly less strong than its rival. Brass et al. (1982) suggest that 
in the Late Cretaceous, the buoyancy flux due to warm salty sources in marginal 
seas was greater than that due to cold sources, thus explaining the much warmer 
bottom waters of the period. (It is of interest to note that the multiple-source solution 
is also relevant to the distribution of sizes of clouds because these may be regarded 
as competing convective plumes.) 

Details of the thermohaline circulation will in practice depend on dynamical 
factors to be discussed in later chapters. A review of theories and observations is 
given by Warren (1981). 



Chapter Three 


Properties 
of a Fluid 
at Rest 


3.1 The Equation of State 


The concept of the state of a fluid comes from comparing different samples of 
fluid that are in equilibrium. If the two samples can exist in contact with each other 
without a change in properties, the two samples have the same state; if not, their 
states are different. There is a choice of variables that may be used to specify the state 
of a fluid, but the set normally used to define the state comprises the pressure p, 
temperature T, and chemical composition because these are the state variables that 
are normally measured. Two samples in contact that have the same state must have 
equal pressures, otherwise work will be done by one sample on the other; they must 
have equal temperatures, otherwise heat will be transferred from one sample to the 
other; and they must have the same concentrations of each of the constituents, 
otherwise there will be changes of concentration caused by diffusion. [More detailed 
discussions of the concept of state are given in textbooks on thermodynamics such 
as that by Morse (1964).] 

Equations of state relate properties of state to each other. If pressure, temperature, 
and the concentrations of constituents are taken as the set of variables defining the 
state, then the equations give other state properties as functions of these variables. 
The most important of these equations is the one for the density of the fluid, which is 
often simply called “the equation of state.” 

The two fluids of interest in the context of this book are air and seawater. It 
happens that the concentrations of the salts in seawater are very nearly in a constant 
proportion (the ions are in the mass ratio: chloride, 55%; sodium, 30%; sulfate, 8%; 
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magnesium, 4%; potassium, 1%; and caJcium, 1%), so that the state may be defined 
very closely by giving only one concentration. The variable used to describe this 
concentration is the salinity s, which is equal to the mass of dissolved salts per unit 
mass of seawater. In practice the most accurate way of determining salinity is by 
determining the conductivity, and a quantity called practical salinity is now defined 
as a function of the conductivity (Dauphinee, 1980). For a history of the concept of 
salinity see Wallace (1974) and Lewis (1980), The equation of stale for seawater 

p = pis,T,p) (3.1.1) 

has been found by experiment correct to better than five parts per million. App)endix 
3 gives polynomial approximations that can be used to calculate p to the accuracy 
to which it is known. In addition, a table is included in Appendix 3 that gives p 
correct to 30 parts per million by linear interpolation. 

The relative proportions of the gases that are found in air are also very closely 
constant, with the exception of water vapor. (The dry constituents are in the volume 
ratio: nitrogen, 78.1%; oxygen, 21.0%; and argon, 0.9%.) Hence the state of air can be 
very closely approximated by giving only one concentration, the specific humidity q, 
defined as the mass of water vapor per unit mass of air (equivalent ways of defining 
the humidity are given in Appendix 4). The equation of state of air is approximately 
given by the ideal gas laws. The ideal gas equation for dry air is 


Pd = PaRT, (3.1,2) 

where is the pressure of dry air, pj the mass of dry air per unit volume, T the 
absolute temperature, and R the gas constant for dry air. 


R = RJm,=2^1M Jkg-^K'*, 

where 

11^ = 8314,36 Jkmol-*K-^ 
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(3.1.3) 

(3.1.4) 


= 28.966 (3.1.5) 

is the molecular mass of dry air. Similarly, for water vapor, 

e = Pv^vT, (3.1.6) 

where e is the water-vapor pressure, Pv the mass of water vapor per unit volume, and 

K = = 461.50 J kg"‘ K-‘ (3.1.7) 

since 


= 18.016 


( 3 . 1 . 8 ) 


is the molecular mass of water. 

For a mixture of gases, the pressure p is the sum of the partial pressures of the 
constituents, i.e., 

P = Pd + e. (3.1.9) 

Also, by definition. 


Pv = gp 


(3.1.10) 
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and 


P = Pd + Pv 


i.e. 


Pd = p - Pv = (1 - q)p- 


(3.1.11) 


Using(3.1.9)-(3.1.11) to substitute for p^, and pj, two equations may be deduced. 
The first, 

e/p = q/(e + (1 - e)q), (3.1.12) 


which follows by taking the quotient of (3.1.2) and (3.1.6) gives the vapor pressure e 
in terms of the specific humidity q, assuming that air behaves as a mixture of ideal 
gases (since specific humidity is easier to measure than vapor pressure, this formula 
is actually used to define e for air, even though it departs slightly from ideal behavior— 
see Smithsonian Meteorological Tables (List, 1951, Table 93)), where t is defined by 


£ = mjm, = R/R, = 0.62197. (3.1.13) 

The second equation, which follows by taking the sum of (3.1.2) and (3.1.6), is the 
equation of state. This can be written in the form 


where 


p = p/iRm - q + q/e)) ^ p/RT,, (3.1.14) 

T, = T(\ - q + q/£) = T(1 + 0.6078g) (3.1.15) 


is called the virtual temperature, i.e., it is the temperature that dry air would need to 
have at the given pressure in order to have the same density as moist air, assuming 
ideal gas behavior (Smithsonian Meteorogical Tables, Table 72). Departures from 
ideal behavior (which are given in Table 84 of the Smithsonian Meteorological Tables) 
amount to 1 part in 1000, so are usually ignored. In fact, the equation for dry air 
(q = 0) is accurate enough for most purposes, so humidity effects on density are 
usually ignored as well. However, in extreme tropical conditions this may not be 
justified because the amount of water vapor air can hold goes up very rapidly with 
temperature, and for instance, is 45°C for saturated air at 37°C at 1000 mb. 


3,2 Thermodynamic Variables 


The laws of thermodynamics lead to the introduction of further state variables 
whose dependence on p, T, and the concentration variable (q or s) needs to be ascer¬ 
tained. For detailed discussion of these laws, reference should be made to a textbook 
on thermodynamics such as that by Morse (1964). (Note: Textbooks differ consider¬ 
ably in their approach and there are difficulties in obtaining a completely logical 
treatment.) In this section, it will be assumed that the fluid has fixed composition, i.e., 
that q or s is constant. The state of the fluid therefore depends on two independent 
variables, usually chosen as p and T. For convenience the specific volume v^ will be 
used as a variable in place of the density p = The subscript s is used to avoid 
confusion later with the velocity component v. 

The first law of thermodynamics leads to the introduction of a quantity E, called 
the internal energy per unit mass, which is a property only of the state of the fluid. 
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The second /aw leads to the introduction of yet another state variable, tf, the specific 
entropy (or entropy per unit mass), and to the relation 

dE = Tdt] — p dv^ (3.2.1) 


among the five state variables E, T, rj, p, and 1 ;^. This is the fundamental equation 
from which thermodynamic relationships are derived, and it should be emphasized 
that the variables involved depend only on the state of the fluid. [Strictly speaking, 
this is only true when the fluid is in equilibrium, so that (3.2.1) is valid only for changes 
that are slow enough for the fluid to be almost in equilibrium—see Batchelor (1967, 
Section 3.4). In practice, the circumstances in which changes are not “slow enough” 
are rather rare and are not of importance for the topics discussed in this book.] 

In Eq. (3.2.1), the term T drj represents the increase in the heat content per unit 
mass of the fluid (and this is the only physical meaning that need be attached to rj 
for the present). The rate of change of heat content with temperature is called the 
specific heat of the fluid. Since rj is a function of two state variables (p, T), the change 
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variable) changes at the same time. If, for instance, the volume r, is kept fixed, the 
value is given by 
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c, ^ T(drj/dT), = (dE/dT), 


(3.2.2) 


and is called the specific heat at constant volume. The right-hand side is derived from 
(3.2.1) and the subscript v denotes that the partial derivative is taken at constant y,. 
Similarly, the specific heat Cp at constant pressure is given by 

c, ^ ndri/dT)p = (dE/dT)p + p{dvJdT)p, (3.2.3) 

For the ocean and atmosphere, the two independent state variables used to 
describe the state are (for fixed composition) the pressure and temperature. Therefore 
it is desirable to have expressions for the rate of change of entropy with pressure as 
well as with temperature. It follows from (3.2.1) that 

ndt]ldp)r = midp)r + p{dvjdp)r (3.2.4) 

and by subtracting the p derivative of (3.2.3) from the T derivative of (3.2.4) that 

idr}/dp)r = -{dvJdT)p, (3.2.5) 

Therefore 

Tdt] = T{dt]ldT)p dT + T[dtj/dp)r dp, 

1 A 

Tdn = CpdT- ndvJdT)p dp, (3.2.6) 

which is the desired expression for the change of entropy (and hence of heat content 
per unit mass) with temperature and pressure. This is the form of the thermodynamic 
equation that will usually be employed rather than that of (3.2.1). 

In the case of an ideal gas (and therefore a good approximation for air), there 
are some simplifications. First, the internal energy per unit mass is a function only 
of temperature and is zero when the absolute temperature is zero, so (3.2.2) becomes 

E = cj. 02.1) 
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Also, the derivative in (3.2.6) can be calculated from the equation of state (3.1.14), 
and (3.2.6) simplifies to give 

T drj = CpdT — dp, (3.2.8) 

This is the expression normally used by meteorologists. It is slightly inaccurate 
because of departures from ideal gas behavior. Equation (3.1.14) can also be used in 
(3.2.3) to give [after use of (3.2.7)] 

Cp = R(l - q + q/e). (3.2.9) 

Another thermodynamic quantity that is often used is the enthalpy h, defined by 

h = E + pv,. (3.2.10) 

From (3.2.1) it follows that the differential dh satisfies 

dh = Tdrj + dp. (3.2.11) 

In the case of an ideal gas, (3.2.8) and (3.2.11) give on integration 

h = CpT. (3.2.12) 


3.3 Values oi Thermodynamic Quantities 
for the Ocean and Atmosphere 


For seawater, values of Cp at atmospheric pressure are found by experiment. 
Values at higher pressures can be found from the thermodynamic equation and the 
equation of state since (3.2.3) and (3.2.5) give 

{dCp/dp)r= ^ndhjdT\. (3.3.1) 

Direct measurements of Cp at high pressure are not available, but the right-hand side 
can be estimated from experimental data. A formula for Cp obtained in this way is 
used in Appendix 3. In addition, a table is included and values obtained by linear 
interpolation from the table are correct to 1 part in 1000. 

Air follows the ideal gas laws quite closely, and these are sufficiently accurate 
for most purposes. Corrections for small departures from ideal gas behavior are 
given in the Smithsonian Meteorological Tables. The specific heat of an ideal gas is 
proportional to the gas constant R, the constant of proportionality depending on the 
number of atoms in a molecule [| for monatomic, \ for diatomic, and 4 for polyatomic; 
see Morse (1964, Chapter 22)]. Dry air is composed of 99% diatomic molecules 
for which 

Cp^iR. (3.3.2) 

For water vapor, which is triatomic, Cp = 4R ^. Thus for a mixture of two such ideal 
gases, the specific heat is given by 

Cp = (1 - q)lR + qAR^ = if?(l - q + 8g/7£), 

i.e., 

Cp = 1004.6(1 + 0.8375g) J kg'^ K-‘. 


(3.3.3) 
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For temperatures, pressures, and humidities normally found in the atmosphere, this 
formula is correct to 0.3%. Corrections need to be made (a) for departures from ideal 
gas behavior and (b) for the presence of monatomic gases like argon. These correc¬ 
tions are given in Table 88 of the Smithsonian Meteorological Tables. (Note : These 
tables give values per unit mass of dry air, whereas the above formula gives values 
per unit mass of moist air.) 

The soecific heat at constant volume c.. can be calculated from f3,2.9), which 

& t/ , , - 

gives, when combined with (3,3.3), 

c, = tJ?(l -q + 6q/5e), (3.3.4) 

so the ratio y of specific heats is 

V S Cp/c. = [7(1 -q) + 89 /£]/[ 5(1 - q) + 6q/i]. (3.3.5) 


3.4 Phase Changes 


In the atmosphere, changes from vapor to liquid phases of water are of great 
importance, as was seen in Chapter 1, At a given temperature T, vapor and liquid 
phases can coexist in equilibrium if the vapor pressure has the value e^(T), called the 
saturation vapor pressure (e^ is the value over a plane water surface; the subscript w 
is used to distinguish this from the value over a plane ice surface). If a change of 
phase occurs, an amount of heat L^(T) per unit mass is required to vaporize the liquid, 
being called the latent heat of vaporization. It is only necessary to determine the 
values of and at one temperature, since the values at other temperatures can 
then be deduced from the laws of thermodynamics, as follows. 

Let the subscript w refer to the liquid phase (water) and v to the vapor phase. 
Then by definition, 


LfT) = T(tj, - qj = £,-£„ + eJT)(v, - vj, (3.4.1) 

the right-hand side being obtained from (3.2.1), where and v^ are the specific 
volumes of vapor and liquid phases, respectively. Differentiating with respect to T, 
the pressure being assumed kept at the saturation value e^(T), gives 

dLJdT = q^ -q^ + T(dqJdT - dq^/dT) 

= d£JdT - d£^/dT + e^(dvJdT - dv^/dT) + deJdT(v, - d,,). (3.4.2) 

(Ordinary derivatives are used because the values at saturation depend only on 
temperature.) Using (3.2.1) for each phase in turn, the right-hand side of the equa¬ 
tion gives 


- t/w = (i^v - i^w) de^/dT. 
Hence by the first half of Eq. (3,4,1), 


/dT = T /TAi _ I) ^ 


This is known as the Clausius-Clapeyron equation. 


(3.4.3) 
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To calculate how L^, changes with temperature, use (3.4.3) to substitute for 
in the first line of (3.4.2), and use (3.2.6) to calculate the derivatives of yf. This gives 

dLJdT = (d, - i;,^) deJdT + - Cp^ - T{dvJdT - dv^/dT) deJdT 

= (Cpv - Cp^) + - T dvJdT - ^ T dvJdT)/T(v^ - u,^). ( 3 . 4 , 5 ) 

The term involving Lv is only one-half percent of the first term, and so can be neglected. 
The integrated form is 


LXT) = L^iTo) + (cp^ - CpJ(T - To), 

i.e., (3.4.6) 

L,(T) ^ 2.5008 X 10^ - 2.3 x 10^ r J kg’^, 

where T„ is the zero ooint of the Celsius scale and t is the temoerature in decrees 

V A AW 

Celsius. 

The change of vapor pressure can now be found by integrating (3.4.4). Using the 
approximation and the ideal gas equation (3.1.6) for Eq. (3.4.4) becomes 

deJdT a LJRJ\ (3.4.7) 

which, using (3.4.6), gives the approximate result 

ln(e,(r)/e,(To)) « Rj^L^To) + - Cp„)t)(Tj - T"^). (3.4.8) 

A similar formula, but one based on curve fitting, is given in Appendix 4, and this 
gives the saturation vapor pressure correct to 1 part in 500 for temperatures between 
— 40 and -|-40°C. Similar results are also given for the saturation vapor pressure 
over ice. Considerations akin to these apply to the depression of the freezing point 
with pressure. Effects of pressure and salinity on the freezing point of seawater are 
given in Appendix 3. 


3.5 Balance of Forces in a Fluid at Rest 


Consider the balance of forces in a fluid at rest on the earth. A small volume of 
the fluid is subject to two types of forces: (i) the pressure due to the surrounding fluid 
and (ii) body forces due to gravity and to the rotation of the earth. If the pressure on 
the boundaries of the volume of fluid being considered were uniform, there would be 
no net force on the volume since the pressure forces would balance. The net force per 
unit volume is rather the pressure gradient Vp, so the force per unit mass is Vp/p, 
where p is the density (see Fig. 3.1). 

The body force per unit mass can be expressed as the gradient of a potential d>, 
called the “geopotential.” It is the sum of the earth’s gravitational potential and the 
centrifugal potential associated with the earth’s rotation [see Phillips (1973) and 
Chapter 4]. The direction of V® is called “vertical” and the magnitude of Vd> is called 
the acceleration p due to gravity. For most purposes it is sufficiently accurate to take 
g as a constant, given approximately by 

g K g^ - 9.i m s“^. 


(3.5.1) 
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Fig. 3.1. The pressure forces acting on a small volume element of a fluid. The net force in the direction of 
the X axis is approximately -Sk dySz dp/dx, so in the limit, as the size of the element shrinks to zero, the force per 
unit volume on the element is {-dpldx, —dp/8y, -8p/8z) = — Vp. The force per unit mass is therefore —p~ ‘ Vp, 


In practice, the shape of the earth is such that the value of g at sea level varies with 
latitude by ±0.3% and the inverse square law for gravitation results in a change in 
g of 0.3% for a change in height of 10 km (see Appendix 2). If the sea were at rest, its 
surface would coincide with the geopotential surface. This geopotential surface is 
called sea level and is defined as O = 0. To a good approximation, so the vertical 
coordinate z measures distance upward from this reference level, so 

O a ^z a ^cZ. (3.5.2) 

Geopotential is sometimes given in units of the geopotential meter (gpm) defined by 

1 gpm= 9.8m^s"^ = 9.8 Jkg ‘, (3.5.3) 

so that the value of the geopotential in geopotential meters is close to the height in 
meters. Alternatively, the geopotential height Z is defined by 

Z = (3.5.4) 

so that the geopotential height in meters is numerically the same as the geopotential 
in geopotential meters. Equation (3.5.2) states that the geopotential height is approxi¬ 
mately equal to the geometric height. Differences are less than 1% for heights within 
22 km of the surface. [Note: The geopotential meter replaced an earlier unit called 
the dynamic or geodynamic meter that used a factor of 10 instead of 9.8 in (3.5,3)—see 
List (1951, Section IV). Also, other values of^^ are sometimes used, e.g., 9.80665 m s~^ 
is used for the U.S. standard atmosphere tables (NOAA/NASA/USAF, 1976).] 
When a fluid is at rest and in equilibrium, the body force is balanced by the pres¬ 
sure force, and so 

Vp 4-V® = 0. (3.5.5) 

This equation can be satisfi^ throughout the fluid only when p and p are constant 
on geopotential surfaces, i.e., p and p are functions of O only and satisfy 

dp/d(t> = -p. (3.5.6) 

Since surfaces of constant height z are defined in such a way that they are almost 
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coincident with geopotential surfaces, the equilibrium condition can be expressed 
in the form 


P = P(z), P = Piz), (3.5J) 

where by (3.5.6) and the above definition of g, 

dp/dz^-gp. (3.5.8) 

This is known as the hydrostatic equation. [For a more detailed discussion see 
Batchelor (1967, Section 1.4).] 

In order to apply (3.5.8) to find the equilibrium pressure distribution in the ocean 
and atmosphere, it is necessary to know how the density varies. Consider first the 
ocean, for which the density varies (apart from a few exceptional places) by less than 
2% from a constant value p^ given by 

p, = 1035 kgm-\ (3.5.9) 

Thus (3.5.8) integrates to give approximately 

P = P^- gpr^z, (3.5,10) 

where is the atmospheric pressure at the surface. The value of p^ is close to 1 bar 
and the density is such that the pressure increases by close to 1 bar every 10 m. 
Because of this, pressure in the ocean is often quoted in decibars (db) because the 
pressure in decibars corresponds very closely to the depth in meters. 

A more accurate description can be obtained by taking depth variations of density 
into account. Figure 3.2 shows the range of temperature, salinity, and density en¬ 
countered for 98% of the ocean at each depth. Variations of potential density (see 


o’ 10* 20’ 30’ 34 36 30 40 24 26 28 30 



Fig. 3.Z The ranges of temperature T (in ®C) and salinity 5 for 98% of the ocean as a function of depth [From 
Bryan and Co* (1972)1, and the corresponding ranges of density a and potential density ff, (see Appendix 3). 
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Section 3.7) are usually due mainly to temperature rather than salinity variations. 
Temperature gradients are usually small below 1500 m (1500 db or 150 bars). The 
region of large gradient at smaller depths is called the thermocline. The corresponding 
region of large gradient of potential density is called the pycnocline. Sometimes there 
is a density gradient due to salinity rather than temperature variations, the corre¬ 
sponding region being called a halociine. Often there is a region of large temperature 
gradient near the surface that appears only in summer and autumn. This is called the 
seasonal thermocline. 

The in situ density increases with depth, as shown in Fig. 3.2, mainly because of 
the pressure effect. Taking into account the mean value of gravity at the appropriate 
depth (see Appendix 2), the midpoint density values make 1 bar equivalent to 9.95 m 
at the surface and to 9.69 m at a depth of 5000 m. 

To calculate pressure variations with height in the atmosphere, the hydrostatic 
equation (3.5.8) is usually combined with the equation of state (3,1.2) for dry air since 
moisture effects on density are only significant in the tropics at near-surface levels, 
and even then the maximum departure from (3.1.2) is only 2%. The combination of 
the two equations gives 

p~'dp/'dz = —g/'RT, (3.5,il) 

so that if T is known as a function of z, the pressure variations can be calculated by 
integrating (3.5.11) with respect to height. Altimetric tables are based on such an in¬ 
tegration and a standard T-profile representing mean mid-latitude conditions. Figure 
3.3 shows the “1976 U.S, Standard Atmosphere” (Minzner, 1977) up to a height of 
86 km, in which range it is defined as a continuous function with piecewise constant 
gradients. Also shown is the range of temperatures encountered at each height and 
the pressures and densities corresponding to the standard atmosphere at intervals of 
10 km. These quantities are tabulated in “U.S. Standard Atmosphere 1976” (NOAA/ 
NASA/USAF, 1976) with other tables such as acceleration due to gravity, viscosity, 
and thermal conductivity as functions of height. 

The atmosphere is divided into different segments, as shown in Fig, 3.3, because 
of its different characteristics in different height ranges. The troposphere is charac¬ 
terized by rather strong vertical mixing (it is the “convective layer” in the radiative- 
convective models discussed in Chapter 1), largely associated with latent heat effects 
and clouds. This layer contains 80% of the mass and nearly all of the water vapor and 
clouds. It is capped by the tropopause, which is at 11 km in the model atmosphere. 
The stratosphere is poorly mixed as shown by the persistence of thin layers of aerosol 
and by the long residence time of debris from past nuclear explosions. The strong 
stability is associated with the increase in temperature with height that results from 
radiative balances, as described in Chapter 1. This increase stops at the stratopause 
and only one-thousandth of the atmospheric mass lies above this level. The mesosphere 
is a region in which temperature decreases again, the mesopause that marks the top 
being at about 86 km. The region from the tropopause up to levels of about 100 km 
is also called the middle atmosphere. 

Above the mesopause, the proportions of the different atmospheric constituents 
do not remain the same because of diffusive separation. The temperature increases 
rapidly with height in the so-called thermosphere, reaching values that may be 600 K 
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Fig. 3.3. Temperature variation with geopotential height for the U.S Standard Atmosphere (solid line). This 
consists of straight-line segments with breaks at 11, 20, 32, 47, 51, and 71 km. The surface temperature is 15®C and 
the gradients, starting from the surface, are -6.5, 0. 1.0, 2.8, 0, -2.B, and -2.0 K km“^ The dashed line shows 
the lowest and highest monthly mean temperatures obtained for any location between equator and pole, whereas 
the dotted line shows estimates of the 1% maximum and minimum temperatures that occur during the warmest 
and coldest months, respectively, in the most extreme locations. The scale at the right gives pressures and densities 
at 10-km intervals for the standard profile. (From NOAA/NASA/USAF, 1976.1 

in periods of quiet sun but more like 2000 K in active sun periods. Besides the sub¬ 
divisions based on temperature structure, there are others based on other properties. 
For instance, important electromagnetic effects are found in the region between 80 
and 500 km, called the ionosphere, and the region above, where complete magnetic 
control is encountered, is called the magnetosphere. At these levels, it is also possible 
for energetic particles to emerge from the earth’s gravity field, so this region is also 
called the exosphere. 

Between the surface and the 70 km level, the absolute temperature for the standard 
atmosphere is within 15% of a constant value of = 250 K, so a rough approxi¬ 
mation to the integral of (3.5.11) is provided by the solution for an isothermal atmo¬ 
sphere, namely, 

p = Pa exp(-gz/RT^) = p^ exp(- z/H,). (3.5.12) 

The quantity is the height at which the pressure has fallen to e~^ of its surface 
value (i.e., to about 370 mb) and is called the scale height of the atmosphere, given by 

//. = RTJg. (3.5.13) 
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For the median value of = 250 K, is 7.4 km. It is also possible to define as 
a continuously varying quantity such that is defined by the left-hand side of 
(3.5.11). With this definition, the standard atmosphere gives 8.4 km for at the 
ground, 6.4 km at 11 km, and values lie between these limits up to 71 km. 


3.6 Sialic Stability 


A fluid can be at rest and in equilibrium provided that the density p is a function 
of z only. But is the equilibrium a stable one? The stability can be tested by considering 
the exchange of two parcels of fluid at different levels. If the parcel moved to the higher 
level finds itself to be heavier than the surrounding fluid, gravitational forces will 
cause the parcel to descend back toward its original level, and in this case the equili¬ 
brium is stable. If, however, the parcel is lighter than its surroundings, the equilibrium 
is unstable. 

In order to make this calculation, it is necessary to know the changes in properties 
of the parcel that is displaced. These changes can be calculated if it is assumed that 
the time scale of the motion is too short for any change in composition or of heat 
content of the parcel to take place. Two alternative words are used to describe changes 
in which the heat content is not changed: adiabatic (meaning no exchange of heat 
with surroundings) or isentropic (meaning no change of entropy). For an isentropic 
change, (3.2.6) states that the temperature change dT is related to the pressure change 
dp by the formula 



where 


a= -p-\dpldT),,, (3.6.2) 

is called the thermal expansion coefficient. The subscript s is used to emphasize the 
fact that the composition is kept fixed, i.e., the salinity s is constant for the case of 
seawater. (In Section 3.2 the same assumption was made, but the subscript s was not 
used.) The same formulas apply in the atmosphere with humidity kept fixed, but in 
that case they are simplified because for an ideal atmosphere, (3.1.14) implies that 

a = i , (j.o.j) 

(Departures from ideal gas behavior alter this by less than 0.3% in normal atmospheric 
conditions.) Now using the hydrostatic equation (3.5.8), Eq. (3.6.1) gives 

dT=-Vdz, (3.6.4) 

where 

F = gctTlCp 

is called the adiabatic lapse rate. In the special case of an ideal atmosphere, 


(3.6.5) 
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which is approximately 10 K km" More accurate values can be calculated, using the 
expression for g in Appendix 2 and formula (3.3.3) for the specific heat. For seawater, 
r can be calculated from (3.6.5), using values given in Appendix 3. 

The density change dp for a parcel of fixed composition that is moved isentropi- 
cally is given by 

dp = {dp/dp)T,s dp + idpl8T)p^, dT = [idp/dp)T^, - a^T/Cp] dp 

= p[-g{dp/dp)r,s + aF] dz, (3.6.7) 


where (3.6.1), (3.6.2), (3.6.5), and the hydrostatic equation (3.5.8) have been used. For 
stability, dp must exceed the density change of the surroundings, namely, 


dp 

dz 


dz = 


dp I' dp 


PfS 


dT / dp\ ds 
dz ydsjpj-dzj 


dz. 


In other words, the condition for stability is 

a(dT jdz + D — P ds/dz > 0, 


or 

where 


a dT/dz + Cp ^gix^T — P ds/dz > 0, 
P = p~\dp/ds)pr 


(3.6.8) 

(3.6.9) 

(3.6.10) 

(3.6.11) 


is the expansion coefficient for salinity. The formulas or table in Appendix 3 give the 
coefficients that appear in (3.6.10) for the case of seawater. Sometimes the ocean is 
only marginally stable, and accurate values are required. 

For the atmosphere, (3.6.9) applies with specific humidity q replacing s. For ideal 
gas behavior, the expression simplifies to 


dT^/dz + r > 0, 


(3.6.12) 


where is the virtual temperature. Except in some tropical situations, the gradient 
of T is not very different from the gradient of T„, and so (3.6.12) is used with T 
replacing T^. 


3.7 Quantities Associated with Stability 

The stability considerations of the last section lead to the definition of some 
useful quantities that will be introduced in this section. 

3.7.1 Buoyancy Frequency (or Brunt-Vaisala Frequency) 

It follows from (3.6.9) that the quantity N^, defined by 

= gixidT/dz + T) — gP ds/dz = go. dT/dz + Cp^g^tx^T —gP ds/dz, (3.7.1) 

gives a measure of the degree of stability; for when N" is positive, the medium is 
stable and when is negative, the medium is unstable. In a stable medium, N is 
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Fig. 3.4. A profile of buoyancy frequency N in the ocean. (From the North Atlantic near 28°N, ZO'Mt, courtesy 
of Dr. R. C. Millard.l 


real and has the dimensions of frequency. It is, in fact, the frequency of vibration of a 
parcel in purely vertical motion. It has also been called the stability frequency, the 
Brunt frequency, and the Vaisala frequency. A sample profile for N for the ocean is 
shown in Fig. 3.4. Values in the large gradient regions of the upper ocean typically 
reach 0.01 s~^ corresponding to a period 2n/N of 10 min. The value of N in the 
troposphere is also 0.01 s“‘ (for the standard atmosphere) with 70% larger values in 
the lower stratosphere. In contrast, values for the deep ocean are 0.001 s" ‘ or smaller. 

3.7.2 Potential Temperature 

This is defined as the temperature 6 that a parcel of fixed composition would 
acquire if moved adiabatically to a given pressure level p^, usually taken as 1 bar. 
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(This is called the reference pressure.) Its value can be obtained by integrating (3.6.1) 
with respect to pressure from the observed value to the reference pressure. Values for 
seawater are given in Appendix 3. For air, an explicit formula can be obtained if 
ideal gas behavior is assumed. Then substitution of the equation of state (3.1.14) and 
the expression (3.3.3) for the specific heat in (3.6.1) give 

dT/T = K dp/p, (3.7.2) 


where 


K = 


V - 1 

y 


2/ 1 - q + q/e 
7[l -q-h 8^/7e 



0.23^) 


(3.7.3) 


and y is the ratio of specific heats given by (3.3.5). Integrating from pressure p and 
temperature T to the pressure p, and temperature 6 gives 

0/T = (pjp)\ (3.7.4) 

Even in extreme conditions, the factor involving q in (3.7.3) is only 1% less than unity, 
and so is usually ignored. In that case 

0/T = (pjp)^l^ = (1000/p)^/\ (3.7.5) 


the latter expression being valid if p is in millibars. Table 75 of the Smithsonian 
Meteorological Tables gives 6 as calculated by this formula. 


3.7.3 Relation between Potential Temperature and Entropy 

By definition, 6 is constant when the entropy is constant, and so for a fluid of 
fixed composition, ^ is a function only of 9. To find this function in the general case, 
use is made of (3.2.6) at a fixed pressure p, equal to the reference pressure. At this 
pressure, the temperature is equal to 9, so (3.2.6) gives 

dri/d9 ^c,(p„9)/9. (3.7.6) 

For an ideal gas [cf. (3.3.3)], Cp is independent of pressure and temperature, so (3.7.6) 
integrates to give 

rj = Cp In 9 + const. (3.7.7) 


3.7.4 Use of Potential Temperature as a State Variable 

Sometimes it is convenient to use 9 and p as state variables in place of T and p. 
This is equivalent to using entropy and pressure as the state variables. The change of 
density for a parcel of fixed composition moved isentropically [cf. (3.6.7)] is 

dp = idp/dp)e_^ dp. (3.7.8) 

The density change of the surroundings is given by (3.6.8) with 9 replacing T, so the 
condition for stability is 


g = a' d9/dz — fi' ds/dz > 0, 


(3.7.9) 
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where 

and 


a' = = ^{dTldQ\,, 


(3.7.10) 


/?' = p"‘(5p/a5)p,fl = - a(5'r/a5)p^e = ^ + a'{deids)j,^j, (3.7.11) 

Values of {dQlds)pj for seawater are given in Appendix 3, and show that P' differs 
from P by less than 0.3%. To find a', use (3.2.6), which implies that 


^Tdri^ rcp(p„ 6) 
\de)^^ c,de 0c,(p,T)’ 


(3.7.12) 


where (3.7.6) is used for drj/dd. Hence 


a' = a(p, T)TCp(p„ e)/0Cp(p, T). (3.7.13) 

In the case of an ideal atmosphere, Cp is independent of p and T and aT= 1; therefore 

a' = e-K (3.7.14) 


It follows from (3.7.9) that if humidity effects are ignored, 

= nR-^ r]R/d7 n.7.1Sl 


and so stability in the atmosphere is measured by the potential temperature gradient. 
The quantity 

cj = (dp/dp)g^„ (3.7.16) 

whose inverse appears in (3.7.8), is useful in a number of contexts, c* is the speed of 
sound in the medium. For an ideal atmosphere, (3.7.4) and the equation of state 
(3.1.14) can be used to give p as a function of p, 0, and q. The p-derivative for fixed 6 
and q (in the general treatment, q and s are interchangeable) gives 


cf = ^ = Z - 9 + im-9 + ^) (37 ,,, 

p 5 (1 - 9 + 6p/5£) 

For small q^ the factor involving q is approximately 1 + 0.51^ and can usually be 

jgiiui&u. 111 wiiiwii 

cf^iRT. (3.7.18) 

In the case of the ocean, can be measured in situ, and thus (3.7.16) can be used to 
find information about the equation of state at high pressures. 


3.7.5 Potential Density 

This is defined as the density pp^, that a parcel of fixed composition would acquire 
if moved adiabatically to a given pressure level p, (called the reference pressure), 
usually taken as 1 bar. For a fluid of fixed composition, Pp„, is a function of rj only, 
and hence a function of 0 only. The relation between Pp^, and 6 is obtained by applying 
the equation of state at the reference pressure p, where the temperature is equal 


Ppol PiPtf ^)’ 


(3.7.19) 



i.8 Stability of a Saturated Atmosphere 


55 


For dry air, (3,1,14) gives 


Ppol = Pr/^0, 


(3,7,20) 


i.e,, potential density is inversely proportional to 0. Because of this relationship, 
potential density is not used much in meteorology. In oceanography, on the other 
hand, potential density is useful, particularly near the reference pressure, where its 
vertical gradient determines the stability. Since its value is always close to 1000 kg m^^, 
the potential density is usually expressed in terms of a quantity called ag (see Ap¬ 
pendix 3), Figure 3,2 shows the range of values of ag found in the ocean. 

The stability condition can be found by the same method used at the beginning of 
Section 3,7,4, namely, by comparison of the density change of a parcel moving 
isentropically with that of the surroundings. The condition for stability obtained is 

= -CppJ dppjdz - B ds/dz > 0, (3,7.21) 

where 



and 

Expressions for B and C in terms of quantities tabulated in Appendix 3 can be ob¬ 
tained, using the above formula together with Eqs, (3,7,19), (3,7,10)-(3,7,13), and the 
definitions (3,6,2) and (3,6,11) of the expansion coefficients. The result is 


C = a(p, T)c,(p„ 6)T/a(p,, 0)Cp(p, T)0, (3,7,24) 

B = p' - CI3(p,, 0) - Pip, T) - Cp(p„ 9), (3.7,25) 


where all quantities are evaluated at the given salinity s. The approximation in 
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assume that it is a reasonable approximation to take C = 1 and fl = 0, i,e„ that the 
stability depends only on the potential density gradient. However, this is not true 
(Lynn and Reid, 1968), largely because of the variations of a with pressure (Gill, 1973). 
In fact, for the temperature range found at depths over 3000 m, C is more than twice 
the surface value C = 1, and — 5 is greater than p. 


3.8 Stability of a Saturated Atmosphere 


When the atmosphere is saturated with water vapor, the preceding stability 
arguments are no longer applicable. The calculations of buoyancy changes for 
descending air are still valid because the amount of moisture a descending parcel 
can hold generally increases. For ascending air, however, the amount of moisture 
that can be retained decreases. Therefore condensation takes place, releasing latent 
heat and so making the parcel more buoyant than would otherwise be the case. A 
lapse rate r* can be calculated on the assumption that the air remains saturated and 
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that all the liquid water formed by condensation is removed as precipitation (without 
affecting the buoyancy of the parcel). The process envisaged is not truly adiabatic 
since material is continually being removed, so r, is called the pseudoadiabatic lapse 
rate (or sometimes simply the moist adiabatic lapse rate). F, is smaller than F (the dry 
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a saturated atmosphere one of the 


following is valid: (a) The lapse rate is less than F., in which case the equilibrium is 
stable. (Note: Layers in which the sign of the temperature gradient is reversed are 
called inversions. In the atmosphere, this implies greater than usual stability.) (b) 
The lapse rate lies between F and F,. In this case parcels displaced downward will 
tend to be restored, whereas saturated parcels displaced upward will continue to 
move upward. The atmosphere is said to be conditionally unstable when the lapse 
rate is between F and F,, whatever the moisture content, (c) The lapse rate exceeds 
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To calculate the lapse rate F^ one needs to consider changes in which the mass 
of dry air remains constant, even though the mass of water vapor changes through 
condensation. If the humidity is expressed in terms of the mixing ratio r (see Appendix 
4), defined as the mass of vapor divided by the mass of dry air, then the change in 
vapor content per unit mass of dry air is dr. The change per unit mass of moist air is 
therefore dr/(l + r), i.e., by (A4.2) the change is 


dr/(l + r) = dg/(l - q). 


(3.8.1) 


In the pseudoadiabatic process this is equal to the mass of condensed water per unit 
mass of moist air, and g (or r) always has its saturation value g„ (or r,,). The change in 
heat content per unit mass of moist air is thus Lv times (3.8.1), and so the entropy 
equation is [cf. (3.2.6)] 

Lv dgJO - gj + Cp dT - T(dvJdT)^ dp = 0. (3.8.2) 

This differs from Eq. (3.6.1) for a dry adiabatic process only by the addition of the 
term involving the latent heat L.,. 

Now the saturation specific humidity q„ (see Appendix 4) is a known function of 
temperature and pressure, so dq„ can be written as 

dT + (dqy,/dp)T dp. 

Substituting in (3.8.2) and using (3.6.2) and (3.6.4) give 


Cpil-qJ\dT^ 


pLy / dg^ 
otTd -qA dp ^ 


(3.8.3) 


Values of Fg are given in Table 79 of the Smithsonian Meteorological Tables, and 
Appendix 4 gives an approximate formula. 

An alternative form of (3.8.2) can be obtained by using potential temperature as 
the variable in place of the temperature. If, moreover, the ideal gas approximation 
is made, use of (3.2.6) and (3.7.6) in (3.8.2) gives 

Cp“ ‘ T " ‘ Lv dq„/( 1 - 9w) + dO/O = 0. (3.8.4) 


Now the curve on which the temperature varies with pressure in accordance with 
(3.8.2) is called a saturation pseudoadiabat or moist adiabat (Table 78 of Smithsonian 
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Meteorological Tables). The quantity that is constant on this curve is called the 
equivalent potential temperature^ 6* for saturated air. It is defined as the potential 
temperature that a parcel would have if all its moisture were condensed out and the 
latent heat thus released were used to warm the parcel. The value of Of can be ob¬ 
tained by integrating (3.8.4). Since the temperature change in the process is not very 
large and is small, an approximate integral of (3.8.4) is 

L^qJcJ + \nie/et) = 0, 
i.e., 

ef = e expiL,qJCpT). (3.8.5) 

An alternative label for moist adiabats is the wet-bulb potential temperature 0* for 
saturated air, defined as the temperature at which the moist adiabat crosses the line 
p = Pr = 1000 mbar. For instance 6* = 0°C refers to the same curve as y* = 10.2°C, 
whereas 6* = 10, 20, and 30° correspond to = 31.2, 62.3, and 113.0°C, respec¬ 
tively (see Fig. 3.6). 

The quantity 6* defined above is a function of p and T only since it refers solely to 
saturation conditions. However, an equivalent potential temperature 6^ (which de¬ 
pends on r, p, and T) can be defined for any parcel, whether saturated or not, as the 
value of 6* acquired after adiabatic expansion to the saturation level. In other words, 
9^ is the temperature acquired if a parcel is expanded (adiabatically until it reaches 
saturation, and pseudoadiabatically thereafter) until all its moisture is removed, and 
then is compressed adiabatically to the reference pressure p, (normally 1 bar). It 
follows that 6^ is constant for a parcel whether or not it is saturated, provided that the 
changes are adiabatic when unsaturated and pseudoadiabatic when saturated. 

When air is unsaturated, there are two terms used to express the possibility of 
instability due to moisture effects during upward motion. The first term, conditional 
instability, meaning the lapse rate is between and T, takes no account of the relative 
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Fig.3.S. Profiles of potential temperature 0 and equivalent potential temperature 0, for the tropical atmosphere, 
These profiles are means for the West Indies rainy season compiled by Jordan (1958). The third profile is of flj, 
the equivalent potential temperature of a hypothetically saturated atmosphere with the same temperature at each 
level. 
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moisture levels of neighboring parcels. The potential for instability can, however, 
exist even when the profile is stable everywhere in the sense that the lapse rate is 
everywhere less than Fg. This can occur when the upper of two parcels is relatively 
dry, so that if both parcels are forced upward beyond their lifting condensation levels, 
its potential temperature becomes less than that of the lower parcel. The condition 
for this so-called convective (or potential) instability is that 

dO^/dz < 0. (3.8.6) 

Figure 3.5 shows typical profiles for potential temperature 6 and equivalent 
potential temperature S. for the tropics, dd/dz is everywhere positive, indicating that 
the tropical atmosphere in these conditions is stable to dry adiabatic processes. 
ddjdz, on the other hand, is negative below 700 mb, showing that the atmosphere 
is convectively unstable in this region, whereas negative values of ddf/dz (indicating 
conditional instability) occur up to even higher levels. Despite this instability, which 
is typical throughout the tropics, deep convection takes place only in a small fraction 
of the total area (Riehl, 1979). 


3.9 Graphical Representation of Vertical Soundings 


The basic properties of moist air can be given graphically by diagrams (sometimes 
called pseudoadiabatic charts) such as those shown in Fig. 3.6, where potential 
temperature 6, saturation mixing ratio r^, and equivalent potential temperature 6* 
for saturated air are shown as functions of pressure p and temperature T. Consider 
first Fig. 3.6a (sometimes called a Stiive diagram), for which the ordinate is and the 
abscissa is T. This choice makes the 6 contours (i.e., the dry adiabats shown by the 
sloping solid lines) straight by virtue of formula (3.7.4) for potential temperature. 
The slope of the lines is inversely proportional to 9. The curves for the saturation 
mixing ratio, given by the formulas in Appendix 4, turn out to be close to straight 
lines, and thus are indicated by the short sloping lines at the upper and lower edges of 
the diagram. Finally, the saturation pseudoadiabats, or contours of 6*, are given 
approximately by (3.8.5) and are shown by the dashed curves. As their definition 
requires, they asymptotically approach the dry adiabats with the corresponding 
value of 0 as p -► 0. 

Figure 3.6b, which is not shown in the same detail, is known as a tephigram 
(r-0 gram) because the axes (which are tilted through 45° and shown by solid lines) 
are log 9 (which is proportional to entropy, a quantity often denoted by rather 
than by rj as in this book) and T. The pressure contours in this representation are 
slightly curved but near horizontal. An advantage of this diagram is that area is 
proportional to energy, and any diagram with this property is called a thermodynamic 
diagram. Other examples are discussed by Hess (1959). 

Radiosonde soundings can be represented on such diagrams by lines indicating 
how temperature T and, say, dew-point temperature vary with pressure. The 
diagram (which may then be called an aerologicai diagram) can be used to make 
deductions about stability, the effect of lifting of samples of air, etc. An example 
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Fig. 3.6. Examples of two forms of pseudoadiabatic chart that display the properties of moist air in graphic 
form, (a) Axes are p* and 7 (5(uve diagram). The sloping solid straight lines are dry adiabats, i.e., contours of potential 
temperature fl, with a contour interval of 10 K. The r^ contours are very nearly straight, and are indicated by the 
sloping line segments at the top and bottom. The saturation pseudoadiabats are marked by dashed lines and are 
labeled by the value of equivalent potential temperature 6^ (in degrees Kelvin) with the corresponding value of 
the wet-bulb potential temperature 0^ (in degrees Celsius) in brackets. The contour interval for the latter quantity 
is 10“C. The thick lines show a sample sounding of temperature 7 on the right and dew point 7j on the left. 8 l is 
the lifting condensation level corresponding to the parcel at 830 mb. with temperature point fl and dew point 
flj, It is the intersection of the 6 contour (0 = 300 K) through B and the r^ contour (r^ = 2 gm kg“ ') through flj. 
Al is the corresponding intersection for the point A — Aj. (b) Another form of pseudoadiabatic chart, the tephigram. 
The axes, which are for Iog0 and 7, are rotated through 45“ so that the pressure contours are approximately 
horizontal. The dashed lines are moist pseudoadiabats. 
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Fl^ 3.7. Temperature-salinity curves for three stations in the Antarctic (Weddell Sea) shown against the isopycnals (constant-density lines) for two differ(mt depths; (a) 
500 m and (b) 3000 m. Depths (in meters) are 500 (▲), 1000 (Q), 2000 (A), 3000 (•), and 1500 or 3500 (x). The short line segments are at intervals of 100 m. The diagram 
illustrates that stability can be judged only in relation to the isopycnals for the depth concerned. If the isopycnals shown in (b) were appropriate at all depths, one would con¬ 
clude that, in the upper levels, the density distribution was unstable, whereas diagram (a) shows this not to be the case. Similarly, if the isopycnals shown in (a) were supposed 
to be appropriate for all depths, the deep water at Glacier station 45 would appear to be unstable, but diagram (b) diows that this is not so. [From Gill (1973).] 
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(from Capetown, South Africa) is shown by the thick lines in Fig. 3.6a, It is clear at a 
glance that the air in the lower kilometer is much closer to saturation than is the air 
above because the difference between T and is relatively small there. Stability 
properties can be assessed by comparing the slope of the temperature sounding with 
the slopes of the dry and moist adiabats. In the example, the air near the ground is 
conditionally stable since the observed slope is between that of the two adiabats. 
The bottom kilometer of relatively moist air is capped by an inversion, where T 
increases with height (up to the 830 mb level), and dry air is found at higher levels. 
It is so dry that only the slope relative to the dry adiabat is relevant, and this indicates 
stability {0 increases with height). 

If a parcel of air such as that (marked B) at the top of the inversion layer is lifted 
adiabatically, the temperature changes experienced are those obtained by following 
the dry adiabat (in this case 6 = 300 K) until the lifting condensation level is reached. 
This level can be found by using the fact that the mixing ratio r for the parcel is equal 
to at the dew-point temperature (marked in the diagram), which in this case 
is 2 gm kg“‘. The = 2 and 6 = 300 lines intersect at the point Bl, so the lifting 
condensation level is the value of p at this point, namely, 590 mb. The corresponding 
moist adiabat is given by 9* = 306 K, so the equivalent potential temperature of the 
air at the top of the inversion is 9^ = 306 K, It is hardly likely that a parcel from the 
top of the inversion layer would be lifted so far, but a similar construction for a parcel 
{A — A^) at the base of the inversion gives an intersection at A^^, showing that the 
lifting condensation level is only about 10 mb above the actual level, and the equiva¬ 
lent potential temperature is again 306 K. It follows that the inversion layer is neutral 
(i.e., d9^/dz = 0) as far as the convective instability criterion (see Section 3.8) is 
concerned, and similar calculations for the parcel at the surface show that the same 
holds true for the moist layer below the inversion. Further constructions, using 
thermodynamic diagrams, are discussed, e.g., by Godske et al. (1957, Chapter 3). 

The state of seawater depends on three variables: temperature, salinity, and pres¬ 
sure, so a three-dimensional diagram would be needed to assess stability properties. 
Two-dimensional representations of soundings can be in the form of temperature 
and salinity versus pressure (or depth) as in Fig. 3.2 or in terms of a temperature- 
salinity diagram (or potential-temperature-salinity diagram) as shown in Fig. 3,7. A 
useful feature of such a diagram is due to the fact that if two parcels of water with 
different values of T and S mix, the values of(T, S) for the mixture lie on the straight 
line joining the two original points. Often the T, S values for a given station lie on a 
straight line over a significant range of depths, and these points can be interpreted as 
mixtures of suitably defined water masses in proportions that vary along the straight 
line. Stability properties can be assessed by comparing the slope of such a line with 
that of the isopycnals, but this is only valid if the isopycnals are those appropriate to 
the depth range concerned, as Fig. 3.7 shows. 
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Chapter Four 


Equations 
Satisfied 
by a Moving Fluid 


4.1 Properties of a Material Element 


When a fluid is in motion, its properties are functions both of spatial position 

x=(x, j/, z) (4.1.1) 

and time t. In other words, for any property y, 

y = y(x, y, Z, t) = v(x, t). (4.1.2) 

(The symbol =, meaning “is identical to,” is used here to relate different ways of 
writing the same expression, e.g., in scalar notation on one side and vector notation 
on the other side.) Now the concepts of the state of a fluid apply to a particular sample 
(or “parcel”) that will move around when the fluid is in motion. Since nearby particles 
of fluid may move apart in time, it is necessary to think of an infinitesimally small 
sample that will retain its identity. This will be called a material element of fluid 

fr»Fi1 0/^*7 Ti 

f f y 1^/* 


Suppose now that this material element has position x at time t given by 

X = x(t). 


(4.1.3) 


Then the property y for this material element will vary with time according to 

y = y(x(0, y(t), z(0, 0 = y(x(f), t). (4.1.4) 

It follows that the rate of change of y for the material element is given by 
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Now dx/dt is the rate of change of position of a material element, i.e., the fluid velocity 


J 

UA/ttt = U = \U, 


w). 


/A 1 C\ 


Therefore, for a material element, dy/dt is equal to Dy/Dt, where Dy/Dt is defined by 


Dt 


dy dy dy dy dy 

= — + M-^ + U— + W— = — + U' 

dt dx dy dz dt 


Vy. 


(4.1.7) 


Note that the symbol D/Dt is defined by (4.1.7) and so has this meaning irrespective of 
the context. The symbol d/dt, on the other hand, means the time derivative of a 
quantity that is a function of time only. (Despite this fact, the symbol d/dt is used in 
some textbooks to have the same meaning as that given to D/Dt here. This does not 
often lead to confusion, but it is better to have different symbols for operators that 
have different meanings.) 

The usefulness of the operator D/Dt can be illustrated immediately by considering 
the “concentration” equations for air and seawater. If molecular diffusion can be 
ignored, the material element will always consist of the same particles and so the 
mass of each constituent will remain constant. Since the salinity s is the mass of 
dissolved salt per unit mass of fluid, s will also remain constant, and so 


Ds/Dt = 0. 


(4.1.8) 


Similarly, for the atmosphere, the specific humidity g is the mass of water vapor per 
unit mass of air. Thus if no phase changes are taking place, 


n _ / n* rk 
uqjui = U, 


/A 1 n\ 


A similar equation holds for any quantity that is conserved by material elements. 


4.2 Mass Conservation Equation 


As a material element moves, its mass remains constant but its volume may alter. 
Therefore, its density may change, but in a way that is dependent on the field of motion. 
The equation relating the rate of change of density to the field of motion is called the 
mass conservation equation. There are two equivalent ways of writing this equation, 
corresponding to different methods of derivation. The first method, which was used 
by Euler (1755) in his paper on the equations of motion, considers the changes follow¬ 
ing a material element. The second method considers the changes for a fixed volume 
element. These two different approaches may be applied to the other equations of 
motion as well, and both will be considered here. 

The first method requires calculation of the fractional rate of change Ug" ^ DvJDt 
of the specific volume of a material element. Here this will be calculated for an 
infinitesimal Cartesian element as shown in Fig. 4.1 [for a more general discussion, 
see Batchelor (1967, Sections 2.2 and 3.1)]. Consider an element that (Fig. 4,1a) is 
initially rectangular, with sides 6x, dy, and 6z. A short time later (Fig. 4.1b), the element 
will be slightly distorted. To first order in dx, dy, and dz, the volume changes only 
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Fig, 4.1. A materidi volume element thdt is initially rectangular (a) with sides Sx Sy, 6z will a short time later 
(b) be displaced and slightly distorted. To first order in Sx, Sy, and 6z, the volume change is due only to changes 
in lengths of the sides. Changes in angles between the sides do not alter the volume to this order. 


because of small changes in the lengths of the sides, slight rotations of the edges not 
being significant to this order. Therefore the fractional rate of change of volume is 


+ 1£0Z). (4.2.1) 


But the first term 


ID,,. 1 D , 1 , , ... . 


as 


c 

ox 




and similarly for the other terms. It follows that the fractional rate of change of specific 
volume is equal to the divergence V • u of the velocity, i.e., 


1 Du, 

u* Dt 


= V 


du dv dw 
dx'^ dy ^ dz‘ 


(4.2.2) 


For fluid mechanics problems it is usually more convenient to use density p as a 
variable rather than its reciprocal u,. Then (4.2.2) takes the form 


p ^ Dp/Dt + V • u = 0. 


(4.2.3) 


The mass conservation equation (4.2.3) is fundamental in all problems involving 
fluid motion. An alternative form of it, which will be derived from first principles, 
can be obtained from (4.2,3) using (4.1.7), the definition of D/Dr, and (4.2.2), the 
definition of the divergence operator. First, (4.2.3) gives 


i.e., 


or 


/^n Pin Pin / Piti Pin ^vu\ 


dt 


dx dy dz 


dp 5 ^ , d , ^ ^ , V ^ 


dpjdt + V’(pu) = 0. 


(4.2.4) 


The second method of derivation considers the mass balance for a small volume 
element fixed in space (Fig. 4.2) and leads directly to the form (4.2.4). For such an 
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Fig. 4.2. The mass balance for a fixed rectangular volume element with sides ^x, Sy, and Sz. The mass fluxes 
through the left- and right-hand faces are shown, where u is the x-component of velocity and p the density at 
the center of the element. The errors in these expressions are small compared with SxSySz, for small Sx, 6y, and 
Sz. For the pair of faces there is a net efflux of mass of d(pu}/dx SxSySz. Similar expressions can be obtained for 
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clement, mass is continually being carried, or “advected” through the sides by fluid 
motion. (A property transferred bodily by the flow is said to be “advected” by the 
flow. The term “advcction” will be used in preference to “convection,” which, as in 
Chapter 1, will be used to refer to the process that occurs when heavy fluid overlies 
light fluid.) Take, for instance, the side of area by bz on the left-hand side of Fig. 4.2. 
The mass crossing this area per unit time is approximately 

(pu — ^bx d(pu)/dx) by bz, 

where p, u are values at the center of the element. That crossing the opposite side is 
approximately 

(pu -f j d(pu)/dx) by bz, 

and so adding contributions from all six sides, one obtains for the net rate of increase 
of mass the expression 

—(d(pu)/dx + d(pv)/dy + d(pw)/dz) bx by bz. 

In the limit as the volume shrinks to zero, the rate of increase of mass per unit volume 
is therefore 


— d(pu)/dx — d(pv)/dy — d(pw)/dz = — V*(pu). (4.2.5) 

Since by definition p is the mass per unit volume, the rate of increase of mass per unit 
volume is dp/dt and is therefore equal to the above expression. Equation (4.2.4) follows. 


4.3 Balances for a Scalar Quantity like Salinity 


The ideas applied above to the mass balance of a fixed volume can also be applied 
to other scalar quantities. The basic requirement is an estimate of the rate at which 
the scalar quantity is transported across the sides of the volume element. In general 
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a direction can be assigned to the transport of a scalar quantity, so one can define 
a vector 

that has this direction and whose magnitude gives the rate of transport of the scalar 
quantity across the unit area normal to the direction of F. F is called the flux per unit 
area or /lux density of the scalar quantity. For example, the flux due to fluid motion is 
in the direction of motion, and the amount crossing the unit area normal to the motion 
is times the velocity, where is the amount of the scalar quantity contained in 
the unit volume. In this case, 


F = Q„u. 

The flux (or rate of transport) through an element of area 6A, which is not at 
right angles to F, can be calculated by simple geometry. Figure 4.3 shows a cut 
through the element of area, the plane of the drawing being the one that contains 
both F and the normal to 3A. 3S = 3A cos a is the projection of 3A on the plane 
normal to F and <x is the angle between the planes of 3A and 3S. The flux is equal to 

F 3S = F 3A cos a = F cos a 3A, 

where F is the magnitude of F, and so the flux per unit area is Fcos a, i.e., the com¬ 
ponent of F normal to the area concerned. 

For the volume element depicted in Fig. 4.2 the flux across the side of area 3y 3z 
is F^ 3y 3z, where F^ is the x-component of the flux. Following the same argument 
as for mass, the difference in flux between the two sides of area 3y 3z is 

dFJdx • 3x 3y 3z 

and the rate of loss of the scalar quantity per unit volume is 

V • F = dF^/dx + dFyjdy + dFJdz. 

In other words, the equation satisfied by the quantity per unit volume, is 

ag./ar + V-F = 0. (4.3.1) 

The mass conservation equation (4.2.4) is the special case in which = p and 
F = pu. The equation for salinity or humidity is another special case, in which 
= ps is the mass of salt (or water vapor) per unit volume. The advective flux (i.e., 
the flux due to fluid motion) is psu, so if there is no other means of transporting salt 



Fig. 4,3, A diagram for calculating the flux across an area element 5A when the flux density is F. The sketch 
shows a section through the area element in the plane that contains F and the normal to the area element. Lines 
are drawn through the boundary of &A parallel to F, and (5S is the projection of &A on a plane normal to F. 
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(or water vapor), (4.3.1) becomes 

d(ps)/dt + V‘(p5u) = 0. (4.3.2) 

This equation could also be derived from (4.1.8) and (4.2.3), so it is merely an alterna¬ 
tive way of expressing the salinity (or water vapor) balance. 

However, there is another means of transporting salt (or water vapor), molecular 
diffusion, which occurs when there are salinitv for humiditvl gradients. This is a verv 

-^ - __ -_ . - ___ -rfV ^ f m 

slow process and is therefore neglected in most problems considered in this book. 
The diffusive flux is in the opposite direction to Vs, the gradient of s, i.e., it carries salt 
from regions of high concentration to regions of low concentration, and is equal to 
(Batchelor, 1967, Section 1.6) 

-pKo Vs, 


where fCp, the diffusivity of salt in water, is a coefficient that determines the rate of 
diffusion and can depend on the state of the fluid, i.e., on the temperature, pressure, 
and salinity. Values of JCp for common substances can be found in Weast (1971-1972), 
e.g., the value for salt in water is 1.5 x 10"® m^ s“ ‘ at 25®C, and that for water vapor 
in air is 2.4 x 10“ ® m^ s“^ at 8°C [see also List (1951, Table 113)]. When the diffusive 
flux is included, 

F = psu — pKj 5 Vs (4.3.3) 


and (4.3.1) becomes 


ffiniydt -4- V ‘f n.™ — = 0. 




l^Note: Salt diffusion can also be caused by temperature and pressure gradients 
(Fofonoff, 1962), but the effects are minor on the very small scales for which diffusion 
is important.] 


4.3.1 Finite-Difference Formulation for Numerical Models 


The concepts of fluxes across the sides of volume elements are also used in numeri¬ 
cal models of the atmosphere and ocean [see, e.g., Haltiner (1971), Bryan (1969), 
Mesinger and Arakawa (1976)]. Such models may be divided into a set of volume 
elements like that shown in Fig. 4.2, except that now the dimensions are finite. Each 
volume element is identified by integers (i, j, k) that determine its position in a grid 
(see Fig. 4.4) and the value QXhjy 0 denotes the average value of over the volume 
element (i, j, k) at time t. The change in in time d[ can be calculated from the sum 
of the fluxes over the sides of the volume element, giving as the finite-difference 
analog of (4.3.1), 


f + 5f) - QXhj, k; t) ^ F^(i + j;, k ; 1) - F^(i - k\ f) 


bx 


+ 


-F i, /c; 0 - F {ij - i, k; f) 




fz(^;. k + ^;i)- FXiJ, _ 


dt 
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Fig. 4,4. A typical arrangement of volume elements (of finite size) in a numerical model. Volume elements, 
and quantities associated with them, are identified by integers as shown. To identify area elements, one of the 
integers is replaced by a value halfway between the integer values associated with the two volume elements that 
it separates 


where 5x, dy, and bz are the sides of the volume element and 0 is the 

average x-component of the flux per unit area across face (i + j, k) during the time 
interval from f to f + bt. Face (i + j, k) is the one common to volume elements 
(i,j, k) and(( + IJ, k). 

With the interpretation given above, (4.3.5) is exact. The approximation comes in 
when the components of F are calculated in terms of other quantities. For instance, 
in the mass conservation equation, where = p, F.^(i + jJ, /c; f) is the average value 
of pu across the face (i + j, j, /c). However, changes in pu are calculated from the 
momentum equations, where pu is interpreted as the average value of the x-component 
of momentum per unit volume over a volume element. Some form of approximation 
is required to relate the average value over a face to average values over appropriate 
volume elements. This approximation must have the property that if the size of the 
volume elements tends toward zero, the approximation becomes more and more 
accurate. This should be true of all finite-diflTerence schemes, whether or not the 
formulas are readily interpreted in the way described above. Unfortunately, it is not 
always possible to choose elements small enough for the finite-difference solutions 
to be close to the exact solutions. In that case, the numerical model is best interpreted 
as a system distinct from the exact one, but having, it is hoped, closely analogous 
behavior. 

4.3.2 Changes Following a Material Element 

Often it is desirable to modify an equation like (4.3.4) to gives changes following a 
material element rather than changes at a fixed position. This can be done by using, 
for any variable y (usually a quantity per unit mass), an expression for p Dy/Dt that 
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is modified from that given by (4.1.7) by adding y times the quantity equated to zero 
in (4.2.4). Thus 


p Dy/Dt = p dy/dt + pU'Vy + y dp/dt + y\ ’ (pu) 


i.e., 


p Dy/Dt = d(py)/dt + V’(pyu). (4.3.6) 

This can be regarded as an identity because the continuity equation (4.2.4) is exact. 
Applying this to (4.3.4), for example, gives 

p Ds/Dt = V*(pKd Vs). (4.3.7) 


The coefficient pfCp is in general a function of the state of the fluid, but the variations 
are sufficiently small in most cases to take p/Cp as a constant. Then (4.3.7) becomes 


where 


Ds/Dt = Kp 

(4.3.8) 

d^y d^y d^y 

(4.3.9) 
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This equation has a simple form for fluid elements that do not exchange heat with 
their surroundings and that retain a fixed composition. In such cases, the motion is 
said to be isentropic, i.e., the entropy of a material element is fixed, and the state of 
such an element does not change during the motion. Therefore the relationships 
among state variables given in Chapter 3 apply to the element at all times, and the 
form of equation depends on which variables are used to describe the state of the 
fluid. In terms of specific entropy rj or potential temperature 0, 

Dr]/Dt = Cp(p,, 0)0 - * D6/Dt = 0 (4.4.1) 

by (3.7.6), where Cp is the specific heat and is the reference pressure. Alternative 
forms follow from (3.2.1), (3.2.6), and (3.6.1), namely, 


^ Dr] DE DVs DT 

^~Dt ’’~Dt ” 


p Dt 


(4.4.2) 


where T is temperature, E internal energy per unit mass, y, specific volume, and a 
the thermal expansion coefficient. All the above equations can be expressed as bal¬ 
ances for a fixed volume element by using the general relationship (4.3.6), and diagrams 
like Fig. 4.2 can be drawn to visualize the balances that occur. For instance, the equa¬ 
tion in terms of the internal energy E may be written 

p DEIDt = 6{pE)ldt + \’{pEu) = —pv~^ DvJDt = — p V*u, (4.4.3) 


where (4.2.2) has been used to give DvJDt. The physical interpretation of (4.4.3) is 
that the internal energy in a fixed volume can change by advection across the sides 
(the term pEn) or by compression or expansion of the fluid in the volume (the right- 
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hand side is equal to the rate per unit volume at which work is done on the fluid 
when it is compressed). 

When the motion is not isentropic, additional terms must be added to (4.4.3) to 
include the additional effects. A thorough discussion is given by Batchelor (1967, 
Section 3.4). The additional terms are of three types: 


(i) Radiative exchange with the surroundings. This requires a knowledge of 

♦ a _irrad *1.^4.__ _ :c 4 .u^ j 
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state of absorbing, emitting, reflecting, and scattering agents are known. 

(ii) Heat exchange by molecular conduction. The flux of heat by this means 
is proportional to the temperature gradient, and is given by 


-k\T, 

where k is called the thermal conductivity. [Values may be found in Weast (1971- 
1972), e.g., 0.6 W m“‘ K“‘ for water and 0.023 W m“* K“' for air.] 

iicaiiii^ uuc lu ciiaiigc ui ^iiaac iicai icicaac;, lu ciicuiicai icaciiun^ 

or to viscous dissipation. The effect of these processes can be represented by a 
term Qh* which gives the rate of heating per unit volume. The modified form of 
(4.4.3) is then 


d{pE)jdt + \'{pEu + F™*' — k VT) = — p \ -u, 

where the quantity 

F = pEu + F"** - k^T 


(4.4.4) 


(4.4.5) 


that appears on the left-hand side may be called the heat flux density. 


Alternative forms of this equation can be obtained by using the relations among 
state variables [summarized in (4.4.1) and (4.4.2)] and the expression (4.3.6) relating 
point derivatives to derivatives following the motion. With temperature as state 
variable, the equation becomes 

pcp DT/Dt - oiT Dp/Dt = V • (it VT - F™**) + Qh- (4.4.6) 

Alternatively, in terms of potential temperature 

pTCp(p„ 6)6-^ D6/Dt = V-(k \T - F^^^*) + Qh- (4.4.7) 

Note that if ^ is a constant, it may be taken outside the bracket in the above expres¬ 
sions, giving rise to the combination 

K = k/pCp, (4.4.8) 

where k is called the thermal diffusivity. Typical values are 1.4 x 10“^ m^ s“^ for 
water and 2 x 10 ® m^ s“ ‘ for air. These values are so small that thermal conduction 
is not of direct importance for the scales mainly considered in this book, and hence is 
usually neglected. The radiative term may be quite important in the atmosphere, but 
not in the ocean except for the top 30 m or so. The internal heating term Qh rarely 
important except in those parts of the atmosphere where latent heat release is taking 
place due to condensation. Assuming the latent heat release to be pseudoadiabatic 
(see Section 3.8), Qh is nonzero only when (a) q has attained the saturation value 
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and (b) the rates of change of pressure and temperature for a material particle are such 
that the saturation humidity g„(p, T) is falling. The latter condition is usually equiva¬ 
lent to requiring upward motion (w > 0). Thus when the internal heating term Qh is 
due to latent heat released by a pseudoadiabatic process, 


Qh 


0 

< pL, Dq^ 
1 - 


if q < or Dq^/Dt < 0, 
otherwise. 


(4.4.9) 


An alternative way to include condensational heating when it occurs is to put Qh = ^ 
in (4.4.7) but replace 6 by the equivalent potential temperature 6^. This follows from 
the definition of 6^ given in Section 3.8. If ice forms instead of water q„ should be 
replaced by q-^, the saturation value with respect to ice. Note that in practice is 
small, so that the factor (1 — g*) in (4.4.9) can be approximated by unity. Then (4.4.9) 
can be replaced by 

(2h« -L,pDq/Dt, (4.4.10) 


assuming that diffusion of water vapor can be ignored; for if the conditions of the 
first line of the right-hand side are satisfied, (4.1.9) makes the right-hand side of 
(4.4.10) zero as required. Otherwise q = so (4.4.10) is again consistent with (4.4.9). 


4.5 The Equation of Motion 


The equation of motion is the expression of Newton’s second law of motion for a 
material volume element, namely, that the rate of change of momentum of the ele¬ 
ment is equal to the net force acting on the element. For the scales considered in this 
book, the main forces are those considered in Section 3.5, i.e., the pressure force and 
the gravitational force, which is the gradient of a potential . (This is not the same 
as the geopotential introduced in Section 3.5 because of rotation effects, to be 
discussed in Section 4.5.1.) The resultant of these two forces per unit mass is, from 
Section 3.5, 

— p~^ Vp — 

and so must be equal to the rate DUf/Dt of change of momentum per unit mass of a 
material volume element (Batchelor, 1967, Section 3.2). In other words, the equation is 

DUfIDt = -p“’ Vp - V<t>„. (4.5.1) 

The subscript f is used to denote the fact that the velocity Uf is measured relative to a 
fixed frame. In geophysics, position x, and velocity are measured relative to a 
rotating frame, the earth, so an expression for DUfjDt in terms of these quantities is 
required. The derivation of such an expression is purely a matter of geometry and 
calculus. 
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4.5,1 Motion Relative to a Rotating Frame 


Let the subscript f refer to quantities measured relative to the fixed frame and 
subscript r refer to measurements relative to the rotating frame. Let the angular 
velocity of the rotating frame be il (i.e., ft is the vector along the axis of rotation with 
magnitude equal to the magnitude of the angular velocity about this axis, where the 
sense of rotation is clockwise when looking down the axis in the direction of ft). Then 
a point with fixed position in the rotating frame has (Fig. 4.5) velocity ft x x^. 
When the point x, is moving relative to the rotating frame, its velocity relative to the 
fixed frame is therefore given by 


dXf/dt = dxjdt + ft X Xr. 

A repetition of this operation gives the acceleration 

d^\f d fd\^ \ fdx, ^ \ 

—2- = T, hTT + * V + « * h77 + « x X. • 

U I . ■ - 

i.e.. 


Ul' y Ui 

72 „ j2. 


/ 


\ 


/ 


d^Xf d^x, dx, ^ 

T^- = -rr + 2ftx — + ftx(ftx xj. 

dr dr dt 


(4.5.2) 


(4.5.3) 


Thus in addition to the acceleration measured relative to the rotating frame, there 
are two other contributions to the acceleration relative to the fixed frame. The one 
given by the second term on the right-hand side of(4.5.3) is called the Coriolis acceler¬ 
ation [after Coriolis (18351 who discussed it. althoueh the term aoneared earlier in 

^ .. ^ **-- — 

the tidal equations of Laplace (1778, 1779)]. The last term can be written as the 
gradient of a scalar 

ft X (ft X xj = - V(^ft^x^), 

and so (4.5.3) may be written 

duf/dt = dujdt + 2ft x - V(jQ^x^). (4.5.4) 



Fig. 4.5. A point P with fixed position in a frame of reference rotating with angular velocity ft about an 
axis through O moves in the circular path shown with velocity fix*,. 
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When the point x, is the position of a material volume element, the derivative djdt 
is the same as DjDt (see Section 4.1), so (4.5.1) becomes 

DnjDt + 2Jlxu = V(I», (4.5.5) 

where the subscript r will be implied rather than written explicitly from this point 
onward. is the geopotential defined by 

(I) = , (4.5,6) 

i.e,, is the sum of the gravitational potential <I>„ and centrifugal potential — as 
defined in Section 3.5. Note also that (4.5.5) is not altered by a change in origin of the 
axes, so it is not necessary to have the origin on the axis of rotation when using (4.5,5), 


4.5.2 Momentum Balance for a Fixed Volume Element 

Multiplication of (4.5.5) by p and use of the identity (4.3.6) for each component in 


turn give an alternative form of the equation of motion, namely, 

d{pu)ldt + V*(pMu) + l^lypw — 2Q^pv = —dpjdxy (4.5.7) 

d(pv)/dt + V*(pi;u) + lil^pu — lil^^pw = —dp/dy, (4.5.8) 

d(pw)/dt + V*(pwu) + 2^^pv — 2Clypu = —dpfdz ~ pg. (4.5.9) 

The axes (at the element concerned) have been chosen so that the z axis points verti¬ 

cally upward, i.e., in the direction of 

g = V<D, (4.5.10) 

where — g is the acceleration due to gravity of magnitude g [cf. (3.5.2)]. The angular 


velocity rt has been written in terms of its components (12^^, 12^, Q^). These equations 
can be interpreted in terms of the momentum balance (per unit volume) for a fixed 
volume element (such as that shown in Fig. 4.2). The rate of change of momentum 
(first term) is determined by the flux of momentum across the sides of the element 
(second term), the Coriolis force acting on the element (last two terms on the left-hand 
side), the net force resulting from the pressure on the sides (first term on the right-hand 
side) and the gravitational force [last term in (4.5.9)]. 


4.5.3 Effects of Viscosity 

Although viscosity is not of direct importance for the scales of motion considered 
in this book, it is of indirect importance as a means of removing mechanical energy 
from the system. Viscosity gives rise to stresses on the surface of a material volume 
element that may be related to the rate of strain. A detailed discussion is given by 
Batchelor (1967, Section 3.3). It turns out that if, on the scales for which viscosity is 
important, viscosity changes and compressibility effects can be ignored, then the 
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effect on momentum is the same as that of a diffusion process (see Section 4.3) and 
ca.T be taken into account by adding diffusive fluxes to (4.5.7)-(4.5.9), i.e., 

d{pu)ldt + V*(pMu - p Vm) + 2^ypw — l^i^pv = —dp/dx, (4.5.11) 

d(pv)ldt + V‘(pyu — p Vu) + IQ^pu — lil^pw = —dp/dy, (4.5.12) 

d{pw)/dt + V*(pwu — p Vw) + 2n^pv — 2ilypu = —dp/dz — pg, (4.5.13) 

where p is called the viscosity of the fluid. [Values of p are tabulated by Weast (1971- 

1972), e.g., 10“^ kg m“‘ s“‘ for water and 1.7 x 10“ ® kg m“‘ s“' for air.] The value 
of p depends on the state of the fluid, but the variations are sufficiently slow in most 
cases to take p as a constant. Then the modified form of (4.5.5) is 

Du/Dt + 20 X u = —p"' Vp — g + V V^u, (4.5.14) 

where 

V = pip (4.5.15) 

is called the kinematic viscosity [which has a value of 10"s“' for water and 

1.4 X 10“^m^s“' for air at 1000 mbar—see List (1951, Table 113)], and V^u is the 
vector with components 

V^u = (V^M, V^w). (4.5.16) 

4.5.4 Perturbation Pressure and Perturbation Density 

For large-scale motions in the ocean and atmosphere, the dominant terms by 
far in the equation of motion (4.5.14) are the gravitational acceleration g and the 
vertical component of the pressure gradient, which approximately balances it. In 
other words, none of the other acceleration terms in (4.5.14) approaches the gravita¬ 
tional acceleration. In the atmosphere, for instance, winds are of order 10 m s“\ so 
the Coriolis acceleration is about 10“’ m s“", i.e., less than the gravitational acceler¬ 
ation by a factor of 10,000! 

Hence it is desirable to define a perturbation pressure and a perturbation density 
as departures from an equilibrium solution 

p = Po(2). P = Po(2), (4.5.17) 

of the type considered in Section 3.5, i.e., which satisfied the hydrostatic equation 

dor^ldz = —aor.. f4.5.181 

I \j t - — ' 

The perturbation pressure p' and perturbation density p' are defined by 

p = poiz) + p', p = poiz) + p', (4.5.19) 

in which case (4.5.14) becomes 

p{DulDt + 2Jl X u) = - Vp' - p'g + V*(p Vu). (4.5.20) 

In the special case of a homogeneous fluid, i.e., one of uniform density, p'is zero. 
Otherwise the term — p'g represents a force per unit volume called the buoyancy force 
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since an element with negative p' is relatively buoyant and therefore experiences an 
upward force due to the action of gravity. 


4.6 Mechanical Energy Equation 


The set of equations governing the behavior of the ocean and atmosphere has 
now been derived. They are summarized in Section 4.10 and consist of (a) the mass 
conservation equation, (b) the equation of motion, (c) the internal energy or heat 
equation, (d) the equation of state, and (e) the equations for the concentrations of 
constituents such as salt and water vapor. From this set, other useful equations can 
be derived, using elementary calculus. In this section, the equation for mechanical or 
kinetic energy is considered. 

The kinetic enerev oer unit mass is defined as An eauation for the rate of 

--- - _ — - - -- - -- - 

change of this quantity following a material volume element is obtained by taking the 
scalar product of (4.5.20) with u, which gives 

p D(^u^)/Dt = —wgp' + V*( —p'u + p V(jU^)) — pe + p' V*u, (4.6.1) 

where 



is always positive and is called the dissipation rate (see below). Another version of 
(4.6.1) has the primes removed and is obtained from (4.5.14) by the same procedure. 
Note that the scalar product of u with the Coriolis acceleration in (4.5.20) is identically 
zero, so there is no Coriolis term in (4.6.1). 

Equation (4.6.1) can be converted to one for a fixed volume element by applying 
(4.3.6), which gives 

d(jpu^)/dt + V*F' = —wgp' — pe + p' V’U, (4.6,3) 

where 

F' = (p' + ipu^)u - p V(|u^) (4,6.4) 

will be called the energy flux density vector because it gives a rate of flow of energy 
per unit area. It is not uniquely defined, however. For instance, any vector with zero 
divergence could be added to F' without altering (4.6.3), As before, there is an alterna¬ 
tive version with the primes removed, i.e., with pressure in place of perturbation 
pressure and density in place of perturbation density. In this case F is used in place 
of F' in (4,6,3) and (4.6.4). 

In the special case of a fluid of uniform density, p' — 0 and V-u = 0 by (4.2.3), 
so (4.6.3) simplifies to 

d(^pu^)/dt + V ■ F' = -pc. (4.6.5) 


* In order to simplify notation, has been written in place of u'u throughout. 



4.6 Mechanical Energy Equation 


77 


The physical interpretation of this equation is illustrated in Fig. 4.6 (cf. Fig, 4.2). 
The mass of the fluid in the volume element shown is p Sx Sy Sz, so its kinetic energy 
is jpu^ dx 5y bz by definition. This can change (a) by energy transfer across the sides 
of the element or (b) by energy loss within the element. The rate of transfer of energy 
due to a flux F' is shown for two of the sides in the figure, being the component of 
F' in the direction of the x axis. Adding the contributions from all sides gives a net 
gain of energy of 

to the appropriate order of approximation. This gives rise to the term V • F' in (4.6.5) 
after dividing by the volume bx by bz and taking the limit as the volume shrinks to zero. 

By (4.6.4), the individual contributions to the rate F'^ by bz of energy transfer 
across a face of area by bz are 

(i) p'u by bz, 

(ii) jpu^ubySz, 

(Hi) - p d{^u^)/dx • by bz. 

The first contribution is the product of p' by bz, the normal force on the face of the 
element due to the pressure perturbation p', and u, the rate of movement in the direc¬ 
tion of the force. It is therefore the rate of working by the pressure force on that side. 
The second contribution is the rate of advection of kinetic energy across the face. 
The third contribution can be interpreted as the rate of diffusion of kinetic energy 
across the face due to viscous processes. 



Rale of lot* by viscou* 
disslpolion =/>c Bt Sy 8i 


Fig. 4.6. The mechanical energy balance for a fixed rectangular volume element in a homogeneous fluid of 
density p. Fluxes across one pair of faces are shown, where is the x-component of the mechanical energy flux 
density F'. These contribute a net rate of loss of energy per unit volume of dF'Joir. and the two other pairs of faces 
contribute dF’Jdy and dF'Jdz, where F' and f' are the y- and z-components of F'. The balance of energy for the 
element cannot be described completely in terms of fluxes across the sides. There is an additional loss of energy 
per unit volume of pt, where £ is a positive quantity called the dissipation rate. 
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Returning to (4.6.5), the remaining contribution to the rate of change of kinetic 
energy of the element is 


— p£ dx Sy Sz, 


which is interpreted as the rate of loss of energy within the element due to viscous 
processes. Thus e is called the rate of dissipation of mechanical energy per unit mass, 
or simply the dissipation rate. 

The same ideas can be applied to a large volume of fluid that can be subdivided 
mentally into small volume elements like that shown in Fig. 4.6. The transfers of 
energy across the faces of the elements merely represent a flow of energy from one 
part of the fluid to another, and therefore make no contribution to the energy balance 
of the large volume except for the contributions from the outer surface of that volume. 
On the other hand, the dissipation in each volume element contributes to the total 
energy loss in the large volume. In other words, integration of (4.6.5) over a volume 
gives an equation for the rate of change of 


K = 1 I 1 - pu^ dx dy dz, 
J J J 2 



the kinetic energy of the volume of fluid, the equation being 


dK/dt + 


I"" 


dS^ ~ 


p€ dx dy dz. 


(4.6.6) 


(4.6.7) 


where f' denotes the outward normal component of the flux across the surface of 
the volume and dS an element of area, so that the integral is the total rate of transfer 
of energy across the surface. The integral on the right-hand side is over the volume 
concerned. For instance, the volume concerned could be that part of an ocean below 
some fixed level surface. Then (4.6.7) says that changes in kinetic energy result from 
transfer across this surface, transfer across the bottom, and dissipation within. 

It is also possible to derive an equation for a large material volume of fluid, i.e., 
a volume with mobile boundaries but always consisting of the same fluid particles. 
An example is the ocean, which is bounded above not by a fixed surface but by its 
(constantly moving) free surface. As before, this volume could be subdivided into 
material volume elements and the balances for each element added. This is equivalent 
to integrating (4.6.1) over the material volume, which for a homogeneous fluid again 
leads to (4.6.7), with the integrations now being over the material volume and its 
surface. The advective contribution to the transfer across the surface is zero since by 
definition no advection takes place across the surface of a material volume. 

In the case of a homogeneous ocean or lake, energy is transferred across the free 
surface from the atmosphere through the working of the pressure force and through 
“diffusion” of energy, which represents the action of viscous stresses. Since the 
normal velocity is zero at the bottom, the pressure force cannot do work there, so 
the only means of losing energy involve viscosity, namely, viscous stress acting on 
the bottom and viscous dissipation within the ocean or lake. Since the kinetic energy 
of such bodies of water does not continually increase, the energy losses through 
viscous effects must balance the energy inputs over a long period of time. At first 
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sight, this seems to contradict the statement that viscous effects are not important on 
the larger scales such as those characteristic of the energy inputs. The implication is 
that energy is transferred from one scale to another [which is possible because of the 
nonlinear terms in (4.5.14)] and significant dissipation takes place only at scales 
where velocity gradients are large enough for (4.6.2) to give values such that dissipa¬ 
tion balances inputs. These scales are very small in practice, and can be estimated if 
it is assumed that the scale depends only on e and v. The only combination of these 
parameters with the dimensions of length is 

and typical values for the ocean and atmosphere are of the order of a millimeter 
[For a discussion of dissipation processes in the ocean, see Woods (1982),] This fact 
creates a problem for numerical models that cannot hope to cope with scales ranging 
from the size of the earth to the dissipation scale (ten factors of ten!). A common 
technique is to make the viscosity artificially large (in which case it is called an eddy 
viscosity) so that sufficient energy dissipation can occur on scales resolvable by the 
numerical scheme. Since the vertical resolution is usually much better than the 
horizontal resolution, smaller values can be used for vertical “diffusion” of momentum 
and energy than are used for horizontal diffusion. [Vertical eddy viscosities may be 
10^ or 10^ times the molecular value, i.e., typical of oils rather than air or water. 
Horizontal eddy viscosities used are often 10*° or even 10'* times molecular, i.e., 
akin to very viscous substances like glucose (Weast, 1971-1972).] There is, however, 
no guarantee that this procedure will remove energy in a realistic way, and a major 
problem of numerical modeling is to find schemes that will remove energy realistically. 

Energy principles are such that the loss of mechanical energy by dissipation 
represents a rate of conversion of energy into a different form, namely, heat. Thus 
there is a contribution pc to the term in (4.4.4) that represents a rate of gain of internal 
energy per unit volume. This contribution is, however, so tiny that it is nearly always 
neglected. The terms — wgp' and p' V • u that appear in (4.6,3) also represent rates of 
conversions of energy from one form to another. The former term is the product of 
the upward buoyancy force per unit volume —gp' and the rate w of movement in 
the direction of that force, and therefore represents the rate of working per unit 
volume by the buoyancy force. The latter term is the product of a pressure p' and 
the fractional rate of change of volume [see (4.2.2)] of a material element, and there¬ 
fore represents the rate of release of energy per unit volume of the fluid by expansion. 
The energy conversions associated with these terms are dealt with in the next section. 


4.7 Total Energy Equation 


Thus far, equations have been derived for energy in two forms; internal energy 
[Eq. (4.4.4)] and kinetic energy [Eq. (4.6.3)]. If the version of the latter equation with 
primes is used and the two equations are added, the term p' V • u disappears because 
it represents a rate of conversion of energy from the internal form to the kinetic form. 
The same is true of the term pc (which cancels a contribution to Qh)- Another term 



BO 


4 Equations Satisfied by a Moving Fluid 


that requires interpretation as a rate of conversion of energy from one form to 
another is the buoyancy term — wgp' in (4.6.3). This represents work done by gravita¬ 
tional forces when fluid crosses geopotential surfaces, and the appropriate form of 
energy per unit mass is the geopotential ® defined by (4.5.6). With this interpretation, 
® is called the potential energy per unit mass associated with gravitational and 
centrifugal forces. <1» depends only on z, and so by definition (4.1.7) its rate of change, 
following a material element, is 

D<J>/Dt = u*V® = u*g = wg (4.7.1) 

by (4.5.10). This can be converted into a rate of change for a fixed volume element by 
using the standard formula (4.3.6), giving 

d(p<!>)/dt -t- V*(p®u) = wgp. (4.7.2) 

The total energy equation is now obtained by adding (4.7.2), the internal energy 
equation (4.4.4), and the version of the kinetic energy equation (4.6.3) without primes. 
The result is 


d{piE + <i> + W))ldt -F V- = Qh, (4.7.3) 

where F‘“‘ is the total energy flux vector given by 

F'"' = pu(£ +0 + W) + pu + F^*“* ~k\T - p V(|u^). (4.7.4) 

The terms contributing to F‘“' in order of appearance are the advective flux, the rate 
of working by pressure forces per unit area, the radiative flux, the flux by diffusion of 
heat, and the flux by diffusion of kinetic energy. Equation (4.7.3) gives the changes for 
a fixed volume element. Using (4.3.6), the equation for changes of a material volume 
element is 


p D(£ -I- <D + iu2)/Dt + V-(pu -I- F^^'* -k\T - p V(|u^)) = Qh- (4-7.5) 


As with the kinetic energy equation, (4.7.3) can be interpreted in terms of balances 
for a fixed volume element like those illustrated in Fig. 4.6. Also, by adding contribu¬ 
tions of many such elements, an equation for the rate of change of total energy of a 
large volume can be obtained. The internal energy / of the volume is defined by 


/ 


and the potential energy P by 



pE dx dy dz, 


P = 




J J J 


p4> dx dy dz 



pgz dx dy dz 


(4.7.6) 


(4.7.7) 


by (3.5.2). The total energy [see (4.6.6)] is thus 

K + 1 + P, 


whose rate of change is given by 


d(K -h / -t- P)/dt -t- 


J dS = 


Qh dx dy dz. 


(4.7.8) 
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denotes the outward component of the flux across the surface of the volume and 
dS an element of area, so that the integral is the total rate of transfer of energy across 
the surface. As found in the previous section, the equation applies both to a fixed 
volume, across which fluid may flow, or to a material volume, which may have a 
moving surface but always consists of the same particles. 

The above discussion of energy is satisfactory and consistent when no phase 
changes (or chemical changes, etc.) occur, for then Qh Qh nonzero, it must 

represent a conversion of energy from one form to another. For instance, the effect 
of latent heat release by means of the pseudoadiabatic process can be included by 
using expression (4.4.10) for . Substituting in (4.7.8) and using the standard relation 
(4.3.6) then give 


where 


d{K + I + P + L)/dt + 



(FT + pqL,u„) dS = 0, 


(4.7.9) 


L = 



L^pq dx dy dz 


(4.7.10) 


is the energy that could be released by moving each parcel adiabatically upward to 
the saturation level and then pseudoadiabatically upward until all moisture is 
removed. 

Estimates of the terms K, /, P, and L for the atmosphere have been made by Oort 
(1971) for each month of the year, and fluxes of energy across circles of latitude have 
also been made. The largest contributions to the mean total energy are I (73%), 
defined by (4.7.6) and (3.2.7), and P (25%), defined by (4.7.7). However, with these 
definitions, I + P represents the energy that could be obtained by lowering the 
temperature of the atmosphere to absolute zero and bringing the mass of the atmos¬ 
phere down to sea level. Since little of this energy could be obtained by a process that 
could readily occur, Lorenz (1955) has introduced the concept of available potential 
energy as the energy that could be obtained by some well-defined process. Usually 
the process considered is an adiabatic redistribution of mass without phase changes 
to a statically stable state of rest (see Sections 3.5 and 3.6). With this definition, the 
available potential energy of the atmosphere has been estimated (Price, 1975) to be 
about 23 X 10^° J, giving a mean over the whole earth of about 4.5 x 10® J m“^. 
This may be compared with the mean available potential energy in a typical mid¬ 
latitude ocean gyre, estimated by Gill et al. (1974) to be of the order of 10® J m“^. 
An alternative definition for the atmosphere [a discussion of the concept of available 
potential energy is given by Dutton and Johnson (1967)] would also include the energy 
L that could be released by condensing all the moisture. This amounts to 64 x 10® J 
m“^(Peixoto et ai, 1981). 

For numerical models of the atmosphere and ocean, finite-difference approxi¬ 
mations of the balances of mass, momentum, internal energy, etc., for finite volume 
elements are used, as discussed in Section 4.3. It does not follow automatically that a 
finite-difference equivalent of the total energy equation will exist. All that can be 
said is that the total energy equation will be satisfied, correct to a certain order, as 
the size of the element shrinks to zero. However, it is always possible to write the 
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finite-difference equations in such a way that a finite-difference form of the total 
energy equation is exactly satisfied. In other words, there are no energy sources or 
sinks within the body of fluid, only conversions of energy from one form to another. 
Such formulations have been found to eliminate problems that may be encountered 
otherwise, namely, an artificial increase or decrease of energy over a long period of 
time (Arakawa, 1966). 


4.0 Bernoulli's Equation 


A variant of (4.7.5) can be deduced from the identity 

, Dp dp 

V • (pu) = u*Vp-l-pV-u = --— 

Dt dt 


p ^ 

p Dt ’ 


which follows from the definition (4.1.7) and from the continuity equation (4.2.3). 
The result may also be written 


V-(pu) 


^fp 

'' D‘ V/> 


dt' 


(4.8.1) 


and so (4.7.5) becomes 

p D{E 4rplp^<t> + W)jDt -F V •(F'‘“' -k\T -p V(iu")) = 0H + (4.8.2) 


For applications not connected with acoustic waves, the term dp/dt is often relatively 
small, changes in pressure due to a change in level of a fluid element being large 
compared with changes at a fixed point. Also, viscous and diffusive effects can be 
ignored except on the smallest scales. Thus in situations for which radiative heating 
and latent heat release can also be ignored, Eq. (4.8.2) becomes 

D{E -I- p/p -t- <D -I- W)l^t = 0. (4.8.3) 


inis IS Known as Dernouiii s equation since ootn uaniei ana jonn nernouiii con¬ 


tributed to special forms of it. [A historical discussion is given by Truesdell (1954b).] 
A discussion of circumstances in which it is valid may be found in Batchelor (1967; 
Section 3.5). 

The quantity E + p/p, which appears in (4.8.3), often occurs in thermodynamics 
and is called the enthalpy per unit mass. For a perfect gas, it follows from (3.2.10) 
and (3.2.12) that 


E + p/p = cj, (4.8.4) 

and this approximation is used for applications to the atmosphere. Corrections to 
(4.8.4) for moist air can be found in Table 85 of the Smithsonian Meteorological 
Tables (List, 1951). In applications to the atmosphere, the quantity E -i- p/p -h O is 
sometimes called the dry static energy per unit mass. An approximate expression for 

ct'tr ic 


E + p/p + ^ CpT + gz. 


(4.8.5) 
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The Bernoulli equation (4.8.3) can be modified to include effects of latent heat 
release in a pseudoadiabatic process by using the approximation for in (4.8.2). 
The modified version is 


The quantity 


D{E + p/p + d) + L,q + = 0- 


pip 




-r i-v*/ - 


‘'P" 






(4.8.6) 


//I o -i\ 
V-T.O. I } 


which appears in the equation, is sometimes called the moist static energy per 
unit mass. 


4.9 Systematic Effects of Diffusion 
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vapor in air (Kd = 2.4 x 10“* m^ s“^) are so small that diffusion plays no direct role 
on larger-scale motions. However, diffusion is systematic in that it always acts to 
reduce gradients. An equation that shows this effect can be derived from (4.3.8) in a 
similar way to that by which the mechanical energy equation (4.6.5) was derived from 
the momentum equations. Multiplication of (4.3.8) by x gives 

p = V-(pKo V(i5^)) - pMV’s)^ 


/ A 
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d{\ps^)jdt + V-(^ps^u - pK^ V(^s^)) = -pK^(ysf 


(4.9.1) 


(4.9.2) 


An alternative version has 5 in (4.9.1) and (4.9.2) replaced by the salinity perturbation 
s', defined by 

s'= s - Sq. (4.9.3) 


5o could be any constant since a constant value satisfies (4.3.8), (4.9.1), and (4.9.2) 
identically, but a natural choice would be the mean salinity for the volume of fluid 
being considered (e.g., the value for the ocean is about 0.0348 or 34.8%o; see Fig. 3.2). 

Equation (4.9.2) can be given a physical interpretation similar to that illustrated 
in Fig. 4.6 for the energy equation. The squared salinity in a small volume is changed 
not only by fluxes across the surface of the volume, but also there is a systematic loss 
represented by the negative definite term on the right-hand side of (4.9.2). 

If (4.9.2), or the equivalent version with primes, is integrated over the whole of 
the ocean, the same apparent contradiction is obtained as for that with the mechanical 
energy equation. There is an input across the ocean surface at large scale [because 
surface salinity tends to be high where there is a salt flux into the ocean—see, e.g., 
Defant (1961, Volume 1, Fig. 68)], but losses by diffusion are insignificant at the large 
scales. As with energy, transfers from one scale to another take place because of the 
nonlinear advection terms in (4.3.8), the significant contributions to the right-hand 
side of (4.9.2) coming at very small scales. On this basis. Stern (1968) estimated the 
root-mean-square salinity gradient in the upper ocean to be about 1000 times the 
mean value. 
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In order to represent diffusive iosses in numerical models, the device of introducing 
artificially large coefficients is often used, the artificial values being called eddy 
diffiisivities. Values used are of the same order as those used for eddy viscosities, and 
such values are also used for diffusion of heat in model calculations. 


4.10 Summary List of the Governing Equations 


The equations that govern the changes of properties of the atmosphere and ocean 
have now been derived and are summarized below. The equations are the mass con¬ 
servation equation (4.2.3) 

p-^ Dp/Dt + \‘U = 0; (4.10.1) 


the momentum equation (4.5.14) 

Du/Dt -l-2ttxu = -p~‘Vp-g-|-v V^u; (4.10.2) 

the heat, or energy equation (4.4.7) 

pTcpip,, 6)6-^ D6/Dt = V-(A VT - F"*’) -I- (4.10.3) 

[which requires knowledge of the heating function Q^^, e.g., from Equation (4.4.9), 
of the radiative flux F"®**, and of T as a function of p, s and 0]; the concentration 
equation (4.3.7) for salt or humidity 

p Ds/Dt = V *(pKd Vs); (4.10.4) 

and the equation of state (3.1.1) 

p = p{p,s,6). (4.10.5) 

The last of these may be combined with the mass conservation equation in a way that 
depends on which state variables are being used to describe the system. If p, s, and 6 
are used, as anticipated by the form in which (4.10.5) is written, then the density 
derivative in (4.10.1) can be expanded as 

= + + (4 10 6) 

p Dt p dp Dt p ds Dt p dd Dt ' 


where for each partial derivative the other two variables of the set p, s, 0 are kept 
constant. Thus in the notation of Section 3.7.4, 


p Dt 


_l_Dp 
pci Dt 


Dt Dt' 
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where is the speed of sound and oc' and fi' are the expansion coefficients with respect 
to potential temperature and salinity. Now the set of equations gives expressions for 
the rates of change of p, d, s, and u, and thus changes in ali the properties of the system 
can be calculated. It is not necessary, however, to have explicit expressions for the 
rates of change of all these variables—the requirement is to have the same number of 
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equations as unknowns. In fact, the equations are rarely used in their complete form 
because approximate forms usually have some advantage in applications—e.g., for 
analytic simplification or because larger time steps can be used with suitable approxi¬ 
mate Forms when numerical methods are being employed. 

A special case of particular interest is that of isentropic motion in the absence of 
viscous or diffusive effects. Then (4.10.3) and (4.10.4) become (4.4.1) and (4.1.8), 
respectively, i.e., 

D6/Dt = 0, (4.10.8) 

Ds/Dt = 0. (4.10.9) 

The mass conservation equation (4.10.1) is unchanged, but when combined with 

(4,10.7)-(4.10.9), it becomes 

(pcf)-' Dp/Dt -I- V-u = 0. (4.10.10) 

The momentum equation (4.10.2) becomes 

Du/Dt -I- 2ft X u = —p~^ Vp — g. (4.10.11) 

In many circumstances, the pressure derivative term in (4.10.10) can be neglected, this 
being equivalent to assuming that changes in density with pressure are negligible, 
i.e., that the fluid is incompressible. Then (4.10.10) becomes 

V*u = du/dx + dvjdy -H dyvjdz = 0, (4.10.12) 

i.e., the velocity field is “nondivergcnt” or “solenoidal.” Batchelor (1967, Section 3.6) 
has discussed circumstances for which this is a good approximation. The requirements 
are as follows: 

(i) The particle velocity should be small compared with the sound speed. 

(ii) The phase speed (or wavelength divided by period) of disturbances should 
be small compared with c^. 

(iii) The vertical scale of the motion should be small compared with the scale 
height //, [defined as a median value ofp/jdp/dzj]. 

The last condition is automatically satisfied in the ocean because is about 40 times 
the depth, but is not true of some atmospheric motions. 


4.T1 Boundary Conditions 

In order to compute changes in the structure of the atmosphere and ocean, it is 
necessary to know not only the governing equations but also the appropriate condi¬ 
tions to apply at boundaries. The appropriate conditions depend on the properties 
the fluid is assumed to have, and are simplest for an inviscid nondiffusive fluid. The 
conditions for this case are given below, and the modifications necessary when 
diffusion and viscous effects are included will be discussed later in the section. 
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4.11.1 An Inviscid Nondiffusive Fluid 


For this case, the conditions applying at three types of boundary will be considered. 

(a) Fixed Solid Boundary. No fluid flows across such a boundary (see Fig. 4.3 
and Section 4.3), i.e., the component of the mass flux density F = pu normal to the 
boundary must vanish. In other words, the condition is 

M„ = 0, (4.11.1) 

where u„ is the normal component of velocity. This condition automatically ensures 
that fluxes of conserved quantities like 0, q, or s across the boundary are zero. 
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fluids). By definition, no fluid particles cross this boundary, and thus a particle on 
the boundary will remain on the boundary. Thus if 


G(x, y, z, 0 = 0 


(4.11.2) 


is the equation of the boundary surface, G will always be zero for a material particle 
on this surface, and therefore 


DG/Dt = 0 (4.11.3) 

on the boundary. [This condition is due to Lagrange (1781).] Equation (4.11.1) is, 
in fact, a special case for which G is independent of t. For then (4.11.3) becomes 

u-VG = 0, 


which is equivalent to (4.11.1) since VG is perpendicular to the boundary. 

Another condition is required at any nonsolid boundary, whether a material 
surface or otherwise, to ensure a balance of forces at the boundary. Since the only 
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right angles to the boundary, the condition to apply is that the pressure be the same 
on both sides: in other words, the pressure is continuous across the boundary. If 
subscript 1 refers to the value on one side and subscript 2 to the value on the other, then 


Pi=P2- (4.11.4) 

Actually, Eq. (4.11.4) is also true at a solid boundary, but is not needed if the boundary 
is rigid, for then it can sustain any pressure applied. 


(c) An Internal Boundary. Sometimes a fluid is divided into separate regions 
for convenience of calculation, the boundary between the regions being completely 
contained within the fluid. This may be done, for instance, to give each subregion a 
shape for which solutions can conveniently be obtained. In such cases, appropriate 
conditions must be applied at the internal boundary to connect the solutions on the 
two sides. One condition is (4.11.4), i.e., continuity of pressure, which is required for 
a balance of forces on the boundary. The remaining conditions are continuity of the 
flux densities 


pu„, pqu„, psu„, pdu„ 
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normal to the boundary of conserved quantities like mass, water vapor, salt, and po¬ 
tential temperature, where u„ is the component of velocity normal to the boundary. 


4.11.2 A Diffusive Fluid 

When diffusive effects are included, an additional boundary condition is required 
for each diffusive substance, and the ideal fluid conditions may need to be modified. 
For instance, at an internal boundary (see Section 4.11.1c), the normal flux density 
must be continuous as before, but now the full expression (4.3.3) or (4.4.5), including 
the diffusive part, must be used. The extra condition is continuity of temperature (or 
concentration), i.e., using subscript 1 for one side of the boundary and subscript 2 
for the other, 


For an external boundary, the new condition that is added is usually a specification 
of either (i) the normal flux density, (ii) the temperature (or concentration), or (iii) a 
relationship between (i) and (ii). 

A phase boundary, e.g., between air and water or between ice and water, requires 
special consideration. Such a boundary is not a material boundary since molecules 
can cross it, such as when evaporation of water takes place at the ocean surface. The 
interface between two fluids is not merely a boundary, but is observed to have a 
finite thickness over which the properties differ from those of either fluid. Further¬ 
more, soluble material may be preferentially adsorbed into the surface “film,” or 
insoluble material may spread over the surface. Such contaminants may have con¬ 
siderable effect on the properties of the surface [measurements of contaminants 
found on the ocean surface are reported by W. D. Garrett (1967)]. Thus a proper 
description of the surface film requires a consideration of its thermodynamics (with 
quantities per unit area appearing where quantities per unit volume were used in 
Chapter 3 for the bulk of the fluid), equations of state, as well as a description of 
motion within the surface, etc. Such matters are discussed in books such as that by 
Davies and Rideal (1963), and in series, such as that by Matijevic (1969ff). 

Consider first the boundary conditions which involve diffusive processes that 
apply to the air-water interface. The notation fwill be used (see Fig. 4.7) for the 
normal flux density (in the upward direction) in the air and for the normal flux 
density (upward) in the water. A superscript will be used to indicate the quantity 
whose flux is being considered. Let E be the mass of water being evaporated per unit 
area per unit time. Then the normal flux of water vapor in the air is given by (4.3.3), 

with q replacing s, and its value at the surface is equal to E. Thus 

F^f = E (4.11.6) 

is one condition on humidity. This flux must also be equal to the flux of vapor out 

of the surface film, which is related to the humiditv a at the surface bv 
- * 0 * _ 0 

E = kjp^iq^ - q), 


(4.11.7) 
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Fig. 4.7. A phase boundary between air and water. and are the components of the flux normal to the 
boundary in the sense shown. 


where is the saturation value of the specific humidity corresponding to the surface 
conditions, and fcj is a property of the surface called the permeability coefficient. This 
coefficient measures how easily water molecules can cross the surface film. For clear 
water (Davies and Rideal, 1963, Chapter 7), k, is equal to 5 m s“ but it can be very 
much le.ss (down to 10“^ m s“*) for substances like cetyl alcohol that are used to 
reduce evaporation from reservoirs. In normal conditions, k, is considered large 
enough for (4.11.7) to be approximately equivalent to the condition 

q = gw, (4.11.8) 


or, equivalently, that the vapor pressure e of water vapor is equal to its saturation 
value e^ (see Appendix 4). Note, however, that the values of and e^ quoted in 
meteorological tables are normally for equilibrium over a plane surface of pure water. 
In practice [see Kraus (1972)], the value depends on the salinity (e„, is 2% smaller for 
salinities of 35°/oo lor pure water) and on the surface curvature (only significant 
for drops of spray). 

The thermal boundary conditions that are used at the air-sea boundary are 
continuity of temperature, i.e., (4.11.5), and the flux condition 
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where is the upward normal flux of heat in the air at the surface, is the cor¬ 
responding flux in the water, and Ly is the latent heat of vaporization of water. An 
expression for the heat flux is given by (4.4.5). Equation (4.11.9) expresses the fact 
that when evaporation takes place, latent heat is removed at a rate LyE per unit area 
per unit time. 

The boundary condition on salinity is simply one of no flux into the atmosphere. 
However, when evaporation is taking place, water is being removed and therefore 
the salinity of the fluid left behind tends to increase. The surface moves downward 
relative to fluid particles at a rate Ejpy ,, where py, is the water density, and thus there 
is an effective flux density of salt of 


{Elpy,)s 


into the surface film, where s is the salinity at the base of the film. If this is not balanced 
by a diffusive flux downward, then the salinity of the surface film will increase. When 
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precipitation is occurring, drops of fresh water are introduced at the surface, after 
which their motion and properties will be determined by the usual equations. 

For the phase boundary between ice and water, the conditions are similar but 
differ in a few details. For instance, the heat flux condition is equivalent to (4,11.9) 
and may be written 

-L^M. (4.11.10) 

where is the normal heat flux density into the ice, M is the mass of ice melting 
per unit area per unit lime (negative when freezing takes place), and is the latent 
heat of melting. The condition (4.11.5) of continuity of temperature is the same, but 
there is an extra condition, namely, that this temperature be equal to the freezing 
point. The conditions on salinity again merely express conservation of salt. If melting 
is occurring, then the condition is that the melted water have the salinity Sj (mass of 
salt per unit mass of salt and water mixture) of the ice from which it was formed. If 
freezing is occurring, the salinity of the ice being formed is a function of the conditions 
occurring at the interface [see Maykut and Untersteiner (1971)]. This salinity is 
usually a few parts per thousand and much less than the salinity of the water, so the 
salinity of the remaining liquid water is increased. Considerations that are similar to 
those for the salinity near the air-water boundary when evaporation takes place 
also apply. 


4.11.3 A Viscous Fluid 

For real fluids, additional conditions on velocity are required at boundaries, and 
there are additional requirements for a balance of forces. The conditions on velocity 
are that the velocity be continuous, whatever the type of boundary, i.e., (4.11.1) is 
replaced by 

u = Ub. (4.11.11) 

where Ub is the velocity of the boundary. Conditions expressing a balance of forces 
acting on the boundary are required only when the boundary is nonrigid. These 
conditions involve the components of the stress exerted by the fluid on elements of 
the boundary. Expressions for the components of the stress may be found in textbooks 
on fluid mechanics such as that by Batchelor (1967). For instance, the normal com¬ 
ponent of the stress (or force per unit area) on the boundary is given by 

p - dujdn, 

where p is the pressure, p. the viscosity, u„ the normal component of velocity, and 
d/dn denotes the derivative in the direction normal to the boundary. At internal 
boundaries, the fluid stress is continuous, but discontinuities can exist at the air-sea 
phase boundary because of forces within the surface film. The normal stress in the 
water exceeds that in the air by an amount 

where ri, r 2 are the principal radii of curvature of the surface, and y is the surface 
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tension. The value of y depends on temperature, salinity, and the concentration of 
contaminants. For uncontaminated salt water at normal temperature, y has values 
near 0.08 N m"‘. Contaminants can cause considerable reductions in the value of 
y [see Kraus (1972)]. 

For contaminated surfaces, there can also be discontinuities in tangential stress. 
Convergence in surface motion increases contaminant concentration, lowering surface 
tension at these points, so the high surface tension elsewhere tends to pull the local 
concentration out again. This resistance to surface convergence is responsible for the 
rapid damping of ripples on contaminated surfaces (“oil on troubled waters”). The 
phenomenon and associated boundary conditions are discussed by Lucassen- 
Reynders and Lucassen (1969). 


4.11.4 Representation of Viscous and Diffusive Effects 
without Detailed Resolution 


Because the viscosity and diffusivities of air and water are small, one might think 
that their effects could be ignored altogether. However, their importance for large- 
scale motion has already been discussed, and their effects near boundaries are 
particularly important. For instance, condition (4.11.11) requires the tangential 
component of velocity of the atmosphere and ocean to be continuous at the interface, 
where an inviscid model would give a large discontinuity in tangential velocity. In 
practice, this gives rise to a large shear, or velocity gradient, near the boundary. The 
thickness of the region of large shear (called the boundary layer) is determined by the 
viscosity if the shear is small enough, as in some laboratory situations. In the atmo¬ 
sphere and ocean, however, the shear (see Section 2.4) is nearly always so large that 
small disturbances grow spontaneously, taking energy from the shear flow and thereby 
forming a turbulent boundary layer. The transfer of momentum, heat, humidity, salt, 
etc., in such layers is achieved by the eddy motion, except for a very thin layer near the 
boundary, at which molecular transfer processes dominate. The nature of the eddy 
motion, and hence the rates of transfer, is not entirely dependent on the shear. Con¬ 
vection due to heavy fluid overlying light fluid can also produce eddies or modify 
shear-produced eddies. The rates of transfer can also be influenced by surface prop¬ 
erties, either by some direct effect (such as the effect of low permeability or evapo¬ 
ration) or indirectly by influencing the shape of the surface (contaminants modify 
wave properties and their rates of transfer of momentum to the waves). 

For modeling large-scale motions of the atmosphere and ocean, the detailed 
structure of the boundary layer cannot be resolved. Instead, transfer rates across the 
boundary are related to properties of the boundary and of the air or ocean some 
distance from the boundary. In particular, those representing the effect of a turbulent 
shear flow take the forms given in Section 2.4. For instance, the tangential stress at 
the bottom of the ocean or atmosphere can be calculated from (2.4.1). The existence 
of this stress implies that energy is being removed from the ocean or atmosphere, so 
this effect is sometimes referred to as *'bottom friction.” The fluxes of heat and water 
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derived boundary conditions of the type considered in Chapter 2. 
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4.12 A Coordinate System for Planetary Scale Motions 


Because the gravitational force is so dominant in the equations of motion, great 
care is required [see N. A. Phillips (1973)] in defining a suitable coordinate system. 
If, for instance, spherical polar coordinates were used, it would be found that an 
important term in the equations for large-scale motion tangential to the spherical 
surfaces would be the component of gravity along those surfaces! It is therefore 
preferable to use geopotential surfaces rather than spheres in defining the coordinate 
system. 

The shape of geopotential surfaces is known quite well from satellite data. As a 
first approximation, the sea-level geo potential surface is an oblate spheroid with 
eccentricity e given by 1/e = 298.257 and a semimajor axis of 6378.139 km. In other 
words, a section through the earth which includes the earth’s axis is an ellipse with 
the polar radius (or semiminor axis) smaller than the equatorial radius (or semimajor 
axis) by a fraction e, i.e., by 21.385 km. Departures from this ellipsoid of best fit are 
relatively small and can be shown on a map [e.g., Fig. 3 in the work by Lerch et al. 
(1979)]. The largest departure is a depression of “depth” 100 m just to the south of 
India, i.e., departures are of order 10“ * earth radii. 

If the geopotential surfaces were exactly oblate spheroids, the natural coordinate 
system to use would be oblate spheroidal coordinates (A, (p, r), which are related 
(Morse and Feshbach, 1953, p. 662) to spherical polar coordinates (x, ;;), where 

is radial distance, tp^ latitude, and 2 longitude, by 

sin^ (p, (4.12.1) 

cos^ (p^ = (r^ + J^/^) cos^ (p, (4.12.2) 


where d is a constant equal to half the distance between the foci of the ellipsoid 
{d = 521.854 km for the earth). With this definition, the ellipsoid of best fit to the 
sea-level geopotential surface is given by 


Po = 6367.456 km. 


(4.12.3) 

The equatorial radius (semimajor axis) is 



('■o + = 6378.139 

km. 

(4.12.4) 

and the polar radius (semiminor axis) is 
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The coordinate system to be used is a slight distortion from the oblate spheroidal 
set in that the surfaces r = const are defined to be geopoteniial surfaces. The value 
of /• assigned to each geopotential surface is the one for the spheroid such that the 
area average of the distance between the two surfaces is zero. The difference between 
the expressions for the various terms in the equations is so small that it can be ignored, 
with the exception of the fact that in the system to be used gravity is exactly perpen¬ 
dicular to the surfaces r — const. The sea-level geopotential surface is now given 
by (4.12.3). 
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The expressions in terms of A, (p, r for the operators that occur in the equations 
depend on the coeihcJents hxt K that appear in the metric 

hi dX^ + hi d(p^ + hi dr^, 

i.e., the expression for the square of an infinitesimal displacement. For oblate sphe¬ 
roidal coordinates, these coefficients are given by (Morse and Feshbach, 1953) 

cos^ <p, 

hi = — jd^ + d^ sin^ q), (4.12.6) 

hi = r^(r^ - \d^ -|- d^ sin^ (p)(r'^ - 

However, the maximum error in using the approximations, valid for small d, namely, 

hx = r cos (f>, = r, h, = 1, (4.12.7) 

is only d^jAr^, which is less than 0.17% in the neighborhood of the earth’s surface. If 
this approximation is used, the equations are the same as those written in spherical 
polar coordinates. However, the meaning given to the variables is different, and it is 
exactly true to say that gravity is perpendicular to the surfaces r = const. It is im- 
r>ortant to remember that vertical displacements (e.g., of the sea surface) are expressed 
relative to geopotential (and not spherical) surfaces. 

Now the velocity components u, v, w that are associated with the coordinates 
A, <p, r are defined, i.e., u is in the direction of increasing A (which will be referred to as 
“eastward”), v is in the direction of increasing (p (which will be referred to as “north¬ 
ward”), and w is in the direction of increasing r, i.e., “upward” or in the direction 
opposite to gravity. The coordinate z is defined by 

z = r - To, (4.12.8) 

i.e., the distance measured upward from the sea-level geopotential surface. The 
equations in these coordinates [using the approximation d « r^, which gives (4.12.7)] 
are listed below, with the derivative following the motion (see Section 4.1) being 
given by 


Dy _ dy u 
Dl dt r cos (p dk 
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(4.12.9) 


and the divergence operator (see Section 4.2) being given by 

1 {d /FA d /'F„cos(o\ 1 d 

r^ dz 
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+ -V ^ (r^F, cos (p) 
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(4.12.10) 


where F^, Fp, F,.are the components of F in the directions of increasing A, (p, and r. 
The mass conservation equation (4.10.1) can be written as 
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or in the alternative form (4.2.4), namely, 

^ rt /nu nrsB /■n\ ^ //in <'nc //iX ^ 

Combining this with (4.12.9), the identity (4.3.6) can be written 

Dy d ^ , d /puy cos <p\ 

+ — — 


d f pvy cos (p\ d . 

+ — 1- + ^{p^y cos <p). 

r J cz 


d((>\ 


(4.12.13) 


The momentum equations have a rather complicated form in terms of the co¬ 
ordinates A, (p, r. They are 
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(4.12.15) 


Dw { u \ I dp 

-2n+- wcos(p= (4.12.16) 

Dt r \ r cos (pj p cz 

where , are the components of the viscous term. For constant //, they 

are given bv 
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(4.12.17) 

(4.12.18) 

(4.12.19) 


(4.12.20) 


Equutiuii (4.12.14) uan be rearranged to become an equation for the angular momen¬ 
tum per unit mass, ur cos tp + ilr^ cos^ cp, namely. 


p D(ur cos Ip -H iir^ cos^ ^)/Dt = —dptdX pr cos ip (4.12.21) 


Angular momentum balances over the whole earth were referred to in Chapter 2. 

An additional approximation that is often made is to treat r as a constant in 
(4.12.11) and (4.12.14)-(4.12.16). Since the ocean depth rarely exceeds 6 km, the 
maximum error in applications to the ocean is ±0.05%, i.e., smaller than the error 
involved in (4.12.7). For applications to the stratosphere, however, the error is 
about 1%. 
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4 Equations Satisfied by a Moving Fluid 


The heat and salinity equations (4.10.3) and (4.10.4) can be expressed in terms of 
A, (p, r coordinates by using the expressions (4.12.9) and (4.12.10) and the fact that the 
components of the gradient vector Vy are 



Chapter Five 


Adjustment 
under Gravity 
in a Nonrotatine System 

V / 


5.1 Introduction: Adjustment to Equilibrium 


The first two chapters sought to give some insight into the way energy from the 
sun is absorbed by the atmosphere-ocean system, how fluid motion results, and how 
this motion affects the mean distribution of temperature. As Halley (1686, p. 165) 
stated (see Chapter 2), the system is driven by “the Action of the Suns Beams upon the 
Air and Water,” and so “according to the Laws of Staticks, the Air which is less 
rarified or expanded by heat, and consequently more ponderous, must have a Motion 
towards those parts thereof, which are more rarified, and less ponderous, to bring it 
to an /Equilibrium." This chapter marks the beginning of a more detailed study of the 
way the atmosphere-ocean system tends to adjust to equilibrium. The adjustment 
processes are most easily understood in the absence of driving forces. Suppose, for 
instance, that the sun is “switched off,” leaving the atmosphere and ocean with some 
nonequilibrium distribution of properties. How will they respond to the gravitational 
restoring force? Presumably there will be an adjustment to some sort of equilibrium. 
If so, what is the nature of the equilibrium? How long does the adjustment take? In 
what way is the adjustment process most readily described and understood? 

The problem will be studied in stages, roughly following the historical develop¬ 
ment. In this chapter, for instance, complications due to the rotation and shape of the 
earth will be ignored and only small departures from the hydrostatic equilibrium of 
Section 3.5 will be considered. The nature of the adjustment processes will be found 
by deduction from the equations of motion developed in Chapters 3 and 4. 
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5 Ad/ustmeni under Cravily in a Nonrolaiing Syslern 


This method was not available in the seventeenth century, but it was possible 
instead to study simpler systems in the laboratory and thereby gain an improved 
understanding of Nature. A remarkable example is found in the work of Marsigli 
(1681). It seems (Deacon, 1971, pp. 147-149) that when Marsigli went to Constanti¬ 
nople in 1679 he was told about an undercurrent in the Bosphorus that was well- 
known to local fishermen. The undercurrent was in fact referred to in a sixth century 
discussion of flows through straits by Procopius of Caesarea (History of the Wars 
VIII, vi. 27) “... for the fishermen of the towns on the Bosphorus say that the whole 
stream does not flow in the direction of Byzantium, but while the upper current which 
we can see plainly does flow in this direction, the deep water of the abyss, as it is called, 
moves in a direction exactly opposite to that of the upper current and so flows con¬ 
tinuously against the current which is seen.” [That is, the undercurrent flows toward 
the Black Sea from the Mediterranean. Defant (1961, Chapter 16) gives a modem 
description.] By observing the distortions and feel of a rope lowered into the water, 
Marsigli found that the current reversal occurred at depths varying between 8 and 12 
Turkish feet. He reasoned that the effect was due to density differences, and so made 
measurements of these differences using a hydrostatic balance. He found that water 
from the Black Sea is lighter than water from the Mediterranean, giving readings on 
his instrument up to 29^ grains lower. He attributed the low density of the Black Sea 
to lower salinity resulting from river runoff. Marsigli then measured the density of 
samples taken from the surface of the Bosphorus and from the undercurrent. Here the 
difference was 10 grains, values being consistent with a Mediterranean origin for the 
undercurrent and a Black Sea origin for the surface water. To clinch the point, he 
performed a laboratory experiment, which he illustrated as shown in Fig. 5.1. A tank 



Fig. S.l A figure from Marsigli (1681) illustrating adjustment under gravity of two fluids of different density. 
Initially the container was divided in two by a partition. Side X contair^ water taken from the undercurrent in 
the Bosphorus. Side Z contained dyed water having the density of surface water in the Black Sea. The experiment 
was to pul holes in the partition at D and t and to observe the resulting flow. The flow through the lower hole was 
m the direction of the undercurrent in the Bosphorus, while the flow through the upper hole was in the direction 
of the surface flow. 
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was divided in two by a partition. Side X was filled with water taken from the under¬ 
current and side Z with dyed water having density equal to that of the Black Sea. Holes 
in the partition at D and E were then opened and water from X was observed to pass 
through hole D to side Z, whereas the movement through hole E was in the opposite 
direction. Marsigli noted that this internal adjustment could give surface currents in 
the observed direction without requiring a difference in sea level between the Black 
Sea and the Mediterranean. He had already attempted to measure such a difference 
using a mercury barometer. 

The force that produces the motion when the holes in Marsigli’s apparatus are 
opened is gravity, which produces pressure differences between the two sides. An 
arrangement that will receive further study in this chapter is the one shown in Fig. 
5.2a. A fluid of uniform density is at rest on two sides of a partition, the surface 
levels on the two sides differeing by an amount h. By (3.5.8), the pressure at A exceeds 
the pressure at B by an amount p^gK so that if the partition is suddenly removed, the 
fluid near the partition will start toward the right. A situation closer to that of 
Marsigli’s experiment is illustrated in Fig, 5.2b, where now there are two fluids, one 
of smaller density pi and the other of larger density P 2 - A partition divides the lower 
fluid into two parts as shown. The upper fluid is in equilibrium and is assumed not to 
be completely divided by the partition. It follows that the pressures at any level above 
the top of the partition are equal, and the same is true at the level of C and D by the 
hydrostatic equation (3.5.8). However, the same equation shows that the pressure 
difference between C and A exceeds the difference between D and B by an amount 
(Pi — Pi)9K so the pressure difference between A and B is (pj “ Pi)g^' When the 
partition is removed, motion toward the right will take place as in case (a), but the 
adjustment is slower since the pressure difference is reduced by a factor (p 2 — Pi )/p 2 • 
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Fig. 5.2. Initial states considered for problems of adjustment under gravity. The dashed line marks a partition 
(of finite height) which is removed at the initial instant, (a) The fiuid of density has different depths on the two 
sides and is bounded above by a free surface. The difference h in depths is supposed to be very small, so that 
the problem to be solved is linear, (b) The only difference is that a fiuid of density < p^ lies above the lower fluid. 
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5 Adjustmeni under CravUy in a Nonroialing System 


The adjustment processes are, in fact, exactly the same as they would be in case (a) if 
the gravitational acceleration were reduced to a value g' given by 

d' = g(p2 - Pi)/P2- ( 5 - 1 - 1 ) 

g' is called reduced gravity for this reason. This example also shows that the driving 
force is proportional to 

(P2 - Pi)9> 

the density difference times g. This product is called the buoyancy force per unit 
volume (see Section 4.5). 

In the quantitative treatment of this problem, which will be developed in this 
chapter, the difference h in initial levels will be assumed to be small. This simplifies 
the mathematics because it leads to a linear problem, and so solutions can be super¬ 
posed. This chapter is concerned with adjustment of a homogeneous fluid with a free 
surface (including the case depicted in Fig. 5.2a). Chapter 6 deals with internal 
adjustment of a density-stratified fluid, including problems such as that illustrated 
in Fig. 5.2b. 

Although the qualitative ideas in the above argument (relating to Fig. 5.2) can be 
found in the work of Archimedes (287-212 bc) [“On Floating Bodies,” English 
translation in Hutchins (1952); see also discussion in Dugas (1957).], quantitative 
treatment of the problem required first the development of the laws of motion and of 
the calculus needed to apply the laws. Both of these developments are among the 
achievements of Newton (whose Principia was printed in 1687 with the help and 
encouragement of Halley). Also required was a proper understanding of hydrostatics 
and the nature of pressure forces. The work of Stevin (1548-1620) and Pascal on this 
subject is translated by Spiers and Spiers (1937). The main credit for developing the 
equations of motion goes to Euler (1755), who commented: 

tliit hprp ivp cpp u/p 11 PTii^iioVi Vir»w far Hictant u/p vpt arp frr»m thp pr^mnlpfp 

V W W TT w TT AM-A A MAW AAW»«« VAAW W »w 

knowledge of the motion of fluids, and that which I have just explained contains 
only a feeble beginning. Nevertheless, all that the theory of fluids includes is 
contained in the two equations presented above, so that it is not the principles of 
mechanics which we lack in the pursuit of these researches, but solely analysis, 
which is not yet sufficiently cultivated for this purpose. And thus we see clearly 
what discoveries remain for us to make in this science before we can arrive at a 
perfect theory of the motion of fluids. 

(This translation appears in the commentary by Truesdell (1954b, p. LXXXIX) in 
Euler’s Opera Omnia. The two equations referred to are the continuity equation, 
derived by the first method used in Section 4.2, and the inviscid momentum equations, 
derived in Section 4.5.) 

Among the first problems treated using the equations of motion were problems 
of the response of the ocean and atmosphere to gravitational forces. Laplace (1778- 
1779) developed the equations for motion on a rotating sphere under the action of 
tide-generating forces and found solutions for the “equilibrium” tide in a constant- 
depth worldwide ocean. He also encountered the problem of treating thermal forcing 
of the atmosphere. 
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Our atmosphere consists of an elastic fluid whose density is a function of pressure 
and temperature. These are not constant at a given point in the atmosphere 
because the rotating earth presents a different point to the sun at each instant of 
the day, and, because of the inclination of the ecliptic, each day has a different 
length and the elevation of the sun increases or decreases. It is readily seen that 
the variations in heating due to these different causes must excite oscillations 
which it seems impossible to submit to calculation because the law of these 
variations... has not been sufficiently well determined. 

[My paraphrasing; see “On oscillations of the atmosphere,” Laplace “CEuvres” (1893, 
pp. 283-301).] However, by making some assumptions Laplace reduced the problem 
to one of forced oscillations of an isothermal atmosphere, which he found to obey the 
tidal equations already deduced for the ocean, but with the ocean depth replaced by 
the scale height of the atmosphere, which he calculated to be 27,000 ft (the surface 
pressure in feet of water multiplied by the density ratio between air and water, i.e., 

JZ X OJO). 

The final part of Laplace’s paper [“On waves” (Laplace, “CEuvres” (1893, pp. 301- 
310))] treats the problem to be dealt with in the next two sections, namely, the adjust¬ 
ment of a homogeneous fluid of constant depth that initially has a small displacement 
of its free surface, He found, in particular, the relation (5.3.8), which showed that 
disturbances propagate away from the disturbed region at a speed that depends on 
the curvature of the surface. 


5.2 Perturbations from the Resl State for a Homogeneous Inviscid Fluid 

The equilibrium state considered here is one of a fluid of uniform density that 
is at rest and that has uniform depth //. A good example would be an artificial pond 
with a flat bottom. To be able to give a precise description of the motion that occurs 
when the system is perturbed (e.g., by throwing in a stone), a coordinate system is 
required. A convenient one consists of the Cartesian coordinates (x, y, z) chosen so 
that the z axis points vertically upward, the free surface being at z = 0 and the bot¬ 
tom at z = -H. The equilibrium solution has zero velocity, and the pressure is 
determined by the hydrostatic equation (3.5.8) or (4.5.18). The equilibrium pressure 
Po(z) in this case is given by 

Po(z) = -gpz, (5.2.1) 

where p is the in-situ density, i.e., p^ in the fluid and zero above, and g is the acceleration 
due to gravity, (If there is any fluid in the region z > 0, it is assumed to have negligible 
density.) 

Suppose now that the equilibrium is slightly disturbed. The perturbations are 
assumed to be small enough for products of perturbation quantities to be neglected 
in comparison with the perturbation quantities themselves. Suppose that (u, a, w) 
are the velocity components corresponding to the coordinates (x, y, z) and that the 
disturbed position of the free surface (see Fig. 5.3) is given by 

z = rj(x, y, t). 


(5.2.2) 
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Fig. 5.3. The geometry of the disturbed surface. The displacerpent from the rest position is rj and the undis¬ 
turbed depth is H. 

For this problem, it is convenient to define the perturbation pressure by 

p = -gpz + p\ (5.2.3) 

where o is the insitu density, i.e.. o. in the fluid and zero above. (This differs from the 

« ^ • I V ' 

definition of Section 4.5 only in the infinitesimal region between the disturbed and 
undisturbed positions of the free surface.) 

The equations of motion consist of the continuity equation (4.2.3) and the 
momentum equations (4.5.7) (4.5.9) for an inviscid fluid. Since the density is constant 
within the fluid, the rotation rate O is 0, and products of perturbation quantities 
can be neglected, the continuity equation is in this case 

dujpx + dvjdy + dwjdz = 0, (5.2.4) 

and the momentum equation is 

pdujdt = —dp'/dx, pOvIdt = —dp'jdy, (5.2.5) 

pdwldt= —dp'jdz. (5.2.6) 

Adding the x, y, and z derivatives of the above three components of the momentum 
equation, and using the continuity equation (5.2.4), there results an equation for p\ 
namely, Laplace’s equation 

s d^p'jdx^ + d^p'tdy^ + d^p'ldz^ = 0. (5.2.7) 

(In connection with the present problem, Laplace “(Euvres” (1893, pp. 301-310) 
found this as an equation for the vertical displacement of a material particle). The 
condition (see Section 4.11) that must be satisfied at the bottom, where Z = —H, is 
Oiic of no nonnal flow, lc., 

w = 0 at z=-H. (5.2.8) 

The condition that a particle in the free surface z = rj will remain in it (see Section 
4.11.1) is in this case 

D{z - ri)/Dt = 0, 

i.e., 

w = dpjdt + u dp/dx + V dr}/dy, (5.2.9) 

which, for small perturbations, reduces to 

w = dt}/8t at z = tj. 


(5.2.10) 
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In addition, the pressure must vanish at the free surface, i.e., 

P = Po + P' = 0 or p' = pgt^ at z — (5.2.11) 

by (5.2.3). Also, since the differences in the solutions for w and p' between z = and 
z = 0 are small, Eqs. (5.2.10) and (5.2.11) can both be applied at z = 0 and will be 
correct to the same order of approximation. 

The problem is to solve Laplace’s equation (5.2.7) subject to the boundary 
conditions (5.2.8) at the bottom and (5.2.10) and (5.2.11) at z = 0. There are in fact a 
great variety of solutions depending on the initial condition, i.e., the nature of the 
perturbation at the beginning. In the next section, solutions will be considered where 
p’ varies sinusoidally with horizontal position. This is not a real restriction because an 
arbitrary disturbance can be described as a superposition of such waves by Fourier’s 
theorem. 


5.3 Surface Gravity Waves 


A disturbance that is sinusoidal in the horizontal can take the form of a traveling 
wave or of a standing wave. In particular, a “long-crested” traveling wave has the form 

rj = rjocosikx -t- ly - col), (5.3.1) 

where tjo is the amplitude, the vector 

k = (k,l) 

is the wavenumber (proportional to the number of waves per unit distance), to is the 
frequency, and the quantity 

6 = kx -I- /j' — cut = k x — cut (5.3.2) 

is called the phase of the wave. Such a wave consists of a sinusoidal corrugation of the 
surface that moves at uniform speed. A sketch of the wave is shown in Fig. 5.4 with 
sections cut normal to the wave crests and along the x axis. In the section normal to 
the wave crests, one sees a series of waves with wavelength 2nK~^ where k, given by 

(5.3.3) 

is the magnitude of the wavenumber. In this plane, the crests move at a speed 

c = co/k, (5.3.4) 

called the phase speed (i.e., the speed of lines of constant phase 4>). Their rate of 
movement in any other plane appears to be faster by a factor equal to the secant of the 
angle between that plane and the plane normal to the crests. For instance, in Fig. 5.4 
the cut along the x axis shows a greater apparent wavelength Ink ~ * than that for the 
plane normal to the crests, and the apparent propagation speed is proportionately 
higher. This should be borne in mind when propagation is observed along only 
one plane. 

Although one is free to choose the initial disturbance to be sinusoidal in the 
horizontal, it does not follow that the traveling wave (5.3.1) is a possible form of 
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Fig. 5.4. A plane sinusoidal wave train moving at an angle to the axis. The wavenumber (k, I) has magnitude k. 
Note that the wavelength 2n/k observed in a section along the x axis is larger than the actual wavelength 2it/K. 


motion. This can be deduced only from the equations. If, however, it is assumed that 
p' is proportional to t\, as given by (5.3.1), Laplace’s equation (5.2.7) gives 

d^p'jdz^ — K^p' = 0, (5.3.5) 


so that, at a given horizontal position and time, the vertical variation of p' must be a 
sum of exponentials or hyperbolic functions. The boundary condition (5.2.8), together 
with (5.2.6), shows that dp'jdz must vanish at 2 = -H. Since p' is also given by 


/■« T 1 fk or 


— n ^VlO miicl' V\a 


/ _ P9*lo cos(fex + {y - cot) cosh k:(z + H) 
cosh kH 


with the vertical velocity component [see (5.2.6)] given by 

Kgtjo sin(/cx + ly - cot) sinh k(z + H) 
0) cosh kH 


(5.3.6) 


(5.3.7) 


It remains to satisfy condition (5.2.10) at 2 = 0. Substitution shows that this is 
consistent with the assumed form (5.3.1), provided that 

co^ = gK tanh kH, (5.3.8) 

This important equation determines the frequency and hence the phase speed of 
waves of a given wavenumber, such an equation being called a dispersion relation. The 
above dispersion relation was obtained by Laplace “(Euvres” (1893, pp. 301-310). 
Figure 5.5 shows graphs of cu and c = coIk as functions of k. 

One important property is that the frequency does not depend on the direction of 
the wave, but only on the magnitude of the wavenumber. Thus waves of a given 
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Fig. 5.5. The dispersion relation for surface gravity waves on water of depth H. la) Frequency co and (b) phase 
speed c as functions of wavenumber k. The dashed line shows the long-wave approximation for kH < ^ and the 
short-wave approximation for kH > 1. The maximum error in these approximations is 13% at kH = 1. 


wavenumber that move in different directions all do so at the same speed. Consider 
the sort of perturbation that may be obtained by the superposition of such waves. For 
instance, the wave given by 

1 / = f/o[cos(fex + ly — cot) -I- cos(kx — ly — cot)] = 2tjo cos ly cos(kx — cot) (5.3.9) 

represents a wave with crests parallel to the y axis that moves in the x direction with 
speed co/k (faster than co/k). The height varies along the crest with wavelength 2n/l. 
Another example is the standing wave 

r} = f;o[cos(fex + ly ~ cot) -I- cos(fex + ly + tor)] = 2tfoCos(kx -I- ly) cos cot (5.3.10) 

for which the wave crests remain stationary, but the surface moves up and down with 
frequency co. For each wave form, the velocity field can be calculated from (5.2.5) and 
(5.2.6). Figure 5.6 shows how velocities relate to the free surface for (a) a traveling 
wave and (b) a standing wave. 




(b) 

Fig. 5.6. The motion, shown by arrows, of fluid particles associated with a traveling wave (a) and a standing 
wave (b). The solid line shows the free surface at some initial time and the dotted line shows the position of the 
surface a short time later. The arrows mark particle displacements in this lime. For the standing wave, the particle 
paths are straight-line segments whose orientation depends on position relative to the crests. For the traveling 
wave the particle paths are ellipses that become circular for large kH and straight line segments for small kH. In 
each case, the perturbation pressure is highest below crests and lowest below troughs. 
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5.4 Dispersion 


Another important consequence of (5.3.8) is that the phase speed c = (o/k varies 
with K (see Fig. 5.5). Thus waves of different wavelengths, starting at the same place, 
will move away at different speeds and thus will disperse or spread out. The phe¬ 
nomenon is called dispersion —hence the name dispersion relation for equation (5.3.8). 
The concept is quite a general one, and any waves whose speed varies with wave- 
number are called dispersive waves. The effect of dispersion is particularly noticeable 
with ocean waves that are generated by a distant storm (Barber and Ursell, 1948). 
Since long waves (small k) travel fastest, these arrive first and may precede shorter 
waves from the same storm by one or two days. The fact that waves of different length 
become separated and arrive at different times explains why swell is so regular 
compared with waves produced by local winds. 

The dispersion effect has been used to identify the point of origin of waves that 
have traveled extraordinarily large distances (Snodgrass et ai, 1966). One set of waves 
observed in the North Pacific was estimated to have traveled halfway around the 
world from the Indian Ocean, the great circle route passing south of Australia. The 
direction of travel is determined from the orientation (in deep water) of the wave 
crests, and the distance is calculated from the difference in arrival time of waves of 
different length, and hence of different frequency. The dominant frequency increases 
progressively with time as the progressively shorter waves arrive, and the rate of 
change of this frequency gives the distance of travel. 

Despite the effects of dispersion, in practice waves are never purely sinusoidal, 
but are instead a mixture of waves of different wavenumber. As a wave train travels 
away from its source region, the waves at a particular point become more “pure” in 
the sense that the wavenumbers that give significant contributions to the wave become 
confined to a narrower band. Hence there is particular interest in waves made up of 
components with nearly equal wavenumber. The simplest example (Stokes, 1876) 
consists of a superposition of two plane waves with equal amplitude; 

rj = cos[(/: + Sk)x - (to + (5a))r] + cos[(k - 5k)x - (co — (5a))f], (5.4.1) 

i.e., 

tj = 2 cos(Sk X - Scot) cos(kx — cot), (5.4.2) 

and this example is shown in Fig. 5.7. Equation (5.4.2) shows that this can be in¬ 
terpreted as a wave that is approximately sinusoidal with phase ^ ^ kx — cot 
but with amplitude 

2 cos((5k X — Sco t) fn 2 cos[5k(x — t dco/dk)] , (5.4.3) 

which varies from place to place and from time to time. Because Sk is small, however, 
the amplitude change from one wave crest to the next is only slight, and so (5.4.2) is an 
example of what is called a “slowly varying wave train.” Individual wave crests move 
with the phase speed co/k, but the region in which waves have large amplitudes 
moves with s^^ed 


Cg = dco/dk, 


( 5 . 4 . 4 ) 
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Fig. 5.7. A superposition of two sinusoidal traveling waves, illustrating the difference between the speed Cp 
of the wave crests and the speed c, of the envelope of the waves, i.e., of the regions of large amplitude. The group 
velocity Cg equals dcj/dk, which in this case is equal to^Cp as for deep-water waves. 


as given by (5.4.3). This speed is called the group velocity. It depends on the derivative 
of 0 ) because the region of large amplitudes occurs where the phase difference between 
these two component waves has a certain value. 

r\. ijiuic gciiciai CAaixi^ic ^i^aiiuau aiiu lyjy^ ocwiiuii uuj wuii5is»i5 ui a 

superposition of many waves with wavenumber close to fe, but with a range of different 
values of 6k. This combination also may be considered as a superposition of solutions 
of the form (5.4.2) with a common factor cos(kx — cot). It follows that if the initial 
superposition has the form 


tj = f(x) cos kx. 


(5.4.5) 


then, to the same level of approximation as (5.4.3), the solution at time t will have 
the form 


ri = f(x — t do}/dk)cosikx — cot). (5.4.6) 

In other words, since each contribution to the amplitude moves with the group 
velocity, the amplitude function / moves with the group velocity as well. In cases in 
which / is significant only in a finite region, the waves in this region are called a wave 
group. Hence the name “group velocity” for the velocity at which the group moves. 

A description of the phenomenon (which preceded the explanation) was given by 
Scott Russell (1844) [see Lamb (1932, Section 236)]: 

It has often been noticed that, when an isolated group of waves, of sensibly the 
same length, is advancing over relatively deep water, the velocity of the group 
as a whole is less than that of the individual waves composing it. If attention is 
fixed on a particular wave, it is seen to advance through the group, gradually 
dying out as it approaches the front, whilst its former place in the group is 
occupied in succession by other waves which have come forward from the rear. 
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The above discussion of wave groups was restricted to a rather special case in 
which all of the components have wave crests that are exactly parallel. In order to 
remove this restriction, the whole argument can be repeated, but beginning with 
two waves with y-dependence to replace (5.4.1). The expression replacing (5.4.2) for 
the superposition of two waves will then be 

= 2 cosiSk X + SI y — 5(0 1) cos(/cx + /y - cot). (5.4.7) 


As before, this can be interpreted as a wave of slowly varying amplitude, and the 
amplitude factor is now [instead of (5.4.3)] 

2cos(5/cx + 5/y — (5a)t) » 2cos[<5fe(x — tdcojdk) + 5/(y — tdco/dl)^. (5.4.8) 
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form of the waves [cf. (5.4.5)] is 


n = fix, y) cos(kx + ly), 


(5.4.9) 


then, to the level of approximation of (5.4.8), the form at time t will be 

rj = fix — tda)ldk,y — t d(o/dl)cosikx + ly — cot). (5.4.10) 


The velocity c, of translation of the group is therefore the vector quantity 

c^=id(oldk,dcoldl), (5.4.11) 


i.e., Cg is the gradient of the frequency co in the wavenumber plane. The concept of 
group velocity is quite general since the above argument makes no reference to any 
particular type of wave, and it will be useful again and again in future chapters. 
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5.5 Short-Wave and Long-Wave Approximations 


The length scale that appears in the dispersion relation (5.3.8) and hence deter¬ 
mines the character of the waves is the fluid depth H. Different approximations apply, 
depending on how relates to H. For the case of short waves, i.e., for k~^ « H, 
(5.3.8) is approximated by (see dashed line in Fig. 5.5) 

co^ = QK (5.5.1) 

and (5.3.6) by 

P' = pgflo cos(/cx + ly - cot) exp(Kz). (5.5.2) 

These are also called deep-water waves because H » k~^. The pressure perturbation 
and the motion are confined to a distance of order k“‘ from the surface, so propa¬ 
gation is unaffected by the bottom. For instance, the dominant waves that one sees 
in the ocean have periods 2nco~ ‘ of order 10 s. By (5.5.1) a deep-water wave of period 
10 s has a wavelength 27rK:" ‘ of about 150 m, its amplitude has an e-folding depth of 
25 m, and the phase speed is 15 m s~ ^ [Such a phase speed is typical because it matches 
the wind speeds found near the water surface in the generation regions, and the 
period follows by (5.5.1).] 
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The deep-water approximation is reasonable for such waves when the depth is 
greater than 25 m. Since the ocean is about 5-km deep, these waves move over large 
distances as deep-water waves, and only feel the effects of the bottom when they come 
near the shore. The frequency remains constant as they move into shallow water, so 
by (5.3.8) the waves become shorter and the phase speed decreases. For instance, when 
the depth is reduced to 1 m, the wavelength of a 10-s wave is 30 m and the phase speed 
is only 3 m s“ \ Thus deductions about wavelength and phase speed that are made by 
observing waves on a beach can lead to erroneous conclusions about their properties 
in deep water. 

The dividing line between deep-water and shallow-water waves depends on the 
depth. For the deep ocean, which has depth 5 km, deep-water waves must have wave¬ 
length 2nK~^ less than 2nH % 30 km and periods 2no}~^ less than 2nig~^Hy^^ » 2 
min. Phase speeds must be less than 200 m s“ For a continental shelf of depth 50 m, 
on the other hand, deep-water waves must have wavelength less than 300 m, period 
less than 15 s, and phase speed less than 20 m s~ ^ Since this book is primarily about 
large-scale motions, such short waves will not be studied further, and the reader is 
referred for additional information to Kinsman (1965), Lamb (1932), O. M. Phillips 
(1977), and Stoker (1957). 

The approximation to (5.3.8) for long waves, i.e., for k:“‘ » H, is (see dashed 
line in Fig. 5.5) 

0)2 = gK^H, (5.5.3) 

i.e., 

c2 = gH. (5.5.4) 

These are also called shallow-water waves because H « k~^, and they are nondis- 
persive because the phase speed c does not depend on wavenumber. This speed is 
about 200 m s“‘ for deep water, i.e., such waves could cross the Atlantic Ocean in 
7 hr. The speed on a continental shelf of depth 50 m is less by a factor of ten, i.e., 
about 20 m s“‘. The corresponding approximation to (5.3.6) is 

P' = PQho cos(/cx + /y - ait), (5.5.5) 

i.e., the pressure perturbation is independent of depth. Since the density perturbation 
is zero, this is precisely the result that would be obtained if the pressure were calculated 
from the hydrostatic equation (3.5.5). It will be shown in the next section that if it is 
assumed that the pressure is approximately equal to that given by the hydrostatic 
equation (called the hydrostatic approximation), (5.5.3) is obtained as well as (5.5.5). 
In other words, in this case at least, the hydrostatic approximation and the long-wave 
(or shallow-water) approximation are equivalent. Note also that in the small kH limit, 
Eq. (5.3.7) for w shows that the vertical velocity increases linearly with z from zero at 
the bottom to a maximum of dq/dt at the surface. 


5.6 Shallow-Water Equations Derived Using 
the Hydrostatic Approximation 

The emphasis of this book is on motions with horizontal scale large enough 
compared with the vertical scale for the hydrostatic approximation to be valid. In 
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this section, the pressure is assumed at the outset to satisfy the hydrostatic equation 

dp/dz = -pg. (5.6.1) 

This leads to simplifications in the treatment of the equations, and the result is found 
to be the same as that obtained by applying the limit kH 0 to the more general 
solution. 

For a homogeneous fluid, (5.6.1) implies that the perturbation pressure p' satisfies 

dp'/dz = 0, (5.6,2) 

and so the boundary condition (5.2.11) at the surface implies 

P' = pgr} (5.6.3) 

at all points within the fluid [in agreement with (5.5.5)]. The momentum equations 
(5.2.5) therefore become 

du/dt = -gdr\jdx, (5.6.4) 

dvjdt = —gdtjjdy, (5.6.5) 

showing that time-varying currents are independent of depth. This simplifies the 
continuity equation (5.14), which can now be integrated with respect to depth, using 
as boundary conditions (5.2.8) and (5.2.10). The result is 

dr\jdt + H{dujdx + dvjdy) = 0. (5.6.6) 

The quantity (cm/ox + dvldy) is called the horizontal divergence, being the diver¬ 
gence of the horizontal component of the velocity. 

The continuity equation can also be derived from first principles by considering 
the fluid column above a fixed element of area, as shown in Fig. 5.8. Suppose (u, u) is 
the velocity at the center of the element, and rj the surface elevation there. Since (m, v) 
is independent of depth, the rate of mass flux across the central section normal to the 

X axis is pu times the area (H -I- rj) 5y of the section. The difference between the 



Fig. 5.8. The mass balance for a fluid column of area Sx6y when the horizontal velocity components u, v are 
independent of depth. The mass fluxes across two of the planes are shown. 
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outward flux from the right-hand face and the inward flux across the left-hand face is 
therefore, to the appropriate level of approximation, 

dx Sy d{puiH -I- tj))/dx. 

Taking account of the other two sides and equating the net rate of inflow to the rate of 
change of the total mass p{H -i- rj) 6x 5y then give 

+ -!)«]+I [(« + -/W=0. (5.6.7) 

This is valid even for large perturbations, provided that the horizontal velocity 
components u and v are independent of depth. Equation (5.6.7) can in fact be derived by 
integrating (5,2.4), using (5.2.8) and (5.2.9) as boundary conditions. If the perturbation 
is small, (5.6.7) reduces to the linear equation 

dn/dt -I- d(Hu)ldx -t- diHv)ldy = 0, (5.6.8) 

which in turn reduces to (5.6.6) when H is constant. 

An equation with only one dependent variable r] can be obtained by eliminating 
u, V from (5.6.4), (5.6.5), and (5.6.8). The result is (Lagrange, 1781) 


d^t] 




(5.6.9) 


In the particular case of constant depth, this may be written in the form 

d^ti/dt^ = c^d^rildx^ -I- d^t^/dy^) = (5.6.10) 

where is given by (5.5.4). This is the wave equation which has solutions of the form 
(5.3.1), showing that the hydrostatic approximation leads to the same results as the 
long-wave approximation. Also, as Lagrange (1781) pointed out, (5.6.10) is the same 
as the equation for sound propagation, so there is a complete analog between small- 
amplitude shallow-water waves and small-amplitude sound waves in two dimensions. 

The wave equation (5.6.10) has very simple solutions when there is no dependence 
on y. In particular, if the fluid is initially at rest and has surface displacement 


n = G(x\ 


then the solution of (5.6.10) is 


ff — 2 — L-t/ . 


The corresponding fluid velocity distribution obtained from (5.6.4) is 

u = — jc“‘( 9 [G(x -I- ct) — G(x — ct)]. 


A in 

tw* M. A ^ 


(5.6.12) 


Figure 5.9 shows two special cases. (These will be contrasted in Chapter 7 with the 
corresponding solutions in a rotating system.) Case (a) has initial displacement the 
same as that in Fig. 5.2a, namely. 


n = -^osgn(x). 


( 5 . 6 . 13 ) 



no 


5 Adiusimenr under Cravily in a Nanratating System 




(b) 


Fig. 5.9. Solutions of the shallow-water wave equatton for two different initial surface displacements. In case 

(a) waves move out from the initial discontinuity with speed c. leaving behind zero displacement bul a steady 
motion tram left to right with velocity c ' 'g'/o- vvhere i;q is the magnitude of the initial surface elevation. In case 

(b) there are two pairs of wave fronts. The velocity is zero everywhere except where the surface elevation is irij,, 
where rfg is the initial displacement at the center. In these places, the velocity is " 'gtfo and directed away from 
the axis of symmetry. Since no motion occurs at the axis of symmetry, a wall could be placed there without alter¬ 
ing the solution. 


where sgn(x) is the sign function (sign of x) defined by 


sgn(x) = 



for X > 0, 
for X < 0. 


(5.6.14) 


“Wave fronts,” consisting of discontinuities in both surface elevation and fluid 
velocity, propagate out from the initial discontinuity as shown. The fluid at any 
point remains at rest until a wave front passes, after which the surface elevation is 
zero and there is a current directed toward the region of low surface elevation. 

The case shown in Fig. 5.9b has the initial perturbation confined to a finite region, 
the initial surface elevation being given by 


^ = 


|X1 < L, 

X > L 


(5.6.15) 
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In this case there is symmetry about the center line, which could therefore be replaced 
by a solid boundary, with no motion taking place across this line. 


5.7 Energetics of Shallow-Water Motion 


The energy equations for shallow-water motion can be derived directly from the 
momentum equations (5.6.4) and (5.6.5) and the continuity equation (5.6.8). The 
mechanical energy equation [cf. (4.6.3)] is obtained by multiplying (5.6.4) by pHu, 
(5.6,5) by pHv, and adding. This gives 
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the quantity jpH(u^ + v^) being the kinetic energy per unit area. Now by the 
definition in Section 4.7, the potential energy per unit area is 


p(Ddz = pgz dz = ip9(r;^ - H^), (5.7.2) 

J-H J-H 

and so the perturbation potential energy per unit area is {pgt)^> The equation corre¬ 
sponding to the potential energy equation (4.7.2) is obtained by multiplying (5.6.8) 
by pgr^ to give 


dt 


= -P9 


(5.7.3) 


The equation for perturbation total energy is obtained by adding (5.7.1) and (5.7.3), 
namely, 








^ + v^) + ^pgtj^] + j^ipgHut]) + j-(pgHvr}) = 0. 


(5.7.4) 


For the special case in which there is no variation with y, the integral of (5.7.4) with 
respect to x over the region |x| < gives 


where 


dE/dt + F(X, t) - F(- X, r) = 0, 


E = [ [^pH(u^ + i?^) + \pgt}^^ dx 

J-x^ 


(5.7.5) 

(5.7.6) 


is the total perturbation energy per unit length in the y direction in the region 
and 


F(x, f) = pgHut] 


x\<X 

(5.7.7) 


is the rate per unit length in the y direction of transfer of energy in the x direction 
at point X. 

For the case shown in Fig. 5.9a, the perturbation potential energy per unit area is 
jpgrjl in the undisturbed region in which the kinetic energy is zero. After the wave 
has passed, the perturbation potential energy has dropped to zero, but the kinetic 
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energy per unit area has attained the value ^pHu^ = ipHigrjo/c)^ = \pgr\l. Thus 
there is no change in total energy, but there is a conversion from potential energy to 
kinetic energy that takes place at the instant when the wave front passes. After a 
sufficient length of time, therefore, all the perturbation potential energy in a fixed 
region will be converted into the kinetic energy associated with the steady current 
that remains after the wave front has passed. 

In the case shown in Fig. 5.9b, in which the initial perturbation is given by (5.6.15), 
the initial energy per unit length is finite and is given by 

£(0) = pgnlL. (5.7.8) 

After time L/c, the energy is all contained in two blocks, each of which has length 2L, 
these blocks moving outward at speed c. Since the surface elevation of each block is 
only the potential energy associated with each is ^^(O). The kinetic energy of 
each block is also |£(0), so the total energy is still £(0), but is now partitioned equally 
between the potential and kinetic forms. If attention is restricted to a finite region, the 
blocks containing the energy will eventually pass out of the region. The fluid within 
the finite region has now adjusted to equilibrium, the surface elevation and fluid 
velocity both being zero. The energy loss from the region takes place as the blocks 
containing the energy cross the boundaries, and is said to be lost by radiation. By 
(5.7.7), the outward energy flux at such times is equal to 

pgH-^c~^gno-ho = ipgcrtl- 

The block of energy takes time ILjc to pass, giving an energy loss of ^£(0) for each 
block as required to conserve the total energy. 

The last example is taken to typify adjustment under gravity in the absence of 
rotation effects. The final state is one of rest with a horizontal free surface, and all the 
energy initially present has been lost by radiation. The time for the energy contained 
in a finite region to be radiated out of the region can, at most, be the time taken for a 
gravity wave to cross the region. In Chapter 7 the effect of rotation on this adjustment 
process will be examined. 


5.B Seiches and Tides in Channels and Gulfs 


The shallow-water equations of Section 5.7 are used a great deal for the calculation 
of tides, seiches, storm surges, etc., on the continental shelf and in marginal seas. For 
the shelf and for “broad” seas like the North Sea, it is essential to include the effect of 
the rotation of the earth, as will be seen later. However, for sufficiently narrow gulfs 
and channels like the Bay of Fundy, the Bristol Channel, the Gulf of California, and 
the Adriatic Sea, rotation effects can be neglected, at least to a first approximation. 

Let X measure distance along the channel, and consider motions for which the 
surface elevation does not vary across the channel, but depends only on x and time t. 
It then follows from (5.6.4) and (5.6.5) that the motion is in the x direction (i.e., parallel 
to the axis of the channel) and independent of distance across the channel. In this 
circumstance, the continuity equation simplifies, and it may be derived either by 
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integrating (5.6.7) with respect to 3 / or from first principles as follows. If ^ is the area 
of water in any cross section, then the rate of mass transfer across this section is pAu, 
and the rate of transfer into the volume between two sections a distance 3x apart is 
-5x d(pAu)ldx to first order. This must equal the time rate of change of the mass 
pA dx of water between the two sections, so the continuity equation obtained in the 
limit as Sx tends to zero is 


dA/dt + d(Au)/dx = 0. (5.8.1) 

For small perturbations, A changes by only a small amount Wij from its equilibrium 
value, where W is the width of the channel at the surface and tj the surface elevation, 
so (5.8.1) becomes 


W dnjdt + d(Au)ldx = 0, 


(5.8.2) 


where W and A are now given functions of x. For applications to particular channels, 
this is the form that must be used [examples are given by Defant (1961) and Proudman 
(1953)]. 

However, the phenomena that occur can be illustrated by considering a channel 
of constant width W and constant depth H. Then (5.8.2) reduces to a special case of 
(5.6.6), namely, 


/a* 

Uff/ Ul 
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The other equation required to complete the problem is the momentum equation 
(5.6.4), If this is substituted in the time derivative of the continuity equation, there 
results (Green, 1838) 

W = g d{A dr}ldx)/dx (5.8.4) 

in the general case and 

0‘'t}/or = c~ 0‘-t)[ox~ t, 3 .o .33 

in the case of a channel of uniform width and uniform depth, where is equal to 
gH [Eq. (5.5.4)]. 

The solution that satisfies the condition of no flow across the closed end of the 
channel has the form of a standing wave [cf. (5.3.10) and Fig. 5.6b] or of a super¬ 
position of them. Choosing the origin x = 0 to be at the closed end, the solution is 

ij = rjo cos kx cos cot, u = H~ sin kx sin cot, (5.8.6) 

where the wavenumber k and frequency oj are related by 

CO = kc. (5.8.7) 

What conditions must now be applied at the open end x = U! First, the pressure 
pgt] in the channel must equal the pressure outside the channel (otherwise an infinite 
acceleration would result). Second, the mass flux pAu = pHWu out of the channel 
must equal the flux into the open sea. Hence the ratio Z of these two quantities, 
given by 


Z = gt^/Au = W \g/cot kL cot cot, 


(5.8.8) 
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must also equal the value just outside the channel. The reason for considering this 
ratio is that it is independent of the amplitude of the wave. Z is called the impedance, 
and hence the boundary condition to apply at x = L is that the impedance of the 
channel, given by (5.8.8), match the impedance of the open sea. 

Now (5.8.8) shows that the impedance tends to zero as the width W or depth H 
of a channel approaches infinity, so the impedance of the open sea is taken to be zero, 
at least to a first approximation. Thus the impedance of the channel is required to be 
zero, so (5.8.8) gives 

kL = (n + \)n, n = 0, 1, 2,..., (5.8.9) 

for possible wavenumbers, or using (5.8.7), the possible frequencies of oscillation are 
given by 

coL = (n + 2 )^ 0 , n = 0, I, 2,_ (5.8.10) 

These are the frequencies for the natural modes of oscillation of the channel, and are 
known as seiches. 

The problem just discussed of seiches in a channel is completely analogous to 

that of sound waves in a nine that is stooned at one end but onen at the other. The case 

-- —--—-^ —-----_ — - ^-— - — _ _ - 

treated corresponds to a pipe of uniform bore (like a flute), whereas a constant-depth 
channel whose area varies as the square of x is the analog of a conical pipe (like a 
clarinet). For musical instruments, account must be taken of the junctions where the 
finger holes are inserted. These can be treated as small pipes branching off the main 
one. At a junction, the pressure is continuous and the sum of the mass fluxes into the 
junction is zero. Hence the sum of the ratios of mass flux to pressure is zero, i.e., the 
sum of the admittances (inverse of impedance) is zero. The same technique can be 
applied to deal with side channels from a gulf or estuary (Defant, 1961). The problem 
of seiches in lakes (which are closed at both ends) can be treated in the same way as 
the problem for an open channel. 

Oscillations in gulfs, estuaries, and lakes may be stimulated by changes in the 
wind stress at the surface, by changes in atmospheric pressure at the surface, or by 
changes in the gravitational attraction of the moon and the sun (the so-called tide¬ 
generating forces). Often the largest oscillations are not produced by local forcing, 
but are a response to oscillations in the open sea that are produced by these forces 
acting there. If, for instance, the action of these forces results in an oscillation of 
frequency to whose amplitude at the mouth of the channel is then (5.8.6) shows that 
the amplitude tjo ut the head of the channel is given by 

f/o = sec/cL. (5.8.11) 

The increase in amplitude is very large (i.e., resonance occurs) when the frequency of 
forcing is close to one of the natural frequencies of oscillation given by (5.8.10). This 
gives rise to the spectacular tides found, for instance, in the Bay of Fundy/Gulf of 
Maine system and in the Bristol Channel. The interpretation of (5.8.10), with « = 0, 
in this case is that a long gravity wave needs to take about a quarter of a period (about 
3 hr for the semidiurnal tide) to travel the length of the estuary or gulf. For a depth of 
20 m, the required length for resonance is about 150 km (the value increases in pro¬ 
portion with the square root of depth). Note that Eq. (5.8.11), is a relation only 
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between rjo and and does not show how these quantities depend on open sea 
conditions. That question is discussed by Garrett and Greenberg (1977). 

The subject of seiches and tides in lakes and channels is dealt with in much greater 
detail by Proudman (1953) and Defant (1961, Volume 2), Both authors give examples 
in which the theory has successfully been applied. The prediction of seiches and tides 
is important for shipping, flood warnings, etc., and numerical models of some estuaries 
have been set up to help with this prediction. Another application is for studying the 
effect that barriers across the estuary may have on the tides where tidal power 
generation is contemplated. The advantage of numerical models is that they can 
include effects additional to those considered above, such as friction, cross-channel 
variations, and large-amplitude effects. 
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Chapter Six 


Adjustment under Gravity 
of a Density-Stratified Fluid 


6.1 Introduction 


Chapter 5 provided an introduction to the study of adjustment to equilibrium 
under gravitational forces in the absence of rotation. Attention was restricted, how¬ 
ever, to the case of a fluid of uniform density with gravitational restoring forces coming 
into play when the free surface was perturbed from the horizontal. In this chapter, the 
study is extended to fluids of variable density. 

As a first introduction to the effects of stratification, the case of two superposed 
shallow layers, each of uniform density, is considered in Sections 6.2 and 6.3. This 
serves to introduce the concepts of barotropic and baroclinic modes and two widely 
used approximations: the rigid lid approximation and the Boussinesq approximation. 
“Shallow” in this case means that the depth of each layer is small compared with the 
horizontal scale of the perturbation, i.e., the horizontal scale is large compared with 
the vertical scale. 

In reality, of course, the atmosphere and ocean are continuously stratified, 
although the two-layer model can be quite useful and appropriate for many situations. 
The study of continuously stratified fluids begins in Section 6.4 with the case of an 
incompressible fluid, i.e., one whose density depends on temperature and composition 
but not on pressure. No restriction on scale is made at first, but toward the end of the 
chapter (from Section 6.11 on) special consideration is given to the case in which the 
horizontal scale is large compared with the vertical scale. This is partly to prepare the 
way for the introduction of rotation effects in Chapter 7, for with the exception of 
some rather special situations, rotation is important only for motions with this 
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property. An additional reason is that most energy in the atmosphere and ocean is in 
components with this property. 

No scale restriction applies to the motions studied in Sections 6.4-6.10. In Section 
6.4, the equations for the general case are obtained and the buoyancy frequency N, 
which is of fundamental importance to the subject, is introduced. The perturbations 
have a wavelike behavior, the waves concerned being called internal gravity waves. 
Their most basic properties are most readily studied in the case for which N is con¬ 
stant and the Boussinesq approximation is made. This case is treated in Sections 
6.5-6.7. In particular, the “polarization relations” for a plane wave are found in 
Section 6.S, dispersion properties are discussed in Section 6.6, and energetics in 
Section 6.7. 

It is then but a small step to consider internal waves generated at a (slightly 
perturbed) horizontal boundary, and this is done in Section 6.8. A particular case of 
interest is that of waves generated by flow of uniform velocity U over a gently un¬ 
dulating surface. For small-wavelength undulations (wavenumber k greater than 
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but for large-wavelength undulations (kU < N), waves are produced that propagate 
energy and momentum to large distances from the generating surface. 

In practice, the buoyancy frequency N is not uniform, so some important effects 
of variations in N are considered in Section 6.9, with special reference to the simple 
case in which N is piecewise uniform. In particular, waves can be refracted and re¬ 
flected from a discontinuity in N. This can lead to wave energy being confined or 
“trapped” in a particular structure that is called a duct or waveguide. This concept 
is applied to free wave propagation in Section 6.10, where methods of treating the 
general case (N is any function of vertical coordinate z) are developed. 

In Section 6.11, there is a return to discussion of cases for which the “hydrostatic 
approximation” applies, i.e., for which the horizontal scale is large compared with 
that of the vertical. This serves as a prelude to consideration of adjustment problems 
rather like that considered in Section 5.6 for the homogeneous case, except that the 
initial perturbation is now a function of z. However, there is some dependence on the 
nature of the boundaries. In Section 6.12, we consider adjustment in a semi-infinite 
region, i.e., a case such as the atmosphere, in which there is a solid boundary below 
but no definite boundary above. In Section 6.13, we deal with a region of finite depth 
such as the ocean. The structure of these solutions is of special interest because the 
way in which they are modified by rotation effects will be considered in Chapter 7. 

In Section 6.14, effects of compressibility are considered. For problems of ad¬ 
justment under gravity, the main new effect of interest is connected with waves that 
carry energy most rapidly in the horizontal in the atmosphere. These are called Lamb 
waves, whose vertical scale is the “scale height” and which propagate horizontally at 
the speed of sound. They were responsible for carrying the pressure pulses observed 
all around the world following the eruption of Krakatoa, and more recently from 
nuclear explosions. An example of adjustment in a compressible atmosphere is con¬ 
sidered in Section 6.15, and weak dispersion effects, which characterize pressure 
pulses from distant sources, are considered in Section 6.16. This section, and many 
others in the book, can be regarded as fairly general discussions of wave properties. 
Wave dispersion, for instance, is first treated in Section 6.6, and the behavior of waves 
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in a medium of variable properties is discussed in Section 6.9. Further aspects of 
wave behavior are to be found in Chapter 8. 

When the hydrostatic equation is valid, i.e., when horizontal scales are large 
compared with vertical scales, it is often advantageous to use pressure as an in¬ 
dependent variable in place of height. In particular, the continuity equation has a 
simple form even when the fluid is compressible. The equations in isobaric coordinates 
are derived in Section 6,17 and are used later in the book, particularly in connection 
with slow adjustment processes in the atmosphere (Chapter 12). The energy equations 
in these coordinates are discussed in Section 6.18. 


6.2 The Case of Two Superposed Fluids of Different Density 


As a first example of stratification effects, consider the case of two fluids of different 
density that are immiscible or for which the effect of mixing can be ignored. This 
system is easily set up in the laboratory, and Marsigli's experiment is an early example. 
The hydrostatic approximation will be made from the outset, so the results should 
be applied only to cases in which the horizontal scale is large compared with the 
depth. The problem was first treated by Stokes (1847). 

The means of describing the situation is shown in Fig. 6.1. Subscript 1 is used for 
the upper layer whose density is p,, whose equilibrium depth is Hi, and whose 
horizontal velocity components are Ui and Uj. The free surface, whose equilibrium 
position is z = 0, has perturbed position z = rj. The interface displacement (upward) 
is h. It follows from the hydrostatic equation 


dp/dz ^ -pg 


( 6 . 2 . 1 ) 


and the surface condition p = 0, that the pressure pi in the upper layer is given by 

Pi = Pi9(n - -Hi+h<z<ti. (6.2.2) 



Fig. 6.1. The notation used to describe the motion of two superposed shallow homogeneous layers of fluid 
are the depths of the layers when at rest and H = is the total depth. The 2 axis points vertically 

upward, 2 = ij(x.y,t) is the surface elevation, and 2 = -H + hU,y,() gives the disturbed position of the interface 
between the two fluids. 
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Therefore the momentum equations (4.5.7) and (4.5.8) for small disturbances become 

dui/dt — —g dtj/dx, dv^/dt = —g drj/dy, (6.2.3) 

whereas the continuity equation obtained by the same method as that for (5.6.7) is 

ditj + Hi - h)/dt + Hiidujdx + dvjdy) = 0. (6.2.4) 

Taking the time derivative and substituting from (6.2.3) for dui/dt and dvi/dt elimi¬ 
nate Ml and Ui to give 

-^ir}-h) = Hi ^j grj=gHi (6.2.5) 


where is defined by (4.3.9). 

Similarly, for the lower layer, denoted by subscript 2, the pressure p 2 obtained by 
integrating (6.2.1) and using continuity of pressure at the interface is 


P 2 = Pi9(n + Hi -h) + p 2 g(-Hi + h - z), z < -Hi + h. 


Thus the momentum equations are 

du2 _ Pi drj ^dh dv2 _ P\ drj ,dh 
dt Pz^ ^ dx’ dt p 2 ^ ^ Sy’ 

where g' is the reduced gravity [see (5.1.1)], defined by 

g' = gip2 - Pi)/P2- 
The continuity equation for the layer in this case is 


aj- / a* 
vrifui 


u /a., /a.. 


a.. /a.A _ A 


(6.2.6) 

(6.2.7) 

( 6 . 2 . 8 ) 


A\ 


As before, the velocity components are eliminated from these equations to give 
d^h 


dt^ 




use being made of (6.2.8). 

The adjustments of the two-fluid system are thus governed by Eqs. (6.2.5) and 
(6.2.10). If, say, rj were eliminated from these, a fourth-order partial differential equa¬ 
tion for h would be obtained. However, the problem can be greatly simplified by 
looking for solutions with a special structure, namely, those for which rj and h are 
proportional, i.e., 


hix, y, t) = prjix, y, t), (6.2.11) 

where p is independent of x, y, and t. Then (6.2.5) and (6.2.10) both reduce to the 
second-order equation 

d^rj/dt^ = ( 6 . 2 . 12 ) 

provided that p and c* satisfy 

gHi/il - p) = p~\g - g'(l - p))H 2 = c^ 


(6.2.13) 
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This simplification is an example of a method that can be used for a wide class of 
mechanical problems involving small oscillations. In fact, Lamb (1932), in his treatise 
Hydrodynamics, spends the first section of his chapter on tidal waves discussing the 
general theory because of its wide applicability. For the present problem, there are 
two values of /z, and hence two values of that satisfy the above equation, and the 
motions corresponding to these particular values are called normal modes of oscil¬ 
lation. In a system consisting of n layers of different density, there are n such modes 
corresponding to the n degrees of freedom. A continuously stratified fluid corresponds 
to an infinite number of layers, and so there is an infinite set of modes, The fact that 
each mode behaves independently is of great utility, and application of the concept 
will be made repeatedly. The independence of each mode can be seen from the fact 
that if h and rj satisfy (6.2.11) at some initial time, they will then satisfy (6.2.11) for all 
subsequent times, so only one mode will be in oscillation. If, on the other hand, any 
given initial state can be represented as a sum of modes the change of each in time 
and space can be followed independently. The fluid state can then be found by adding 
together the contributions of each mode. 

The structure of the modes is obtained by solving the quadratic (6.2.13) [cf. 
Stokes (1847, Section 17)], which can be written in the alternative form 

ct - gHc; + gg'HiH, - 0, (6.2.14) 

where 

H ^ Hi + H 2 (6.2.15) 

is the total depth of fluid in the equilibrium state. To each of the two solutions (or 
eigenvalues) of (6.2.14) there corresponds a particular normal-mode structure 
represented by (6,2.11) and the appropriate value of fi. For the case of several layers, 
there is a value /Zj corresponding to the displacement li, of each interface, so n repre¬ 
sents an eigenvector of the problem. 

Another way of expressing the equivalence between the normal mode of the two- 
layer system and the motion of the one-layer system is to define an equivalent depth 
We by 

c! = gH,. (6.2.16) 

Then q,. satisfies the same equation as that for the surface elevation in a homogeneous 
fluid of depth H^. By (6.2.14), the eigenvalue equation for //, is 

gH^ - gHH, -h g'HiH^ = 0. (6.2.17) 

For applications to the ocean, approximations can be made because the fractional 
changes in density are small: of the order of 3%o» g’lg = 1 — P 1 /P 2 ^ 0.003. This 
results in two widely separated roots cl of (6.2.14). The larger one, cl, is given ap¬ 
proximately by 

cl = gH{l-g'HiH2/gH^-^ (6.2.18) 

and the ratios tj/h and U 2 /U 1 are approximately 

rj/h « H/Hj, U 2 /U 1 = 1 - g'HJgH - -. (6.2.19) 

In the limit as g'/g-*-0, this becomes the surface gravity wave obtained for a fluid 
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of uniform density. It is often called the barotropic mode. The strict meaning of the 
term “barotropic” is that the pressure is constant on surfaces of constant density, 
and hence is constant on the interface. This is only approximately true, but it is 
conventional to call this mode barotropic nevertheless. 

The smaller root cj of (6.2.14) is given for small g'jg by 

c? * + g'H,H 2 lgH^ ■ ), (6.2.20) 

and the corresponding values of the ratios t]/h and U 2 /U 1 are approximately 

rj/h fn —Uj/Uj » —Hi/Hj. (6.2.21) 

This mode is called the baroclinic mode, the word “baroclinic” meaning that pressure 
is not constant on surfaces of constant density. Typical values of ci for the ocean are 
2 or 3 m s"‘, corresponding to an equivalent depth of 0.5-1 m. Use of the two-layer 
model for the atmosphere is not so common, but on occasions when it is used, Cj 
typically has values of 10-20 m s” ‘ and the equivalent depth of 10-50 m. Often one 
layer is deep compared with the other, e.g., H 2 » Hj, and then (6.2.20) is approxi¬ 
mated by 

d X g'Hi. ( 6 . 2 . 22 ) 

Then the internal wave is just the same as a surface gravity wave would be if the 
acceleration due to gravity were g' instead of g. This is because it is g' that determines 
pressure differences rather than ^(see Section 5.1). 

Because g' « g, the wave speed of internal waves is very much less than that of 
surface waves, so that the internal waves look like surface waves in slow motion. This 
difference accounts for a phenomenon noted by Benjamin Franklin (1762, p. 438) in a 
letter dated December 1, 1762. 


At Madeira we got oil to burn, and with a common glass tumbler or beaker, 
slung in wire, and suspended to the ceiling of the cabbin.... I made an Italian 
lamp.... The glass at bottom contained water to about one third of its height; 
another third was taken up with oil_At supper, looking on the lamp, I re- 


aUa 4.^^ _i 

iiiai^eu liiai uiu liiw^ auimuc ui me uii waa pciicuiiy iiaiitiuii, aiiu uuiy jjics»civcu 

its position with regard to the brim of the glass, the water under the oil was in 
great commotion, rising and falling in irregular waves.... 


Franklin’s experiment can be set up in the kitchen and completed within a minute 
or two, and readers are urged to try it. The instructions are given in the next paragraph 
(p. 439) of Franklin's letter. 


Since my arrival in America, I have repeated the experiment frequently thus. I 
have put a pack-thread round a tumbler, with strings of the same, from each 
side, meeting above it in a knot at about a foot distance from the top of the 
tumbler. Then putting in as much water as would fill about one third part of the 
tumbler, 1 lifted it up by the knot, and swung it to and fro in the air; when the 
water appeared to keep its place in the tumbler as steadily as if it had been ice. 
But pouring gently in upon the water about as much oil, and then again swinging 
it in the air as before, the tranquility before possessed by the water, was trans- 
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ferred to the surface of the oil, and the water under it was agitated with the same 
commotions as at sea. 

Perhaps the first explanation of an oceanic phenomenon in terms of internal waves 
was V. Bjerknes’ explanation of “dead water,” a hitherto mysterious effect in which 
ships in certain coastal localities would be unable to maintain their normal speed. 
Ekman (1904) cites a large number of examples of the phenomenon going back as 
far as Pliny the Naturalist, who reported that the effect was attributed either to a 
mollusk or a certain type of fish that attached itself to the keel. In a preface to Ekman’s 
paper (p. Ill), Bjerknes says; 

The present investigation of “Dead-Water” was occasioned by a letter in Novem¬ 
ber 1898 from Prof. Nansen asking my opinion on the subject. In my reply 
to Prof. Nansen i remarked that in the case of a layer of fresh water resting 
on the top of salt water, a ship will not only produce the ordinary visible waves 
at the boundary between the water and the air, but will also generate invisible 
waves in the salt-water fresh-water boundary below; I suggested that the great 
resistance experienced by the ship was due to the work done in generating these 
invisible waves. 

Ekman substantiated this view with extensive laboratory experiments, and includes 
photographs of his experiments (an example is shown in Fig. 6.2b) and slick patterns 
behind ships. Figure 6.2a shows such a pattern observed off British Columbia, where 
freshwater from river outflow forms a relatively light upper layer over the heavier 
salt water. The internal waves on the interface are associated with horizontal move¬ 
ments at the surface that affect the ripple pattern and thus become visible. The motion 
of the interface that corresponds to this sort of situation can be seen in Ekman's 
laboratory experiment (Fig. 6.2b). A nice demonstration is also given in a cine film by 
Long [see National Committee for Fluid Mechanics Films (1972, pp. 136-142)]. 

The main result of this section is that the motion can be represented in terms of 
two normal modes, and for each mode rj satisfies the wave equation (6.2.12), i.e., the 
same equation as that for a homogeneous fluid (but with a different time scale). Thus 
the results of Chapter S for shallow-water motion can be applied equally well to the 
two-layer system. For instance. Fig. 6.3 shows the structure of the progressive waves 
associated with the two different modes in a particular case. The value of g'jg has been 
chosen to be small but still much larger than for the ocean. This has been done so 
that certain features peculiar to internal motion would be visible in the diagram, 
namely, the slight differences in velocity between the two layers in the “barotropic" 
mode of motion and the free surface movement associated with the baroclinic motion. 
In the ocean, the free surface movement associated with the baroclinic mode is only 
about 1/400 of the interface movement, but this is still sufficient for baroclinic motions 
to be detectable by sea-level changes (Wunsch and Gill, 1976). 

Figure 6.3 shows the variation in space of a progressive internal wave at a fixed 
time, but the variation in lime at a fixed point has the same character. For comparison, 
Fig. 6.4 shows simultaneous observations [from Lee (1961)] of the motion of an 
isotherm at three points about 170 m apart, thus giving some information about 
variations in space as well as time. Since particles conserve their temperature over 
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Fig.6i (a) Surface "sJicks" shcnvirg the preserKe of internal waves in the wake of a ship m Bute Inlet, British 
Columbia. The vessel was traveling at 0.5 m s~'m a surface layer of almost fresh water only slightly deeper than 
its 3.4 m draft. The iruernal waves caused horizontal motion at the surface that affects the ripple pattern aixi so 
renders the internal wave pattern visible at the surface during calm conditions. (Photo courtesy of Defence Research 
tstablishment Pacific, Victoria, British Columbia.l (b) A laboratory experiment (from tkman (1904)L showing internal 
waves being generated by a model ship. The tank is lilted with two fluids of different density, the heavier one being 
dyed to make the interface clearly visible. The model ship (the superstructure of the "fram" has been drawn in 
subsequently) is towed from right to left, causing a wake of waves on the interface. 
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Phase spaed 0.14(gH)^ 



(b) 

Fig. 6.3. Layer configuration in a two-layer system for a barotropic wave (aJ and a baroclinic wave (b) prop¬ 
agating from left to right. For the case shown, the lower layer is three times deeper than the upper layer and has 
density 10% greater. Also shown are the directions of flow at troughs and crests, and the relative velocities of the 
two layers at these points. 


the short period of the record, these contours mark the vertical excursion of fluid 
particles. Although there is in reality a continuous change of temperature with depth, 
the dominant features of the motion are close to those displayed by a system with 
two layers of different density. La Fond (1962) summarizes the main features observed 
at the site of these observations, where the water is 20 m deep. The period of the waves 
is mainly in the range 4-10 min, Since g' « 0.01 m s”^ and is 3-10 m, (6.2.20) 
gives Cl as 0.15-0.22 m s" *. This agrees well with the speed of the waves as observed 
by the movement of slicks and by taking simultaneous measurements at three loca¬ 
tions, In 80% of the cases, the surface slick was found to be located between a crest 
and the following trough, where Fig. 6.3 shows the surface velocity field is convergent. 
This convergence is presumed to be responsible for the slicks. 


ui 111& i^auita \ji J la lu iiii&iiiai aiiu Liu^a iii 


channels, gulfs, and lakes. These have the form of a standing wave as given by (5.8.6) 
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PACIFIC STANDARD TIME 
e AUGUST 1959 

Fib. 6.4. Ob<iervations of oroeressive internal waves in 20 m of water about 1.J Icm offshore at San Dieeo. 

O ~ ' - -- ■ I’ O-- - - -... .. . . . ._ -- _ 

The records are from three points on the triangle C as shown, the sides of the triangle being approximately 170 m. 
The waves moved to the right (onshore) at 0.2 m s~'. The continuous line is the depth of an isotherm (64°F) located 
in the thermocline, (From Lee (1%1, Fig. 3).l 


and (S.8.7X c now being the internal wave speed. Quite detailed observations of this 
phenomenon were made in Loch Ness by Watson (1904, pp. 435-436). 

These observations revealed a pendulous swinging of the ends of the isotherms, 
the amplitude of the swing being greatest for the isotherm in the region 200 feet 
below the surface, and dying off both above and below this region. A few other 
observations taken simultaneously with these at other parts of the loch show 
that the isotherms are swinging as a whole about a transverse central axis. 

To what can this swinging be due? 

If we take a lone rectaneular troueh with class sides, and out into it a laver of 
water, and above the water a layer of lighter oil, and then disturb the arrange¬ 
ment, one of the movements observed will be a swinging of the interface between 
the oil and water..., The time^of swing can be calculated from the formula.... 

The formula given is the standing-wave period, namely, twice the time to travel 
the length of the lake at speed Ci, given by the first term of (6.2.20). Using values of 
g’ » 2.6 X 10“^ m s"^. Hi « 60 m, H 2 « 120 m, and a length of 40 km, Watson 
obtained a period of 68 hr, “which is of the same order as the period observed.” He 
also explained how seiches could be generated by wind action, and continued even 
during a prolonged period of calm. [See also Watson (1903). Internal seiches were 
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reported earlier by Thoulet (1894), who reports an experiment with three superposed 
layers, but did not make observations of the period.] 


6.3 The Baroclinic Mode and the Rigid Lid Approximation 


The disparity in the values of g’ and g means that approximations can be made to 
the equations and boundary conditions, depending on the mode being studied. For 
the barotropic mode, the approximation is simply to ignore density differences 
altogether and treat the fluid as one of uniform density as in Chapter 5. There are 
two approximations used to obtain the baroclinic mode. The first uses the fact that 

■ v/i ^uimww ujia|^ii4vwtxxwiii><a w w\^ixi|^aiwu vrii-ii iiixwiiiAVW uJo|^iiAwviXiviito 


(as can be seen in Fig. 6.2, for instance). Thus the continuity equation (6.2.4) for the 
upper layer is approximated by 


— dhldt + Hi{dui/dx + dvjdy) = 0, (6.3.1) 


The momentum equations for the upper layer are given by (6.2.3) as before. This is 
called the rigid lid approximation, although the name is somewhat misleading because 
free surface displacements are required to give pressure gradients in the upper layer 

A (^ T7m* 1 ' I 't« A « B 1^4 «A AA 4-«AM 4l«A mA«% 4A 1 «A» 4 A f*A a 4 4A 4 if* 4l«A«BA 

iiivuiv^a ^'/J- ^ Juaiiilwaijuii lui tiiw iiaiiiw iiwa iii tiiw lawt mat ii tiiviw 


yiere a rigid lid at z = 0, the identical pressure gradients would be achieved because 
the rigid lid would provide the necessary pressure. 

The second approximation is simply to replace the ratio Pi/Pz by unity in (6.2.7) 
[and hence in (6.2.10)], giving 


du^jdt = —g dri/dx — g' dhjdx, bv^l^t = —g br\(dy — g' dhfdy. (6.3.2) 


This is usually referred to as the Boussinesq approximation, which will be discussed 


A fTAnA«*Al A/~Vn4A'V4 1o4At* 
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Since the two continuity equations (6.3.1) and (6.2.9) do not involve rj, it is desirable 
to obtain a combination of the momentum equations that does not involve tj. This 
combination is obtained by subtracting (6.3.2) from (6.2.3), giving 


dH/dt = g' dhjdx, 

where (fi, D) is given by 

il = Ui - U2, 


dbjdt = g' dh/dy. 


{>= - U2, 


(6.3.3) 

(6.3.4) 


and so represents the difference in velocity between the two layers, {d, b) can also be 
thought of as the amplitude of the baroclinic mode. 

Now a combination of the continuity equations that involves only (H, 0) is re¬ 
quired. This is obtained by subtracting I/H 2 times (6.2.9) from l/H, times (6.3.1), 
giving 


iTi 


(6.3.5) 


Equations (6.3.3) and (6.3.5) are, apart from multiplying constants, the same as Eqs. 
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(5.6,4)-(5.6.6) for the homogeneous fluid. Thus when the velocity components H and 
ft are eliminated, the result is the wave equation 


where 


d^h d^h 

dt^ dy^ 


Cl 




(6.3.6) 




(6.3.7) 


is the square of the speed of propagation of the baroclinic mode. This is the same 
value as that given by (6.2.20) in the limit as g'jg -► 0. An alternative form of (6.3.7) 
is the equation 


11 1 
gH, ~ g'H, a'H, 


(6.3.8) 


for the equivalent depth H. = c\/g. For typical oceanic values of gf' = 0.03 m s 
Hi = 400 m, H 2 = 4000 m, one finds is »1 m. 


6.4 Adjustments within a Continuously Stratified Incompressible Fluid 


So far the study of adjustment under gravity has been restricted to a fluid that has 

UlixlUiili uciiaiiy^ ui lu a vuiiaiaiiii5 %ji iwij iiiiiiiiawiL/j^ iiuiua^ wawii %ji uimijiiii 

density. Particular emphasis has been placed on motions with horizontal scale large 
compared with that of the vertical scale. In the remainder of this chapter, the study of 
adjustment processes will be extended to continuously stratified fluids, i.e., fluids 
with continuously varying density. The scale restriction will not be made at first, 
although the emphasis in subsequent chapters will be on motions with relatively 
large horizontal scale since these contain by far the most energy. 

To begin, the fluids to be considered will be restricted to a class such that the 
density depends only on entropy and on composition, i.e., p depends only on the 
potential temperature 6 and on the concentrations of the constituents, e.g., the salinity 
s or humidity q. Then for fixed 9 and q (or s), p is independent of pressure : 


p = p(0, q). 


(6.4.1) 


The motion that takes place is assumed to be isentropic and without change of phase, 
so that 9 and q are constant for a material element. Therefore 


Dp _ dp D9 _ n 


(6.4.2) 


in other words, p is constant for a material element because 9 and q are, and p de- 
pends only on 9 and q. Such a fluid is said to be incompressible, and because of (6.4.2), 
the continuity equation (4.2.3) becomes (4.10.12), i.e.. 


du/dx + dv/dy + dw/dz = 0. 


(6.4.3) 
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The equilibrium state to be perturbed is the state of rest, so the distribution of 
density and pressure is the hydrostatic equilibrium distribution given by (4.5.17) and 
(4.5.18). In the absence of rotation and of friction, the momentum equations (4.10.11) 
for small perturbations p' in pressure and p' in density become 

Po du/dt = —dp'/dx, po dvjdt = —dp'/dy, (6.4.4) 

Po dw/dt = -dp'Idz - p’g, (6.4.5) 

where po(r) is the unperturbed density and g the acceleration due to gravity. For the 
moment, no restriction on horizontal scale is being made, so there are no approxi¬ 
mations other than for that of the smallness of the perturbation. The governing 
equations are (6.4.3)-(6.4.5) and the linearized form of (6.4.2) appropriate to small 
perturbations, namely, 

dp'jdt -I- wdpofdz = 0. (6.4.6) 

Calculations based on these equations were made by Rayleigh (1883, p. 170) “in order 
to illustrate the theory of cirrous clouds propounded by the late Prof. Jevons.” 

The initial step in dealing with the equations is the same as that used for the 
one* and two-layer system, namely, to eliminate u, v from the horizontal part of the 
momentum equations and the continuity equation. This is done by using (6.4.4) to 
substitute expressions for the acceleration components in the time derivative of 
(6.4.3). The result is 



This equation may be thought of as a relation between the horizontal divergence 
du/dx -f dv/dy = — 5w/5z and the perturbation pressure p'. 

For the stratified system, another relation between w and p' is required. This is 
obtained by eliminating p' from (6.4.5) and (6.4.6) to give 

d^w/dt^ + N^w = — Po ‘ d^p'jdz dt, (6.4.8) 

where N{z) is a quantity of fundamental importance to this problem (see Section 3.7.1 
for expressions for N), defined by 

= -gpo^ dpo/dz. (6.4.9) 

N has the dimensions of frequency, and is variously known as the Brunt-Vaisala 
frequency, the Brunt frequency [after Brunt (1927)], the Vaisala frequency [after 
Vaisala (1925)], and the buoyancy frequency [see, e.g.. Turner (1973)]. Other names 
(such as stability frequency and intrinsic frequency) have also been used, but Brunt- 
Vaisala seems to be the most common appellation. However, Rayleigh (1883) drew 
attention to this frequency (as the maximum possible in a stratified layer) well before 
Brunt and Vaisala, and buoyancy frequency is the most appropriate name physically. 
This is because of the solution for purely vertical motion for which p' vanishes, and 
hence (6.4.8) shows that the frequency of oscillation is N. The restoring force that 
produces the oscillation is the buoyancy force [see (6.4.5)]. 



6 /^d/ustment under Gravity ol a Density-Stratified Fluid 


130 


TTiere are now two equations to be satisfied, namely, (6.4.7) and (6.4,8). It is useful 
to think of (6.4.7) as being associated with the horizontal part of the motion since it is 
derived from the horizontal part of the momentum equations, and to think of (6.4.8) 
as being associated with the vertical part of the motion since it comes from the vertical 
component (6.4.5) of the momentum equation. When p' is eliminated, a single equa¬ 
tion for w results, namely. 


iif— 

dt^ dx^ 


il _LA 

dy^ po dz 




(6.4.10) 


It is this equation that determines how small amplitude adjustments within a con¬ 
tinuously stratified incompressible fluid take place. 

Exact solutions can be found in special cases such as those in which the density 
varies exponentially with height. However, there is a simplifying approximation that 
is always a good one in the ocean and that is valid for many applications to the 
atmosphere. This is based on the observation that if w varies with z much more 
rapidly than po, then 



and so (6.4.10) can be approximated by 


dt^ 


dx^ dy^ dz^ 



dx^ 



w = 0. 


(6.4.11) 


(6.4.12) 


In the ocean, po never departs by more than 2% from its mean value, so it is a very 
good approximation to treat po as a constant as implied by (6.4.11). 

Another way of stating the condition for (6.4.11) to be valid is that the vertical 
scale for variations of w be small compared with the vertical scale for variations of po, 
i.e,, be small compared with the scale height (see Section 3.5). If this condition is 
satisfied, it turns out, as will be shown later, that (6.4.12) is a good approximation 
even when the fluid is compressible (conversely, if the condition is not satisfied, 
compressibility should not be ignored). Since vertically propagating internal waves 
in the atmosphere are usually found to satisfy this condition, (6.4.12) can be used in 
applications to the atmosphere as well. 

The approximation that applies when the motion has vertical scale small com¬ 
pared with the scale height is called the Boussinesg approximation [see, e.g,, Spiegel 
and Veronis (I960)] and is attributed to Boussinesq (1903). Basically, it consists of 
taking the density to be constant in computing rates of change of momentum from 
accelerations, but taking full account of density variations when they give rise to 
buoyancy forces, i.e., when there is a multiplying factor g in the vertical component 
of the momentum equations. For the case considered in this chapter, this means 
taking po as a constant in (6.4.4) and (6.4.5) and hence in (6.4.7) and (6.4.8). Buoyancy 
efl'ects come in through the term p'g in (6.4,5), which gives rise to the term JV^w 
in (6.4.8). 
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6.5 Internal Gravity Waves 


Consider the case in which the buoyancy (Brunt-Vaisala) frequency N is constant 
throughout the fluid. Traveling wave solutions of (6.4,12) can be found of the form 

w = Wo cos(kx + ly + mz — cut), (6.5.1) 

where Wn is the amolitude of vertical velocitv fluctuations, the vector 

V a ^ 7 - 

k = (k, /, m) (6.5.2) 

is the wavenumber of the disturbance, and co is the frequency. In order for (6.5.1) to 
satisfy Eq. (6,4.12), o) and k must be related by the dispersion relation 

op- = (/c2 + e)N^l{k} + P + m\ (6.5.3) 

Thus internal waves can have any frequency between zero and a maximum value of 
N. As Rayleigh (1883, p. 174) put it, “Contrary to what is met with in most vibrating 
systems, there is a limit on the side of rapidity of vibration, but none on the side 
of slowness.” 

The dispersion relation for internal waves is of quite a different character com¬ 
pared to that for surface waves. In particular, the frequency of surface waves depends 
only on the magnitude k of the wavenumber, whereas the frequency of internal waves 
is independent of the magnitude of the wavenumber and depends only on the angle 
ip' that the wavenumber vector makes with the horizontal. To bring this out, it is 
useful to specify the wavenumber in spherical polar coordinates (2', <p', k) in wave- 
number space (see Fig. 6,5), namely, 

k = K cos <p' cos 2', I = K cos ip' sin 2', m = k sin <p'. (6.5.4) 



fig. 6.5. The system of spherical polar coordinates in wavenumber space used to express the dispersion rela¬ 
tion for internal waves For these waves, the frequency te does not depend on the magnitude k of the wavenumber, 
hut only on the direction rp' between the wavenumber and the horizontal plane. The dispersion relation is tu = 
N cosijf)'. 
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The prime is used to denote wavenumber angles as opposed to angles in physical 
space. Then the dispersion relation (6.5.3) becomes simply 

(o = N cos (p'. (6.5.5) 

The way p', p', u, and v vary for the plane wave (6.5.1) can be deduced from the 
appropriate equations. The relationships among these variables are sometimes called 
the polarization relations. The perturbation pressure p' is, from (6.4.7), given by 

p' = —{k^ + l^y^compQWQ cos{kx + ly + mz - cot), (6.5.6) 

whereas (6.4.6) gives for the perturbation density 

p' = — (N^/cogi)poWo sin(kx + ly + mz — cot). (6.5.7) 

Note that the last two equations, together with (6.5.3), imply that for a plane pro¬ 
gressive wave, 

dp'/dz = —(m^lik^ + l^ + m^))gp'. (6.5.8) 


The horizontal velocity components can be found from (6.4.4), which gives 
(u, y) = —(fc, l)(k^ -I- 1^)“‘ rnwg cos(kx + ly + mz — cot) 

= ik,l){copo)~'^p'. (6.5.9) 


The above relations between pressure and velocity huctuations can be useful for 
deducing wave properties from observations at a fixed point. For instance, if the 
horizontal velocity components and perturbation pressure of a progressive wave are 
measured, the horizontal component of the wavenumber vector can be deduced from 
(6.5.9). This device was used, for instance, by Gossard and Munk (1954). 

A sketch showing the properties of a plane progressive internal wave in the 
vertical plane that contains the wavenumber vector is presented in Fig. 6.6. The 

narfirtlA ic o1r\-nrT r»rAafc o nrl ftiArA -ici nr\ T%fAciciiifA in r1irAr»#ir\n 
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The restoring force on a particle is therefore due solely to the component g cos cp' of 
gravity in the direction of motion. The restoring force is also proportional to the 
component of the density change in this direction, which is cos cp' dpjdz per unit 
displacement. It follows from Newton’s second law that the square of the frequency 
of vibration is 


p ^g cos cp' cos cp' dpjdz = {N cos ep'Y, 
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Consider now the succession of solutions as <p' progressively increases from zero 
to a right angle. When tp' = 0, a vertical line of particles moves together like a rigid 
wire undergoing longitudinal vibrations. When the line of particles is displaced from 
its equilibrium position, buoyancy restoring forces come into play just as if the line 
of particles were on a spring, resulting in oscillations of frequency N. The solutions 
for other values of cp' correspond to lines of particles moving together at angle cp' to 
the vertical. The restoring force per unit displacement is less than it is for cp' = 0, and 
so the frequency of vibration is less. As cp' tends to 7r/2, the frequency of vibration 
tends to zero. 
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Fig. 6 . 6 , Sketch showing in a vertical plane the phase relationships lor a progressive internal wave wtth down¬ 
ward phase velocity (this implies upward group velocity). The solid lines mark lines of maximum (High) and minimum 
(Low) pressure, which are also lines of maximum and minimum velocity, the direction of motion being as shown. 
The dashed lines mark the positions of maximum (Heavy) and minimum (Light) density perturbations If the direc¬ 
tion of phase propagation is reversed, the only change in the diagram is a reversal of the direction of motion. 

The extreme case of purely horizontal motion requires special consideration 
because this is a singular limit for which the solution of (6.4.12) is the trivial one, 
w = 0, In this case, the general solution of Eqs. (6.4.3)-(6.4.6) has p' = p' = 0, with 
u and V any functions of x, y, and z alone that satisfy 

du/dx + dv/dy = 0, (6,5.10) 

In other words, each horizontal plane of particles can move independently of any 
other plane, but the motion within each plane must be nondivergent. An alternative 
form of this solution is 

w = p' = p' = 0, u = —dijjjdy, V = dij/fdx, (6,5.11) 

where \{/ is an arbitrary function of x, y, and z. This solution is not an internal wave, 
or even a limiting form of one, but it represents an important form of motion that is 
often observed. For instance, it is quite common on airplane journeys to see thick 
layers of cloud that are remarkably hat and extensive. Each cloud layer is moving in 
its own horizontal plane, but different layers are moving relative to each other as 
described by (6.5.11). If a mountain pierces such a layer, it is possible to have motion 
of the form (6.5.11) with two-dimensional flow around the mountain in each hori¬ 
zontal layer. Spectacular consequences are the vortex streets observed behind islands 
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(Gjevik, 1980), and related experimental work is discussed by Brighton (1978). How¬ 
ever, it is not possible to have a solution of the form (6.5.11) representing uniform flow 
normal to a ridge at levels below the crest of the ridge. Ridges are sometimes found 
to block flow in this way, and the general phenomenon is called blocking. 


6.6 Dispersion Effects 


In practice, internal gravity waves never have the pure form (6.5.1), so it is neces¬ 
sary to consider superpositions of such waves. Then dispersion effects become evident 
when different waves have different phase velocitites, as discussed in Section 5.4. 
The dispersion of internal waves is quite different from surface waves, one reason 
being that the frequency of internal waves is independent of the wavenumber magni¬ 
tude, whereas the frequency of surface waves is independent of wave direction. 

For internal waves, the surfaces of constant frequency in wavenumber space are 
the cones <p' = const shown in Fig. 6.7. The phase velocity is directed along the 
wavenumber vector and therefore lies on the cone, its magnitude being 

Oj/k = (iV/fc) cos (p'. 

The group velocity Cg is by (5.4.11) the gradient of co in wavenumber space and therefore 
is normal to the surface of constant co. It follows that (as for any waves whose frequency 
is independent of wavenumber magnitude) the group velocity is at right angles to 
the wavenumber vector. When the group velocity has an upward component, there¬ 
fore, the phase velocity has a downward component, and vice versa. By (5.4.11) 

Cg = (N/k} sin cp' (sin cp' cos k', sin <p' sin A', —cos <p'). (6.6.1) 



Hg. 6.7. For internal waves (no rotation), the surfaces of constant frequency in wavenumber space are cones 
as shown, contours being values of co/N, where co is the frequency and N the buoyancy frequency. The group 
velocity is in a direction perpendicular to the cone in the direction of increasing frequency as shown by one set 
of arrows, whereas the phase velocity is in a direction along the cone away from the origin as shown by the other 
set of arrows. 
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Therefore the magnitude of the group velocity is (N/k) sin cp' and its direction is at 
an angle tp' to the vertical. 

Figure 6.8 is designed to illustrate how the dispersion properties of internal waves 
differ from those of surface gravity waves. In each case the wave field shown is a 
simple combination of four waves of equal amplitude with wavenumbers k ± 5k + 5k', 
where 5k and 5k' are small compared with k, and 5k' is in a direction for which no 
change in co occurs. This combination has the form [cf. (5.4.1)] 

cos[(k + 5k + 5k')'x — (co + 5co)t] + cos[(k + 5k — 5k')'x - (co + 5co)t] 


+ cos[(k — 5k + 5k')‘X — (co — 5co)t] + cos[(k — 5k 
= 4 cos(5k' • x) cos(5k • x — Swt) cos(k • x — cot) 

55! 4 cos(5k' • x) cos[5k • (x — c^r)] cos(k • x — cor). 


5k')’X — (co — 5co)r] 


{O.O.Z) 



Fig. 6.8. A contrast between the dispersion characteristics of internal waves and surface gravity waves, 
illustrated by the behavior of a suitable combination of four progressive waves, (a) The Initial configuration of a 
group of internal waves with wave crests at 60° to the vertical. Contours are of pressure perturbation, where this 
is equal to +0.5 times the maximum value, (b) The configuration four periods later, the group having moved 
parallel to the crests and upward, while the individual crest AA' has moved four wavelengths downward and to 
the left. To compare this with the way surface waves behave, suppose (a) now shows a plan view of a similar com¬ 
bination of waves, contours now being where the surface elevation is + 0.5 times the maximum value. Then fc) 
shows the configuration four periods later. The individual wave crest AA' has again moved four wavelengths, but 
now the group has moved two wavelengths in the same direction. 
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Figure 6.8a represents such a combination of internal gravity waves. It is a vertical 
section in the plane of propagation, showing contours only where the pressure 
perturbation is +0.5 times the maximum value for the whole wave field. The wave- 
number vector is at angle (p' = 60° to the vertical and pointing downward, 5k' is 
chosen to be equal to 0.03k, and 5k has the same magnitude but is at right angles to 5k '. 
Figure 6.8b shows the same waves four periods later. Wave crest AA' has moved four 
wavelengths downward to the left, but the wavecrouo has moved uoward oarallel to 
the crests, i.e., at right angles to the direction of phase propagation, For comparison. 
Fig. 6.8c shows the behavior of a similar combination of surface gravity waves. In this 
case. Fig. 6.8a is interpreted as a plan view, showing contours of surface elevation, with 
5k = 0,03k and 5k' of the same magnitude but at right angles. Figure 6.8c is the view 
four periods later, crest AA' having moved four wavelengths. The group as a whole 
has moved in the same direction but at half the speed. 

The difference in the directions of phase and group propagation for internal waves 
is nicelv illustrated in laboratorv exoeriments fMowbrav and Raritv. 19671. in which 
density perturbations can be made visible by using shadowgraph or Schlieren tech¬ 
niques. In their experiment, results from which are shown in Fig, 6,9, energy prop¬ 
agates outward from a vibrating cylinder that can be regarded as a point source 
of waves with a fixed frequency oj. Consequently, energy propagates radially outward 
in the direction of group propagation, i.e., it travels in beams whose angle (p' with 
the vertical is given by (6.5.5). Lines of constant phase are observed to cross the beams 
transversely, their motion being directed toward the horizontal plane through the 

source reeion. These and other laboratorv exoeriments on internal waves are dis- 

- - ^ - 

cussed by Turner (1973). 

In Chapter 5 reference was made to the effect of dispersion in separating out 
waves of different length that come from a distant source of short duration. With 
surface waves, this effect has been used to calculate the position and time of the 
source of swell arriving at some distant location. The way the properties of the 
waves arriving at the distant point change with time is easily calculated for any type 
of dispersive wave. Choose the origin of the coordinate system to be at the source 
(see Fig. 6.9c), and let t = 0 be the time of generation. Since waves move outward 
with the group velocity Cg, the waves found at point x at time t will satisfy 

X = Cgt 

(provided that the properties of the medium are uniform), and so the wavenumber k 
can be found by solving 

Cg(k) = \/t. (6.6.3) 

Consider the special case of internal waves in which Cg is given by (6.6.1) and 
hence Ox makes angle (p' with the vertical. Since this angle is fixed for a given point 
X of observation, the frequency oj of the waves passing this point will have the fixed 
value given by (6,5,5), In other words, wave crests will pass at fixed intervals of time. 
However, the spacing between crests will decrease with time; for (6,6,3) gives (for 

maenitudesl 

-- / 


Cg = r/t. 
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Fig.M. Patterns, obtained by Scbiieren techniques, of internal waves propagating away from a cylinder that 
is vibrating at a frequency given by (a) tu/N = 0 J66, (b) cti/N •= 0.699. Waves propagate outward with group velocity 
along the dark litres, which irrdicate an extreme of refractive index and herKe a wave crest. The orientation of 
the crest is the one expected for the frequency of viiratiort The dark lines contirruaHy move toward the horizontal 
plane containing the cylinder, new lines appearing at the lop edge of the beam and old orres disappearing at the 
lower edge of the beam, thus showing that the phase propagation is at right angles to the group velocity. [From 
O. E. Mowbray and B. S. H. Ranty (1967). A theoretical and experimentai investigation of the phase configuration 
of internal waves of small amplitude in a^density stratified fluid, f. Fluid Mech. 28 ,1 (Plate 1). Cambridge University 
Press.) Id The geometry of the situation. For a point source at O, waves received at x travel in the direction of the 
group velocity, and hence c, is in the direction of Oa. The angle marked is </>' since c, makes this angle to the 
vertical ^ is also the angle the wavenumber vector makes with the horizontal since the phase velocity is at right 
angles to the group velocity. For a source of fixed frequency o) as in the experiments shown in (a) and (b), waves 
are observed only along the beam for which rp' is given by (6.5.5). For an impulsive source applied at t = 0. all 
frequencies wM be present, but only those with frequency <u, given by (6.5.5), wiH be observed at x. The wavenumber 
of the dominant wave will, however, increase with time as calculated in the text. 


and substitution for c, from (6.6.1) then gives 

K = r“*Nt sin <p\ (6.6.4) 

Thus K increases in proportion with time. i.c., the spacing between wave crests de¬ 
creases inversely in proportion with time. More detailed discussion of the solution 
for an impulsive source of internal waves is given by Bretherton (1967), and further 
discussion of the general problem is given by Whitham (1974) and Lighthill (1978). 
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Sometimes geometric factors cause the wavenumber to be constrained to lie on 
some surface or line in wavenumber space, in which case the dispersion prop>erties 
depend on how the frequency varies on that surface or line. For example, the vertical 
component m of the wavenumber may be fixed because the waves are contained in a 
region of finite vertical extent. The dispersion properties then depend on how co, given 
by (6.5.3), varies with k and /. This shows that the long waves, which have low fre¬ 
quency, have the largest group velocity, equal to N/m. As the horizontal component 
of wavenumber increases, the frequency increases toward a maximum value of N 
and the group velocity decreases toward zero. (Further discussion of this case can be 
found in Section 6.10.) 

Another example corresponds to the case in which the horizontal component 
{k, 1) of the wavenumber is fixed, so that (6.5.3) is regarded as a relation between oj 
and m. In this case, the frequency is a maximum and the group velocity is zero when 
m = 0. The group velocity also tends to zero as m -► oo, and has a maximum at a 
value of m, corresponding to propagation at 35° to the vertical (cot tp' = 2^^^). The 
associated frequency is (2/3)and the group velocity is 2Nl3^^^{k^ -I- 


6.7 Energetics of Internal Waves 


The energy equation for internal waves can be obtained by multiplying (6.4.4) by 
(u, v), (6.4.5) by w, and (6.4.6) by q^p'IpqN^, then adding the results. With the use of 
(6.4.3) and (6.4.9), this gives 


_5 

It 


I 

.2' 


^ xPoCm"* + + w^) -I- ^ 


1 ^ 

2 poJV^J 




(6.7.1) 


This is a soecial case of the total enerev eauation discussed in Section 4.7. As found in 

A ■ 

Chapter 4, the energy equation can be integrated over a large volume, thereby giving 
useful results about overall balances. 

The identification ofthe perturbation kinetic energy density term + vv^) 

in (6.7.1) with the corresponding term in (4.7.3) is obvious, as is the correspondence 
between the perturbation energy flux term (p'u, p'v, p'w) in (6.7.1) and the full expres¬ 
sion (4.7.4) for the flux when account is taken of the perturbations being infinitesimal, 
incompressible, inviscid, and nondiffusive. The identification of the perturbation 
Dotential enerev term in t6.7.11 is less obvious, and it is heloful first to consider the 

A \ ■r - -- f * 

case of the two-layer fluid of Section 6.2. There the potential energy (see Section 5.7) 
is equal to 


j j j 


p<b dx dy dz 

pgz dz dx dy 
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\ PiOliHi - h)^ ~ //^]I dx dy. 
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and so the perturbation potential energy is equal to 


I + ^(Pi - dxdy. 


(6.7.2) 


It follows that in a many-layered system, each interface will contribute a term like 


1 


f n _ Av A^t 

VP2 




and in the limit of a continuously stratified fluid this becomes 

dxdydz, (6.7.3) 

where h is the displacement of a fluid element from its equilibrium position and the 
second expression is obtained by using (6.4.9). Since the density of a fluid element at 
its perturbed level z -f- ft is equal to the density Po(z) at its equilibrium position, the 
perturbation density p' is given by 



p' = po(z) - poiz + h) ^ -hdpo/dz, 


and so an alternative form of (6.7.3) is 


1 (bV^ 

2 \PoNj 


dx dy dz. 


(6.7.4) 

(6.7.5) 


The connection with (6.7.1) is now clear. 

In the case of periodic waves in a medium of uniform properties, the integral over 
each wavelength is the same, and so the mean over any large volume becomes equal 
to the mean over one wavelength in the limit as the volume tends to infinity. Hence 
it is useful to consider mean quantities rather than integrated quantities, the mean 
being defined as the mean over a wavelength, and denoted by an overbar. The energy 
density E of an internal wave is defined as the mean perturbation energy per unit 
volume, i.e., by 


E = 2Po(«^ + + w^) -I- jg^p'^/PoN^. (6.7.6) 

(Note: This should not be confused with the internal energy per unit mass, which is 
also denoted by the symbol E in Chapters 3 and 4.) As with all conservative non¬ 
rotating dynamic systems undergoing small oscillations, the mean energy is equally 
divided between the kinetic and potential forms. For the plane wave given by (6.5.1), 

E = 2Po(wo/cos </J')^ (6.7.7) 

where Wq/cos tp' is the amplitude of the velocity fluctuations [see (6.5.9)] and Wq the 
amplitude of the vertical component. 

When integrated over a large volume, (6.7.1) shows that the rate of change of 
energy over that volume is equal to the flux of energy across the sides. Since this flux 
is also periodic, the average over a large plane area is approximately the same as the 
average over one wavelength, so it is convenient to consider the spatial mean for 
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fluxes as well. Thus the energy flux density vector F' is defined by (see Chapter 4) 


F' = p'u. 


(6.7.8) 


f' has the property that its outward normal component, when integrated over the 
surface of a large volume, gives the rate of energy flow out of the volume concerned. 

For the plane wave given by (6.5.1), the pressure perturbation p' and disturbance 
velocity u are in phase (see Fig. 6.6), so F' has magnitude [see (6.5.6) and (6.5.9)] 


F' = 


1 0 ) sin (p' Wq 

2 K cos^ <p' cos q' 


and is in the direction of the particle velocity on the high pressure crests, i.e., is in the 
direction of the group velocity. It follows from (6.7.7), (6.6.1), and (6.5.5) that 


F' = Ec^. (6.7.9) 

This result is in fact true for a large class of waves [see Whitham (1974, Chapter 11)]. 

For problems in which vertical propagation is being considered, e.g., of energy 
produced at the ground, one is interested in the vertical component f' of F', which 
for the plane wave solution (6.5.1) is given by 


f' = -\a)mpQwll{k^ + F). (6.7.10) 

Thus if a situation were produced with no motion at some lower boundary but with 
a traveling wave of the form (6.5.1) crossing the upper boundary, then the energy 
would be increasing when the phase propagation was upward {(o/m > 0) and de¬ 
creasing when the phase propagation was downward (co/wi < 0). This is indicative of 
the property that energy is transferred upward when phase propagation is downward, 
and vice versa. 

Another form of the energy equation (6.7.1) is obtained by integrating vertically, 
e.g., from the bottom z = — H to the surface z = tj of a continuously stratified ocean. 
In that case, (6.7.1) becomes 


d C 1 


dt 



B C 1 a^n'^ 


+ v^ + w^)dz + i:\^ 


dt J 2 poN^ 
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dz + — 
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p'u 

« 


dz 



p'v dz -I- [p'w] = 0, 


(6.7.11) 


where the square brackets denote the difference between the surface value and the 
value at the bottom. If (6.7.4) is used to substitute for p' and the boundary conditions 
(5.2.8), (5.2.10), and (5.2.11) are used to evaluate [p'w], the result is 
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If this is further integrated over a horizontal area, it is seen that the perturbation 
potential energy P' per unit area is given by 


*' = I j* Po(0)gtj^ + I ^ dx dy. 


(6.7.13) 


Thus P' has contributions from two terms. The first term, as in (6.7.2), is the con¬ 
tribution from surface displacements, and the second [also given by (6.7.3) and (6.7.5)] 
is the contribution from vertical displacements of isopycnals within the body of 
the fluid. 


6.8 Internal Waves Generated at a Horizontal Boundary 

Internal waves in the atmosphere and ocean can be generated by a variety of 
mechanisms. Often the source region is approximately horizontal, so the vertical 
velocity component can effectively be specified on some horizontal surface, and the 
motion away from the source region can be calculated from the equations of motion. 
As an example, take the case in which air or water is moving with uniform horizontal 
velocity over a succession of hills and valleys whose elevation h above a plane hori¬ 
zontal surface z = 0 can be regarded as small. Such a topography can be represented 
as a superposition of sine waves. In this section the response to a single wave com¬ 
ponent will be calculated. From this result more general cases can be solved by 
superposition. {Note: The discussion until now has been about free waves produced 
by some initial perturbation, and the discussion returns to free waves in Section 6.10. 
In contrast, forced waves are considered in this section and the next, i.e., there is 
a continuous source of energy at the boundary.) 

The X axis is chosen to be perpendicular to the crests of the sinusoidal range of 
hills, and the axes are chosen to be fixed relative to the mean motion of the air. Thus 
if U is the velocity component normal to the crests of the air relative to the ground, 
the topography in the chosen coordinate frame has phase velocity — U, i.e., is given by 

h = ho sin[/c(x -I- !/£)]. (6.8.1) 

It follows that the frequency co of the motion produced is given by 

(0= -Uk, (6.8.2) 

so (o/ln is the frequency with which air particles at the surface encounter crests. The 

vertical component of velocity at the surface is that experienced by particles that 
follow the undulations of the boundary while maintaining the prescribed horizontal 
motion, i.e., 

w = U dh/dx - Wo exp(i(kx - a>r)) on z = 0, (6.8.3) 

where 

Wq = Ukho, (6.8.4) 

and the convention is adopted that when a complex expression is used, the physical 
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quantity of interest is understood to be the real part of the expression [i.e., 
Wo cos(/cx — (ot) in the above case]. 

When the stratification is uniform, i.e., when N is constant, the appropriate 
solution of (6.4.12) is 

w = Wq exp(i(/cx + mz — cut)}, (6.8.5) 

where m is the positive root of (6.5.3), which in this case may be written as 

- (o^)ja)^ = (N/U)^ - k^, (6.8.6) 

The sien of m is determined bv the condition that enerev nronaeates awav from the 

V m ^0 AAV v' 

source region, i.e., the group velocity is upward and the phase velocity downward. 
There is a continual upward propagation of energy at a rate given by (6.7.10), namely, 

F' = -^cuwpoWoA^ = jkpohoU\N^ - (6.8.7) 

This is therefore the rate at which energy is being supplied to the atmosphere at 
the ground. 

The solution (6.8.5), however, is only valid when the frequency of encounter of 

air nartirlps u/itVi rrests i<c /«>«« than ttip hiinvanrv freniienrv ^ If 

does not have real solutions, so the solution of (6.4.12) is 

w = Wq exp( — yz + i{kx — cut)), (6.8.8) 

where 

= k\a)^ - N^)/(o^ = k^ - {N/U)\ (6.8.9) 

Because of the exponential fall-off with height, the disturbance energy in this case is 
said to be trapped near the ground. Also the word “evanescent,” meaning “vanishing” 
or “quickly fading,” is associated with waves like these whose amplitude decays 
exponentially in one direction. By (6.4.7) the perturbation pressure p’ is 

p' = —i(oyk~^poWo cxpi — yz -I- i{kx — cut)). (6.8.10) 

This is out of phase with the vertical velocity, i.e., is zero when w is a maximum or 
minimum, and is a maximum or minimum when w is zero. Thus the rate of doing 
work by the boundary is zero by (6.7.8). 

The distinction between the above two types of solution is important and is 
illustrated in Fig. 6.10. For the smaller wavelengths (kU > tV), for which the dis¬ 
turbance energy is trapped, the air particles at all levels undergo vertical displace¬ 
ments of the same character as the terrain below but with amplitudes that fall off 
with height. The solution is an equilibrium one, with no inputs or outputs of energy 
occurring. The perturbation pressure is low on the hills and high in the valleys, so 
there is no net horizontal force between the atmosphere and the underlying surface. 
For very small wavelengths {k U » N), stratification has little effect and the solution 
is that for irrotational flow in a homogeneous fluid. 

For the larger wavelengths {kU < N) for which the waves are not trapped, the 
energy density is the same at all levels. Energy is continually being supplied at the 
lower boundary at the rate, per unit area, given by (6.8.7) and is propagated upward. 
This implies that if, for some reason, energy were absorbed at some upper level, there 
would be an effective transfer of energy from the ground to some remote region by 
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( 0 ) 



(b) 

Fig. 6,10, The motion produced by uniform flow of a uniformly stratified fluid over sinusoidal topography of 
small amplitude. The sinuous lines indicate the displacement of isopycnal surfaces whose equilibrium configura¬ 
tions are horizontal, and the straight lines join crests and troughs, (a) For small-wavelen^ih topography, i.e., wave- 
number k > N/U, where N is buoyancy frequency and (J is a fluid velocity relative to the ground (a typical value 
of U/N for the atmosphere is 1 km). The drawing is for kU - 1.25N. Note the decay of amplitude with height, showing 
that energy is trapped near the ground. H and L indicate positions of maximum and rninimum pressure perturbation, 
respectively, i.e., there is suction over crests. When the lower half plane is fluid, this can lead to instability (Kelvin- 
Helmholtz) when the relative velocity between fluids is great enough for the suction to overcome gravity, (b) The 
response to large-wavelength topography, i.e., k < N/U (the drawing is for kU = O.BN). Now the displacement 
of isopycnals is uniform with height, but wave crests move upstream with height, i.e., phase lines are tilted as shown. 
The group velocity relative to the air is along these phase lines, but the group velocity relative (o the ground is at 
right angles, i.e., upward and in the downstream direction, High and low pressures are now at the nodes, so there 
is a net force on the topography in the direction of flow. 
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radiation without any energy changes being necessary in the intervening medium, 
whose function would merely be to act as a carrier for the waves. As can be seen from 
Fig. 6.6, high pressure is found where the particle velocity is upward and hence on the 
windward side, and so there is a net force exerted by wind on the ground. This force 


ic nnrrrml trs i'rMtc in tlir» Hirw'tirtn rtf tli^ <'rtrr#»cnrtnHino u/inH r*rtmrtrtTi^Tit 
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From the point of view of the atmosphere, there is a drag exerted by the topography 
due to the generation of internal waves. The magnitude of the drag force per unit 
area is equal to the rate t per unit area at which horizontal momentum is transferred 
vertically by the waves. This is given by 


T = -pouw = F'JU = ^kpoh^HN/U)^ - (6.8.11) 

As Bretherton (1969) pointed out, the momentum removed from the atmosphere at 
the ground in this way will be returned to the atmosphere at the levels where the 
wave energy is absorbed. He estimated that on 29 December 1966, a day favorable 
for wave generation, the wave drag in the hills of North Wales had an average value 
per unit area of 0.4 N m~^ and that absorption levels for this momentum would be 
above 20 km. This calculation took account of the effects of variation of N and U 
with height, which have been ignored in the above discussion. The value of U at the 
lower levels was 15 m s“‘, which by (6.8.11) gives a vertical energy flux of 6 W m“ 
These figures show how strong the effect can be under favorable conditions. Lilly 
(1971) has since reported actual measurements in the American Rockies that give 
vertical momentum fluxes of 0.5-1 N m“^ over a region of width 100-200 km. He 
further showed (Lilly, 1972) that if this transfer is incorporated into a general circu¬ 
lation model of the atmosphere, the effect is quite large and improves the agreement 
between the model and observation. 

1 lie euluii waveiiuiiiuei 


k, = N/U, (6.8.12) 

which divides the two types of solution, corresponds to a wavelength In/k^ equal to 
the horizontal distance traveled by a particle in one buoyancy period. A typical value 
of this wavelength for the atmosphere (Bretherton, 1969) is about 10 km (correspond¬ 
ing to k ~* of order 1 km), and a typical value for the deep-ocean floor (Bell, 1975) 
is about 300 m {k^ * ~ 50 m). As the horizontal distance between wave crests increases 
(i.e., k decreases), (6.8.6) shows that the distance between wave crests along the 
perpendicular remains the same, i.e., the total wavenumber (k^ -I- = k^. Thus 

the angle (p' between wave crests and the vertical changes according to the formula 

cos (p'= k/k,= Uk/N. (6.8.13) 

The group velocity (relative to the air) can be calculated from (6.6.1). It is directed 
upward along wave crests and has magnitude U sin cp'. It follows by vector addition 
that the velocity of group propagation relative to the ground is directed upward 
normal to the wave crests with magnitude U cos (p' as shown in Fig. 6.10. The vertical 
component of group velocity is equal to U sin rp' cos tp' and has a maximum value 
of |t/ when cp' = 45°. 

Another quantity of interest is the energy density E, which can be calculated from 
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(6.1.1), (6.8.4), and (6.8.13). The result 

£ = ipoNVo (6,8.14) 

has a simple form because ho is the amplitude of vertical displacement, so aPohl^ho 

1C tViA HictiirKanr*^ nntf^ntinl ^n^rov H^ncitv P. ic tu/irp fhic viiliip Kp/^niicp nf tViP pniii- 

partition property. As (6.7.9) requires, the vertical energy flux density f' is E times the 
vertical component U sin (p' cos q)' of the group velocity. This is consistent with (6.8.7). 


6.9 Effects on Boundary-Generated Waves of Variations 
of Buoyancy Frequency with Height 


Section 6.8 was about disturbances produced at a horizontal boundary, but was 
restricted to the rather special case of a medium of uniform properties. In practice, 
the ocean and atmosphere do not have uniform properties, and this leads to a great 
variety of phenomena, many of which are beyond the scope of this book. The main 
nonuniformity, however, is due to changes with height, and some basic effects of 
variation of properties with height will be considered in this section. The main effects 
can be illustrated by the simple case of a medium with piecewise-uniform properties 
[cf. Rayleigh (1883)]. In particular, the special case is taken in which the velocity U is 
uniform but the buoyancy frequency N is given by 


“-IS: 

since this is not onlv a simnle and convenient case for illustrative ourooses. but is. 

A a < ' 7 

on occasions, a useful approximation to the structure of the atmosphere [see,. e.g., 
Stilke (1973)]. The same principles may be applied to a much more general class of 
waves for which the parameter is piecewise-uniform. 


6.9.1 Refraction and Reflection of Waves at a Discontinuity in N 

There are four possible forms of the solution since the solution may be wavelike 
or exponential in each of the two regions. This subsection and the next are restricted 
to the case in which the frequency |ct)( = Uk is less than both values of N, so that 
waves can propagate through both media. Attention will be given first to the prop¬ 
erties of the waves near the interface. Since the horizontal component k of the wave- 
number is the same in both media, (6.8.6) shows that the vertical component m, and 
hence the angle <p', is larger in the region of larger N. In other words, waves are 
refracted at the boundary. The law of refraction 

N I cos q}\ = N2 cos (p'2 (6.9.2) 

follows from the fact that the frequency, given by (6.5.5), is the same in each layer. 
This is reminiscent of Snell’s law in optics, but in the present case (p' is the angle the 
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wavenumber vector makes with the horizontal irrespective of the orientation of the 
boundary (if the boundary were sloping tp' would still be the angle with the horizontal). 

Not only is there refraction of the upgoing wave at z = H, but part of the energy 
is reflected. The proportion involved can be found by applying the appropriate con¬ 
ditions atz = H, namely that the perturbation pressure p' and vertical velocity w be 
continuous. Alternatively, this condition can be expressed in terms of the ratio 

Z = p'/pow, (6.9.3) 

which must be the same on both sides of the boundary. It is convenient to refer to Z 
as the “impedance,” following a similar usage in Section 5.8, The upper medium, 
because it is unbounded, has as solution a plane wave with upward group velocity. 
From (6.5.1) and (6.5.6), the impedance of a plane wave is given by 

Z = -(om/ik^ + /2), (6.9.4) 

where in this case / = 0 and m has the value wij that (6.8,6) gives when N = Nj. 

Below z = H, the solution contains both upward and downward propagating 
waves, and thus can be expressed in the form 

w = Wi[exp(»Wi(z - H)) -f rexp(-(mi(z - H))] exp(/(kx - cut)), 

/cV = fMiCupoWi[-exp(imi(z - H)) -|- rexp(-imi(z - H))] exp(i(kx - cot)), 

^ lurn^ —— n)) ^ f 

k} exp(/mi(z - H)) + rexp(—[m^(z - H)) 

where the reflection coefficient r is a number whose magnitude gives the ratio between 
the amplitudes of the upward and downward moving waves. Its value is obtained by 
equating the two expressions (6.9.4) and (6.9.5) for Z. This gives 

r = (nil - + Wj). (6.9.6) 

If r = 0, the solution below z = H is a pure traveling wave, whereas if |r| = 1, it is 
a standing wave. 

The behavior of the velocity amplitude below z = // is of interest because it 
oscillates between extreme values spaced at intervals of a quarter of a wavelength, 
n/2nii, as (6.9.5) shows. The amplitude at even multiples of njlmi below z = H is the 
same as at z = H. At odd multiples of nllnii, the amplitude is 

(1 - r)/(l -f r) = nij/wi (6.9.7) 

times the value at z = //. It follows that the extremum at z = // is a minimum when 
Ni < Nj (so nil < ^ 2 ) *^nd a maximum when Ni > iVj (so nii > nij). The latter 
case therefore offers the possibility of the most efficient generation of waves in the 
upper medium, depending on how many quarter wavelengths the ground is below 
the discontinuity. 
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6.9.2 Effect of the Change in N on Vertical Fluxes 


To calculate how the wave amplitude and other quantities like energy flux depend 
on conditions at the ground, the condition that 

w = Wq exp(i(/cx — cot)) at z = 0 

must be used. Comparison with (6.9.5) shows that Wq and Wi are related by 

Wo = Wi(exp( —imiH) + r exp(/mif/)), (6.9.8) 

Particular attention will be given to the vertical energy flux density F', since this 
quantity is independent of height, as is necessary for the energy equation to be 
satisfied. (The vertical flux t = puw of momentum is also constant but is related to 
F' by the simple expression t = F'JU.) The definition (6,7,8) gives 

F; = \M(p’w*) (6.9.9) 

when p' and w are given in complex form, where ^ denotes “the real part of’ and 
the asterisk denotes a complex conjugate. Substitution from (6.9.5), using (6.8.2), 
f6-9-6i. and ('6.9.81. then eives 

■ — / j -\ ~ f j -— 

F; = (Umj_pQwl/lk)l[\ + ((mj/fwi)^ - 1) sin^ ntiH]. (6.9.10) 

The numerator is the value F^ would have if there were no discontinuity [see (6.7,10)], 
so the denominator shows the effect of the discontinuity on the wave flux. 

As found in Section 6,9,1, there is a dependence on how many quarter wavelengths 
occur between the ground and the discontinuity. Extreme values occur when there 
are an integral number. If the number is even, then sin(nii/f) = 0, so (6.9.10) gives 

F; = L/W 2 P 0 W 0 / 2 /C, (6.9.11) 

i.e., the same result as if the lower layer were not present. If the number of quarter 
waves is an odd integer, then sin^(fniH) = 1, so 


F' 

^ Z 


~ ■•'1 r" u" u/-• 






The flux is enhanced when m 2 < (JVj < NJ and becomes infinite when m 2 — 0. 

An important observation to make about (6.9.10) is the fact that the flux depends 
on m 2 , i.e., on the properties of the atmosphere well away from the boundary. Of 
course, if the wind were suddenly switched on at some initial time, it would take some 
time for the steady-state solution studied here to be established: the presence of 
different values of N aloft can only affect conditions at the ground after suflicient time 
has elapsed for waves to propagate to those regions and be reflected back to the 
ground. The dependence on sin(mi//) in (6,9.10) shows that the steady-state flux 
depends on the phase of the wave that is reflected back to the ground from the dis¬ 
continuity relative to those being newly produced. For instance, when ntj < «ii and 
sin^(miH) = 1, (6.9.12) shows that the phase is such as to reinforce the wave and 
cause the flux to be greater than it would be in the absence of a discontinuity. The 
extreme case W 2 = 0 corresponds to a resonance, where the wave continues to be 
reinforced without limit, so there is no finite steady-state solution. 
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6.9.3 The Case in Which the Weakly Stratified Region Is near the Ground 

This subsection is a summary of the results when Nj < N 2 , and Subsection 

6.9.4 concerns the case in which Ni > Nj. When Ni < N 2 , the solution in both 
regions is wavelike for sufficiently long waves, i.e., when k < NilU. The reflection 
coefficient r is negative and (6.9.10) shows that the vertical flux is generally reduced 
by the presence of the weakly stratified layer near the ground. If Nj/Nj is small, the 
reduction is substantial ur}less sin(miH) is small, i.e., the layer is very thin or H is 
close to a multiple of n/rrii . The smallest value of H for the latter possibility to occur 
is nUlNi , which follows from (6.8.6). 

When the wavelength of the topography is small enough {k > Ni/U), internal 
waves cannot exist in the lower medium, so one might expect vertical propagation 
of energy to cease. This is not so, however, because the exponentially decaying solu¬ 
tion (6.8.8) always gives some movement, however weak, at z = H, and this movement 
can generate waves in the upper region where vertical propagation is possible. 
The solution in the lower region in such a case can be found by replacing rrii in (6.9.5) 
and (6.9.6) by iy, where y is given by (6.8.9) with N = Ni. The expression for F' then 
includes a factor exp( — 2yH), showing that little energy “tunnels through” the non¬ 
wave region unless yH is small. 


6.9.4 The Case in Which the Strongly Stratified Layer Is near the Ground 

When the topographic wavelength is large enough {k < N 2 /U), waves can be 
supported in both layers. The reflection coefficient in this case is positive and (6.9.10) 
shows that the vertical flux is generally enhanced by the presence of the strongly 
stratified layer near the ground. The enhancement is greatest when sin^(mi//) = 1, 

and then f6Q I'?'! annlies As t tends tn N./IJ and then FftQ 193 shows that 

00 because of the resonant effect due to reflected waves interfering with those 
newly generated in such a way as to produce large amplitudes aloft. 

When the wavenumber k of the topography lies between N 2 /U and Ni/U, waves 
can exist in the lower medium, but the solution in the upper layer is evanescent in 
character, i.e., has the form given by (6.8.8)-(6.8.10) with N = Nj. It follows that the 
impedance Z is given by 

Z = —irxrylk}. (6.9.13) 

Comparing this with (6.9.4), it follows that the solution 6^/ow z = H is given by 
(6.9.5) but with m 2 replaced by iy. In particular, the reflection coefficient 

r = (fWi - /y)/(mi + iy) (6.9.14) 

has maenitude unitv. i.e.. total reflection occurs at the discontinuitv. and this is due 

— ^ W - * - - - - *•» 

to the upper medium being unable to propagate energy. As a consequence, the vertical 
energy flux density F' must be zero. Another consequence is that the reflected waves 
can interfere with the waves produced at the ground to produce a resonance if the 
phases are right, i.e., if the distance between the discontinuity and the ground is the 
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right number of wavelengths. From (6.9.8), the condition for resonance (wj = oo) is 

r = —exp(—2imiH), (6.9.15) 

which by (6.9.14) gives the condition 

cot WiH = —y/wii. (6.9.16) 

To show how the response of the atmosphere depends on the parameters, some 
measure A of wave amplitude is needed. The wave flux is not a suitable measure 
since it is identically zero. A suitable quantity is the mean wave energy in the lower 
layer, normalized by the value this quantity would have if N 2 were equal to Nj. 
Calculations lead to the following formulas, with e = N 2 /N 1 (which is less than unity): 

^ m] + ml + - ml){sin2miH/2m^H) ^ ki in 

-2- 7 V~, -2 ‘'2-K < 

2(mf cos miH + WI 2 sin miH) 

^ (ml + + (€^m\ + y^)[4ymisin^ m^H + (m\ — y^)sm2miHl/2miH 

2(ml + v^)[w7i cos rnyH + y sin 

for N 2 /U<k<NJU. 

When fe > Nj/L/, the solution is not wavelike in either region, so the response is not 
of great interest. Figure 6.11 shows for the case £ = 0.3 (a reasonable value for the 
atmosphere) how A varies with the nondimensional wavenumber kH and with the 
nondimensional flow parameter NiH/U. The inverse 

F = U/NiH (6.9.18) 

of this quantity, which is the ratio of the fluid speed U to a measure IV 1 H of the internal 
wave speed, is called the Froude number. The figure clearly shows the conditions under 
which a large response should be anticipated. In particular, it shows that resonance 
can occur only when the Froude number is less than 2/7t, and the number of wave¬ 
lengths at which resonance can occur goes up as the Froude number decreases. 

For topography with a fixed wavenumber k, the resonance condition (6.9.16) will 
be satisfied only in rather special circumstances. Real topographies, however, have 
contributions from all wavenumbers, so the effect of resonance is to emphasize the 
response at those values of the wavenumber for which resonance occurs. In particular, 
“lee” waves that are generated in the lee of isolated hills have been studied a great 
deal (Alaka, 1960; Nicholls, 1973; Queney, 1973, 1977; Gossard and Hooke, 1975; 
R. B. Smith, 1979; Turner, 1973; Yih, 1980), and many features of these waves can be 
deduced from Fig. 6.11, e.g., the condition that the Froude number must be below a 
certain value before a resonant wave will be found and that the number of resonant 
waves goes up as the Froude number decreases. Figure 6.11 also suggests that when 
1/F is near an odd multiple of 7i/2, a considerable amount of long-wave energy will 
be generated, and this will involve considerable upward radiation of energy, as dis¬ 
cussed earlier. 

Lee waves in the atmosphere have usually been noticed because of their clearly 
defined wavelength, i.e., in conditions favorable for resonance. Typical values of the 
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Fig. 6.11. The effect of nonuniformity in stratification on the response to uniform flow over small-amplitude 
topography, in this case the buoyancy frequency has one value up to a height H and then another value = 
0.3N^ above that. The graph shows .contours of the wave energy below z ^ H divided by the value it would have 
had the buoyancy frequency been Nj at all levels. The contours shown are for the values 1,3,9, and oo. The vertical 
axis is kH, a nondimensional wavenumber, and the horizontal axis is the inverse of the Froude number UIN^H. 
There are three regimes, depending on the frequency kU with which air particles meet crests, (a) If kU> N,, the 
energy falls off with height and the variation in buoyancy frequency has no major effect, (b) If N^< kil < N^, 
internal waves are generated in the region of higher N, but they are confined to this region because the solution 
decays with height above z = H. In these circumstances resonance is possible, and wave energy can build up 
indefinitely, hence the lines of infinite wave energy and the nearby regions of very large response. The lower at¬ 
mosphere is then acting as a waveguide or duct for the wave energy and the resonance occurs when the wavelength 
of the topography matches the wavelength of the ducted mode, (c) If kU < N^, internal waves occur in both regions 
so that a perfect waveguide no longer exists. However, there are still regions of large response as the figure shows. 


wavelengths observed are 10-20 km. Figure 6.12 shows an example of lee waves that 
have been observed. In practice, the detailed behavior of such waves involves a 
number of effects not yet considered, so further discussion of these waves will be left 
for a later section. 

The condition (6.9.16) for resonance is also the condition [see (6.9.8)] for a non¬ 
trivial solution to exist that has w = 0 at the surface. In other words, the resonant 
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Fig. 6.12. Observations of lee waves produced by the Espinouse mountains in France on 16 January 1970. 
The wind is from left to right and the observations are from three traverses made by an aircraft, two at 2B00 m 
and one at 4200 m in the directions shown. The topography along the track of the aircraft is shown. The observa¬ 
tions are of vertical velocity. The wavelength of the lee waves is about 10 km. [From Cruette (1976, Fig. 22).l 


modes are identical with the modes that can exist in the absence of forcing. If such 
a mode is stimulated, the discontinuity in buoyancy frequency prevents energy from 
escaping vertically, and so energy is carried horizontally without loss. In these cir¬ 
cumstances, the region in which the energy is trapped is called a waveguide or a duct. 
The modes that propagate along these waveguides play an important part in the 
description of motion in the ocean and the atmosphere, and so will receive a great 
deal of attention in subsequent sections. 


6.9.5 More General Profiles of N(z) 

The discussion so far has been about a very simple model with two layers of 
different N. However, this model contains most of the important features that occur 
when N is a more general function of z. A model with several layers of different N can 
obviously be treated by the same methods, and such models can be used to approxi¬ 
mate solutions for continuously varying N [see, e.g., Tolstoy (1973)]. Also, the effect 
of a density discontinuity can be obtained [cf, Rayleigh (1883)] by taking a thin layer 
of large N and letting its thickness tend to zero whilst keeping the density jump 
across it constant. The results of the two-layer model of Section 6.2 could, for instance, 
be obtained in this way. 

For continuously varying N, the equation satisfied by w can be obtained by looking 
for a solution of (6.4.12) that is proportional to exp[((kx — cut)] = exp[i/c(x: -f L/t)]. 
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Then (6.4.12) gives 


d^w/dz^ + m^w = 0 , 


(6.9.19) 


where in\z) is given in terms of N\z) by (6.8.6) for the case of uniform velocity U. 
When U is nonuniform (stratified shear flow), it can be shown (see Section 8.9) that 
(6.9.19) still applies, but m\z) is now given by 


m- = (iv/u)“ — 
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The condition at the surface is (6.8.3) and the condition at infinity is one of upward 
radiation if solutions are wavelike there, but tend to zero otherwise. One approxi¬ 
mation that is often very useful is called the Liouville-Green or WKB or WKBJ 
approximation (see Section 8.12). This applies when the properties of the medium 
vary slowly enough, i.e., when w(z) changes by only a small amount over a distance of 
1/m. In this approximation, wave reflection does not occur, so the solution is given by 
t6.8.51 at all heiehts. with mz renlaced bv f m dz. The amolitude Wr, varies in such a 

*»ir W' A * J 

way that the upward energy flux density F'^, given by (6.8.7), remains independent of 
height, and this defines the approximate solution completely. The way in which differ¬ 
ent wave quantities vary with height follows automatically. For instance, comparison 
of (6.8.11) and (6.8.14) gives the expression 

E = k-\N^ - (6.9.21) 

for energy density E. This shows, for instance, that for small k 

E ac N, (6.9.22) 


i.e., the energy density is largest where the buoyancy frequency is largest, and this 
relationship is frequently observed. 

The study of waves that are continuously forced at a boundary will not be pursued 
further in this chapter. Instead, freely propagating waves will be considered, but in 
the presence of boundaries such as the ground, the sea surface, and the sea floor. 
Only horizontal boundaries, however, will be considered, so solutions can be con¬ 
sidered as a Fourier superposition of waves that vary sinusoidally in the horizontal. 
Then the equation has the same form as that of (6.9.19), but the boundary conditions 
will be those appropriate for free waves rather than for forced waves. 


6.10 Free Waves in the Presence of Boundaries 


The study of stratified fluids in this chapter began with the simple example of two 
superposed layers of different density, which gives a quite good approximation to the 
behavior of the ocean and of stratified lakes. Now the case of a continuously stratified 
ocean or lake will be studied. Attention is restricted to the case in which the bottom 
is flat, but neither the hydrostatic approximation nor long-wave approximation will be 
made to begin with. (The long-wave limit is considered in Section 6.11.) The equilib¬ 
rium state that is being perturbed is one at rest, so density, and hence buoyancy 
frequency, is a function only of the vertical coordinate z. The atmosphere is somewhat 
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different from the ocean in that it has no definite upper boundary, so a study of waves 
in this situation is made later in the section. 


6.10,1 The Oceanic Waveguide 

Because, in the undisturbed state, fluid properties are constant on horizontal 
surfaces and, furthermore, the boundaries are horizontal, solutions of the perturbation 
equations can be found in the form 

w = vv(z) exp[i(/cx + ly — ojt)]. (6.10.1) 

The equation for w can be found by substitution in (6.4.10), If the Boussinesq ap¬ 
proximation is made, as it is in this section, Eq. (6.4.12) is used instead, and this gives 

d^w/dz^ + ((N^ — + /^)vv = 0. (6.10.2) 

This is in fact the same equation as (6.9.19), which corresponds to the case / = 0, 
03 = — Uk. For an ocean or lake of depth //, the condition at the bottom is 

vv = 0 at z = —H. (6.10.3) 

At the free surface, a combination of (5.2.10) and (5.2.11) gives 

dp'jdt = po^w at z = 0, (6.10,4) 

i.e., using (6.10.1) and (6.4.7), 

03^ dw/dz = (k^ -I- l^)gw at z = 0, (6.10.5) 

The two boundaries have the effect of confining wave energy to a region of finite 
vertical extent, so the ocean can be considered as a waveguide that causes energy to 
propagate horizontally. 

A useful piece of imagery is to picture internal waves propagating obliquely 
through the ocean, reflections at the upper and lower boundaries ensuring no loss of 
energy from the wave guide, whereas horizontal propagation is uninhibited. 

A characteristic feature of a waveguide such as the ocean is that solutions of 
(6.10,2) that satisfy the boundary conditions exist only for particular values (eigen¬ 
values) 03, for each of which there is a corresponding waveguide mode or eigenfunction 
vv(z). In general, these have a different structure for each different wavenumber, but 
in the long-wave limit the structure becomes independent of wavenumber. Then the 
eigenfunctions are called normal modes, and these will be studied in Section 6.11. 

Before calculating solutions for a special case, the approximations that follow 
from the fact that density differences within the fluid are small compared with the 
difference across the free surface will be made. These were introduced in Sections 6.2 
and 6.3, As for the two-layer case, the largest eigenvalue ojq corresponds to a surface 
wave, and stratification has very little effect on its properties. O3o is very large com¬ 
pared with N, so Eq. (6.10.2) for vv is approximately of the same form as Eq. (5.3.5) 
for p\ and the dispersion relation (5.3.8) for 03q follows on application of the boundary 
condition (6.10.5). The other internal modes have 03 of the same order (or smaller) 
as N. and for these the rigid lid approximation (see Section 6.3) can be made, i.e., the 
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left-hand side of (6.10.5) is small compared with the right, so the approximate con¬ 
dition is 


vv = 0 at z = 0. (6.10.6) 

Now the internal modes will be found, using this approximation, for the par¬ 
ticularly simple case of constant N that was considered by Rayleigh (1883). This 
case is often applicable to laboratory experiments. Equation (6.10.2) has the sinu¬ 
soidal solution 


vv = sin m(z + H), 

with m given by the internal wave dispersion relation [cf. (6.8.6)] 

= {k} -I- 


(6.10.7) 

( 6 . 10 . 8 ) 


The values that m can take are restricted to a discrete set by the need to satisfy the 
surface condition. If the approximate condition (6.10.6) is used, mH is required to 
be a multiple of n, so the eigenfrequencies £o„ for this waveguide are, from (6.10.8), 
given by 


ml = 


-h {k^ + l^)H 


n = 1, 2, 3_ 


(6.10.9) 


Rayleigh found the equivalent dispersion relation for the case in which the Boussinesq 
approximation is not made, and it was for this equation that he made the remark 
previously quoted about ai„ that there is a “limit on the side of rapidity of variation, 
but none on the side of slowness.” The dispersion diagram is shown in Fig. 6.13a and 
corresponds to the variation shown in Fig. 6.7 along the appropriate planes m = const. 
Long waves have the maximum group velocity of NH/nn for each mode, whereas 
short waves have frequency approaching N from below. If the rigid lid approximation 
is not made, m is slightly larger for each mode, but the effect on Fig. 6.13a would 
hardly be noticeable. 

For application to the ocean, a constant-N model is rarely suitable because the 
variation of N with z is more like the sample profile shown in Fig. 3.4. There are 
analytic models that have profiles of N with characteristics like these [see Eckart 
(1960), Krauss (1966), Phillips (1977), or Roberts (1975)], but in practice it is not 
difficult to compute solutions of (6.10,2) for actually observed profiles N{z). The 
computation is just as simple if the rigid lid and Boussinesq approximations are not 
made, but these approximations make little difference to the solutions. As an example 
of computed solutions. Fig. 6.14 shows eigenfunctions corresponding to the N{z) 
profile of Fig. 3.4. 

If the ocean is perturbed with the spatial structure of one of the eigensolutions, 
then the subsequent behavior in time is described by (6.10.1), i.e., there is an oscillation 
with a particular frequency. Such a situation, however, is unlikely, so it is necessary 
to represent the initial structure in space as a superposition of eigensolutions. Then 
each of these will behave in time as found above, and so the solution can be constructed 
at all times by taking the appropriate superposition of modes. 
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Fig. 6.13. (a) The dispersion diagram for ducted modes in a uniformly stratified fluid of depth H. These corre¬ 
spond to the vertical wavenumber m, having values given by mH = njt, where n is an integer that gives the number 
of the mode, (b) The dispersiors diagram for a semi-infinite region for which the buoyancy frequency has the uni¬ 
form value N, below z = H and another uniform value = O.S/V^ above z = H. for N^< co< N^, there is a dis¬ 
crete set of ducted modes. For oi < N^, there is a continuous spectrum, i.e., solutions exist for all ui, k in this region. 
However, there tends to be an enhanced response in the neighborhood of the dashed lines, which corresponds 
to an odd number of quarter wavelengths that are below z = H. 


6.10.2 Free Waves in a Semi-infinite Region 


The atmosphere does not have a definite upper boundary as does the ocean, so 
solutions of (6.10.2) will now be considered for the case of a semi-infinite domain 
z > 0. In this case there are two types of solution, the first being typified by the case 
N = const. Then the only solutions of (6.10.2) that satisfy the condition at the ground 
z = 0 and remain bounded at infinity are sinusoidal, i.e., 

vv = sin wz, (6.10.10) 


with m given by (6.10.8). There is now no restriction on m, so by (6.10.8) the frequency 
(o can have any value in the range 0 < cn < N, i.e., there is a continuous spectrum of 
solutions. Superpositions of such solutions can be used to solve initial-value problems, 
and have the form of Fourier integrals. 

When JV varies with z, there is another type of solution possible, namely, one that 
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modes, and there are, in general, only a finite number possible. A simple example is 
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( 0 ) (b) (c) 


Fig. 6 . 14 . Eigenfunctions for internal waves when buoyancy frequency N varies with z as shown in Fig. 3.4 
(i.e., as observed in the North Atlantic near 28'>J 70°W). The depth in the region is a little over 5000 m, so the 
markings on the vertical axis are about 1000 m apart, (a) The first two eigenfunctions for vertical velocity iv when 
the inverse wavenumber k~' is 1 km. The eigenfrequencies are O), =2.1 x 10 ” s”' and tUj = 1.0 x 10 ■* s' ’. 
The arrows mark the position of inflection points at which the eigenfrequency is equal to the local buoyancy fre¬ 
quency. (b) Vertical velocity (or vertical displacement) eigenfunctions h„. (c) Horizontal velocity (or pressure per¬ 
turbation) eigenfunctions for very small wavenumber. The eigenfunctions in this case are called baroclinic 
normal modes and the figure shows the first two of them. In the limit as k—►0, the eigenfrequency co„^0, but 
the wave speed c, = mjk tends to a finite limit, in the case siiown, c, = 3,0 m s“ * and Cj = 1,2 m s' *, 

provided by the case studied in Section 6.9, in which a region of depth H of uniform 
large buoyancy frequency iV, underlies a semi-infinite region of uniform small 
buoyancy frequency N 2 . Similar models for electromagnetic and sound waves are 
treated by Budden (1961, Chapters 9 and 10), The waveguide modes have frequencies 
in the range Nj < (o < for then w varies sinusoidally in the lower layer [as 
given by (6.10,10) and (6.10.8)] but decays exponentially in the upper layer with 
decay factor y [cf. (6.8.9)], where 

/ = {/c2 + - Nl)/oj\ (6.10.11) 

The solutions are, in fact, the "resonant” modes found in Section 6.9.4. The equation 
that determines the eigenfrequencies is (6.9.16), where by (6.10.8) and (6.10.11) 

(y/wj^ = (1 - £^)(k^ + P)m;^ - (6.10.12) 

and £ is the ratio N 2 /N 1 , as in Section 6.9. Figure 6.13b depicts the eigenvalues for 
the case £ = 0,3. These correspond to the contours .4 = 00 in Fig, 6,11. Mode n has 
fractionally over 2n — 1 quarter wavelengths between the discontinuity and the 
ground. 

In addition to the discrete set of waveguide modes, there is a continuous infinity 
of solutions of the first type, i.e,, solutions for which vv varies sinusoidally in both 
regions. These solutions have 01 < JVj. Thus to deduce how the perturbation will 
change with time from some initial state, it is necessary to represent this state as a 
superposition both of discrete waveguide modes and of the continuous spectrum of 
sinusoidal modes. The relative amplitudes of the different modes depends on the 
initial state. If, however, the scale of the initial perturbation is large compared with 
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H and £ is small, enhanced contributions are found to come from the neighborhood 
of the broken lines shown in Fig. 6.13b, i.e., from the “continuation” of the eigenvalue 
curves into the region where the spectrum is continuous. This implies that, in time, 
the perturbation will develop a quite regular structure. Such regular structures are 
indeed seen on occasions, and Fig. 6.15 shows an example (which is discussed below). 

Sometimes a large proportion of energy appears to be concentrated in a single 
waveguide mode, and then comparison of observations with theory is fairly straight¬ 
forward. Profiles of N(z) can be obtained from radiosonde ascents, and waveguide 
modes can be computed. Often a model that has analytical solutions gives a sufficiently 
accurate approximation to observed conditions, and many such models are de¬ 
scribed by Gossard and Hooke (1975, Chapter 5). For example, Gossard and Munk 
(1954) found that a model with three layers of constant N was quite adequate for 
studies of waveguide modes observed near San Diego, California. Long-crested 
waves, coherent over several tens of kilometers, were observed to propagate at a 
speed consistent with theory. A discussion of such observations was presented by 
Gossard and Hooke (1975, Chapter 10). 

Figure 6.15 shows oscillations of surface pressure and of the height of isentropic 
surfaces at Hamburg on an occasion [July 8, 1967, reported by Stilke (1973)] when 
radiosonde ascents showed the two-layer model (6.9.1) to be quite a good one, with 
Ni = 37 X 10"^ s~\ Nj = 8.5 X 10~^ s^S and H = 150m. The longest possible 
waveguide mode (see Fig. 6.13b) has a wavelength of 2.5 km and a period of 
InjNj = 12 min. Particle displacements for this mode increase from zero at the 
ground like a sine function with maximum at the top of the inversion layer. Pressure 
fluctuations [see (6.4.7)], on the other hand, increase from zero at the top of the layer 
to a maximum at the ground. The observed fluctuations have a similar behavior. 



■MET 


Fig. 6 .15. Height (solid lines) of surfaces of constant potential temperature 9 observed at Hamburg between 
2:40 and 4:00 A,M. on B July 1967, Also shown (dotted fine) is the pressure p(0) observed at ground level. At this 
time, radiosonde ascents showed nighttime inversion conditions with a stable layer of depth around 150 m near 
the ground and with buoyancy frequency 4-5 times greater than that of the air above. The observations are 
interpreted as internal waves ducted in the lower layer of high buoyancy frequency. [From Stilke (1973, Fig. 7a).l 
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Stilke reports that such waves have an important effect on microwave transmission, 
the strength of the signal received at a given station having variations with internal 
wave periods. A similar eflFect on acoustic wave propagation is found in the ocean. 


6.11 Waves of Large Horizontal Scale: Normal Modes 

The ocean and atmosphere are thin sheets of fluid in the sense that their horizontal 
extent is very much larger than their vertical extent. It comes as no surprise, therefore, 
to find that most of the energy associated with motion lies in components with 
horizontal scale much larger than the vertical. For such components, there are certain 
simnlifications that can be made, and these have been exoloited since the time of 

f - - * 

Laplace (1778-1779). The simplification is that a separation of variables technique 
can be used, i.e., the solution can be expressed as a sum of normal modes, each of which 
has a fixed vertical structure and behaves in the horizontal dimension and in time in 
the same way as does a homogeneous fluid with a free surface. This is true even when 
rotation effects are introduced, and thus provides a useful simplification in the study 
of these effects in later chapters. 

The idea of normal modes was introduced near the beginning of this chapter for 
the soedal case of two suoeroosed lavers of fixed densitv. This alreadv orovides a 

-—I"----^ ^ — ^ —-— -^ -- —^ - 

good description of much of the behavior of an ocean or lake, and the theory will 
now be extended to the case of continuously stratified oceans or lakes. The main 
difference here is that there is now an infinite set of baroclinic modes instead of just 
one, but each mode behaves in a similar fashion. The long-wave approximation can 
also be used in the atmosphere where there is no fixed upper boundary. Then there is 
no longer a discrete set of modes, but a continuous spectrum. 

Consider first the normal modes for a continuously stratified flat-bottomed ocean 
or lake. These are the limiting forms of the waveguide modes of the last section in the 
limit as + l^ -*■ 0. The case of constant N provides a good example. Here the 
dispersion relation for the baroclinic modes is (6.10.9) and this is shown in Fig. 6.13a. 
For small + l^)H^/n^n^, the eigenfrequencies co„ are given approximately by 

oiljik^ + l^) = ^ N^H^/n^n^. (6.11.1) 

Thus the horizontal phase speed c„ = (o„/(k^ -t- l^Y^^ has a fixed value in the limit, 
and this is true for other density structures as well. It follows from this that the long 
waves have low frequency since —*■ 0 as —*■ 0, Another feature follows from 

(6,5.8), which shows that when k^ + l^ « m^, the hydrostatic approximation can be 
made. Conversely, if the hydrostatic approximation is made at the outset, the equa¬ 
tions obtained are the same as those obtained in the long-wave limit. Thus the hydro¬ 
static and long-wave approximations are identical. Just as they were for a homo¬ 
geneous fluid (see Section 5.5). 

Now consider how the equations of Section 6.4 are modified when the hydrostatic 
approximation is made. Of the three basic equations, (6.4,4) and (6.4.6) are unaltered, 
but (6.4.5) is replaced by the hydrostatic equation 

dp'Idz = -p'g. 


( 6 . 11 . 2 ) 
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Of the two derived equations, (6.4.7) and (6.4.8), the former is unaltered, i.e., the equa¬ 
tion for the horizontal divergence is still 

Pod^w/dz dt = {d^/dx^ + d^/dy^)p', (6.11.3) 

but (6.4.8), which pertains to vertical motion, is now approximated by 

N^w = — Pq^ d^p'fdz dt. (6.11.4) 

The two equations (6,11.3) and (6.11.4) clearly possess separable solutions of 
the form 


w = fi(z)w(x, y, t), p' = Piz)f}(x, y, t), (6.11.5) 

where p and H satisfy 

Po{z)~^p = cl dH/dzy (6.11.6) 

Pq(z)"^ dp/dz = -N\z)fi, (6.11.7) 


and Cc is a separation constant with the dimensions of velocity. The notation ft is 
used since fi(z) also gives the variation with z of the vertical displacement hot a fluid 
particle, and because (6.11.6) and (6.11.7) then have dimensional consistency if fi has 
the dimensions of displacement and p the dimensions of pressure. The corresponding 
equations for variations with x, y, and ( are 


w = dtj/dt, 

att mm J ati . ^ y mm I ati '7 7 \ 

ow/ot = cz{p-f\jox~ o-fj/oy ). 


( 6 . 11 . 8 ) 

to.ii.yj 


These have the same form as do the equations for a homogeneous fluid with free 
surface displacement ij, and yield the wave equation (5.6.10). The notation fj also 
seems appropriate when it is considered that the vertical displacement /i of a fluid 
particle is, from (6.11.5) and (6.11.8), given by 

h = ft(z)i}(x, y, t). (6.11.10) 


The analogy can be taken even further to include the equations for horizontal 
velocity. The components (u, v) for the separable solution have the form 

u = u(x, y, t)Piz)/gpo(z), v = v(x, y, t)Piz)/gpo(z), (6.11.11) 

and substitution in (6.4.4) yields equations of the same form as do (5.6.4) and (5.6.5) 
for a one-layer system, namely, 

duldt = —gdfj/dx, dv/dt = —gdijjdy, (6.11,12) 

whereas the incompressibility condition (6.4.3) yields the one layer form (5,6.6) of 
the continuity equation, namely. 


dfj/dt + Hc(du/dx + dv/dy) =0. (6.11.13) 

The depth appearing in this equation is the equivalent depth, i.e., the depth for an 
equivalent homogeneous system, and is related to the separation constant by 

cl = gH,. ( 6 . 11 . 14 ) 



6.71 Wavei ol Large Horizontal Scale: Normal Modes 


161 


In fact, the homogeneous fluid is the special case iV = 0 for which (6.11.7) gives ^ 
independent of depth. The case of two superposed homogeneous layers that was 
considered at the beginning of this chapter is another special case, and the notion of 
equivalent depth has already been introduced in that connection. 

The values that the separation constant may take are determined by the two 
boundary conditions on p and K. For an ocean of constant depth H, the condition 
(5.2.11) at the free surface becomes 


P = pogh at z = 0, (6.11.15) 

and that at the ocean floor is 

fi = 0 at z = —H. (6.11.16) 


The equations to be satisfied are(6.11.6) and (6.11.7), which can be reduced to a single 
equation for either ft or p. The one for fi, for example, is 


1 d 
Po 



+ — Y fi = 0. 

Ce 


(6.11.17) 


This is of the Sturm-Liouville form, and analogies can be made with the normal 
modes of oscillation for other systems, e.g., the stretched string [see appendix to 
Lighthill (1969)]. In circumstances in which the Boussinesq approximation applies 
(i.e., Po varies slowly compared with fi), (6.11.17) can be approximated by 

d^fi/dz^ + (Njc.S^fi = 0. (6.11.18) 

For a continuously stratified ocean or lake, there is an infinite sequence 

c„, n = 0, 1, 2, 3, ..., 

of possible values (eigenvalues) of , arranged in descending order, and the corre¬ 
sponding eigenfunctions, the normal modes, are denoted by 

fi„(z), p„(z), n = 0, 1, 2, 3,.... 

Mode zero is the barotropic mode for which the approximate solution of (6.11.18) is 
the one obtained when N = 0, namely, 

Po = PoQH, fio = z + H, cl = gH. (6.11.19) 

Since H is between 4 and 6 km over most of the ocean, Cq is usually between 200 and 
250 m s~^ but in shallow seas and on continental shelves, where H may be between 
40 and 160 m, Cq lies between 20 and 40 m s" ^ 

The values of c„ for the baroclinic modes can readily be found by computing solu¬ 
tions of (6.11.17), using observed density profiles. Examples of computed eigen¬ 
functions are shown in Fig. 6.14b,c. Often profiles for which analytic solutions can be 
obtained [see, e.g., Krauss (1966)] give good approximations. For the ocean, values of 
Cl are usually about 2 or 3 m s~S whereas for large n, c„ is inversely proportional to 
n as suggested by the constant-N solution (6.11.1). For all baroclinic modes, the rigid 
lid approximation can be made, i.e., the displacement fi of the surface is small com¬ 
pared with displacements in the interior, so good approximations to the solutions 
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are obtained by replacing the surface condition (6.11.15) by the rigid lid condition 

fi = 0 at z = 0. (6.11.20) 


It should be borne in mind, however, that the pressure is not zero at z = 0, and 
surface displacements, although small compared with interior displacements, can be 
measured by tide gauges (Wunsch and Gill, 1976). The magnitude of the surface 
displacement can still be found from the rigid lid solution because ^ does not vanish 
at z = 0 and thus (6.11.15) gives an estimate of/i! 

The separation of variables technique can also be used for a semi-infinite region 
z > 0 that may model the atmosphere. The conditions are (6.11.20) at the ground 
z = 0 and the condition that solutions that grow exponentially as z oo must be 
excluded. These conditions allow c, to have any value in a continuous range. Con¬ 
sider two special cases that have been studied before. First, the medium of constant 
buoyancy frequency N: the allowed solutions of (6.11.18) are 

^=m^‘sinmz, Pq = (N/m)^ cos mz, Cg = N/m, 0<m<oo. (6.11.21) 

The second case is that studied in Section 6.9, namely, that for which the buoyancy 
frequency is a constant N up to height H and has the value N 2 = above that level. 
In this case, the solution of (6.11.18) is 


fi = 


fnr n rf- T H 


m * sin mH cos [£m(z — H)] + (£tn)“* cos mH sin[£m(z — H)] 
for z > H, 


( 6 . 11 . 22 ) 


where 


m = mi = N/Cc, 0 < m < 00 , (6.11.23) 

is the vertical wavenumber in the layer near the ground and m 2 = ^ 2 /^* = the 
vertical wavenumber in the region above z = H. 

If the initial structure happens to be that of one of the normal modes, then it will 
retain that structure at subsequent times. The adjustment to equilibrium will then 
be according to the wave equation (6.11.8) and (6.11.9). For general initial conditions, 
adjustment problems can be solved by superposition of normal modes, and examples 
are given in the next two sections. 


6.12 An Example of Adjustment to Equilibrium in a Stratified Fluid 

In Chapter 5, examples were considered in which the free surface of a homo¬ 
geneous fluid was initially displaced from its equilibrium position and adjustment 
by gravitational forces took place. This adjustment was illustrated in Fig. 5.9. Now 
a similar example for a continuously stratified fluid will be considered, and it will be 
found that many features are the same. 

Mathematically, the problem is straightforward in principle: one merely requires 
an appropriate superposition of the simple solutions studied in earlier sections. This 
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requires first that the initial perturbation be analyzed into components of the ap¬ 
propriate form, and orthogonality properties of the eigensolutions allow this to be 
done in a straightforward manner. The behavior with time of each component of the 
solution is known from the previous sections, so the solution at any given time is 
known as a synthesis of these component functions. Evaluation of the details, how¬ 
ever, can be difficult. The methods are common to all sorts of waves (electromagnetic, 
acoustic, electric, etc.), and general textbooks on such waves can be consulted [e.g., 
Brekhovskikh{1980X Tolstoy (1973), Whitham{1974), Lighthill (1978)]. The example 
chosen for study in this section is a particularly simple case for which the exact 
solution can be found analytically, but it illustrates the principles involved and the 
behavior of a stratified fluid quite well. 

As with the problem considered in Chapter 5, the hydrostatic approximation is 
made. This means that the solution can be expressed in terms of the response solutions 
considered in Section 6.11. Also, the Boussinesq approximation is made (the change 
in density over the vertical scale D of the disturbance is considered to be small). The 
fluid has uniform buoyancy frequency N and occupies the semi-infinite region z > 0. 
It is initially at rest, but isopycnal surfaces are displaced from their equilibrium 
position. How will these surfaces adjust with time to their equilibrium position? To 
illustrate the adjustment process, an example will be given in which each isopycnal 
surface has initially a step function profile as in the example of Section 5.6, i.e., the 
vertical displacement field h has the form [cf. (5.6.13)] 

= — lii„(z) sgn(x) for r = 0. (6.12.1) 


The function h^^{z) gives the way in which the initial displacement changes with 
height and sgn(x) is the sign of x, i.e., the function defined by (5.6.14). Although con¬ 
venient for illustration, the step function distribution is not strictly compatible with 
the hydrostatic approximation because of the infinite horizontal gradient. It is best 
thought of therefore as representing a more gradual change in the horizontal, whose 
details are not resolved in the approximation. 

The solution for h for a semi-infinite region of constant N can be represented as a 
superposition of solutions of the form (6.11.10) with vertical structure h given by 
(6.11.21). The superposition has the form of a Fourier integral, which it is convenient 
to express in terms of the vertical wavenumber m rather than c,. Then it may be written 


h = 


f}(x, t ; nt) sin mz dm, 

0 


(6.12.2) 


where ij satisfies the wave equation with wave speed = N/m by (6.11.21). Solutions 
are given in Section 5.6, and for the particular case considered here they have the 
form [c.r. (5.6.11)] 

fj = -57/o(m){sgn(x + Nt/m) + sgn(x - Nt/m)}. (6.12.3) 

Comparison of(6.12.1) and (6.12.2) for this case shows that t]o(m) is a function such that 

f® 

^in(^) = iJo(^) sin mzdm, 

i.e., li|„(z) and fjo(m) are Fourier sine transforms of each other. 


(6.12.4) 
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For illustrative purposes, it is convenient to choose a simple analytic function for 
rio(m) in order that the solution have a simple form. The choice 

r}o(m) = 2hoDe-”'^ (6.12.5) 

corresponds to the initial variation with height 

h^„iz) = 2DhoZl{D^ + z^). 

The maximum value is ho, this being obtained at z = D. 

The exact solution can be found for this case by substituting (6.12.5) 
in (6.12.2) to give 

h = —2D(D^ + z^)“*)ioe“*^{z cos sz + D sin sz} sgn(x), 

where 

s = Arr/|x| (6.12.8) 

is a similarity variable in the sense that x and t appear only in the combination (6.12.8). 
This combination arises because it is equal to the value of m for the wave that arrives 
at point X at time t. This solution is shown in Fig. 6.16. Figure 6.16a shows the initial 


( 6 . 12 . 6 ) 
and (6.12.3) 
(6.12.7) 



Fig. 6.16. Adjustment to equilibrium in a fluid of constant buoyancy frequency N. The results shown are based 
on calculations that assume infinitesimal disturbances that satisfy the hydrostatic equation, (a) The initial displace¬ 
ment from equilibrium of selected isopycnals, as given by (6.12.1) and (6.12.6), the maximum displacement being 
at height z = D. (b) The displacements of these same isopycnals at time 1 if the medium is incompressible and of 
semi-infinite extent. The results apply to an atmosphere of constant N when O is small compared with the scale 
height. The horizontal lines at the two sides of the picture show the initial positions of the isopycnals. The broken 
line joins points of maximum displacement, i.e., is a line of constant phase, (c) The displacements of the isopycnals 
at time (if the medium is an incompressible fluid of finite depth nD with a free surface. The wave front associated 
with the barotropic waves is well out of the picture since it moves so fast relative to the baroclinic modes. Adjust¬ 
ment takes place in a series of steps since there is a discrete set of modes. The first step, corresponding to the 
First mode, is of the same sign at all levels and varies sinusoidally with half a wave between top and bottom. The 
second Jump shows the second mode structure, etc. If lines are drawn to smooth out the jump, a fair approximation 
to solution (b) is obtained except near the top where boundary effects are significant, (d) The displacements of the 
isopycnals at time t if the medium is a compressible isothermal atmosphere of semi-infinite extent and D = 2H,, 
i.e., is comparable with the scale height. In this case the maximum disturbance speed is 2NH,, i.e., 90% of the speed 
of sound, arxi the associated front is clearly visible. 
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displacement of various lines of particles, and Fig. 6.16b shows the configuration at 
subsequent times. In this approximation, the pattern is similar at all times and merely 
stretches out horizontally as if it were drawn on a sheet of rubber that is pulled out 
sideways at a uniform rate. The behavior is also characteristic of the simpler case 
illustrated in Fig. 5.9a. 

Because the initial perturbation has a definite vertical scale D, the dominant 
changes in structure propagate horizontally at speeds of order ND as appropriate to 
this scale. There is no sharp wave front as in the homogeneous case because different 
components travel at different speeds, e.g., all the components with speeds between 
^ND and ND will make significant contributions to the solution. Otherwise the 
solution behaves like the homogeneous case. Consider, for instance, a point x to the 
right of the initial discontinuity. After a time of order x/ND, the particle at this point 
begins to rise noticeably and to move toward the right. When t becomes large com¬ 
pared with x/ND, the particle becomes close to its equilibrium level. The potential 
energy in the initial field has been converted into kinetic energy, and the particle has 
a uniform velocity to the right. 

Details of the velocity field and of the energetics can be found either by adding the 
contributions from individual modes, or by direct calculation of exact solutions. For 
instance, u can be found from (6.12.7) by integrating the continuity equation 

du/dx + dw/dz = du/dx + d^h/dz dt = 0, 
i.e., 

s du/ds = N d^h/ds dz. (6.12.9) 

(Note: Other exact solutions can be found by writing the equations in terms of the 
variables s and z.) This gives 

u = 2ND(D^ + z^) ~ e ^°(D cos sz — zsin 5z)}. (6.12.10) 

After a long time has passed, the velocity is a function of z only, namely, 

u = IND^HqKD^ + z^) (6.12.11) 

and it may be confirmed that the kinetic energy associated with this motion is equal 
to the potential energy associated with the initial displacement, given by (6.12.1) and 
(6.12.6), of fluid particles. 

A feature of the solution (6.12.7) that is not present in the shallow water case is the 
upward propagation of energy. Evidence for this can be seen from phase lines. If 
these are defined as linking points where is a maximum or minimum in time, they 
correspond to the quantity iVfz/|x|, being equal to an integral multiple of n. Thus 
phase lines are straight lines from the origin that descend toward the horizontal plane 
as time goes on. This corresponds to upward propagation of energy. One such phase 
line is shown in Fig. 6.16b. 

By combining two solutions of the form (6.12.7), one can obtain the solution for 
the case in which the initial disturbance has finite horizontal extent, i.e., fluid particle 
displacements at any level have the form (5.6.15). As in the homogeneous shallow- 
water case, the energy initially present in the bounded region is lost by radiation, but 
now there can be upward components of energy propagation as well as horizontal 
components. 
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It is possible to construct solutions for cases in which N varies with z by similar 
means, although the simplifications in the analysis, such as those found in the above 
example, are unlikely to be possible. For instance, when N has one value up to a 
height H and then a different constant value, the superposition of solutions can be 
expressed in the form 


h = 


'oo 

i}(x, t; m)fi(z; m) dm, 

0 


where fi is now the function given by (6.11.22) and is related to m by (6.11.23). The 
case in which c is small is interesting, since then most of the energy is found in com¬ 
ponents for which m is close to an odd multiple of k. (This property is, in fact, closely 
related to the occurrence of large values of A [given by (6.9.17)] at such intervals 
along the horizontal axis in Fig. 6.11.) A consequence is that most of the changes at a 
fixed point are associated with passage of these energetic components and so tend to 
take place in a series of steps rather than by a smooth transition over a period of time. 


6.13 Resolution into Normal Modes for the Ocean 

The solutions obtained by separation of variables are widely used in studies of 
transient ocean currents. In contrast to the case of an unbounded medium, there is 
only a discrete set of such solutions, so the superposition has the form of a sum rather 
than an integral, namely [see (6.11.5) and (6.11.10)], 

W = Y KU)w„{x, y, t), 

n= 0 

(X3 

P' = Z Pn(^)fjn(x, y, t), (6.13.1) 

« = 0 

on 

^ = Z y, t), 

n = 0 

and similarly for u, v [see (6.11.11)]. P„ and satisfy (6.11.6) and (6.11.7), with c, 
taking the allowed values c„ (« = 0, 1,2,...) arranged in descending order. vv„ and 
ij„ satisfy the same equations [(6.11.8) and (6.11.9)] as those for a homogeneous 
shallow layer of depth cjj/g, so solving for is straightforward. 

To find how adjustment to equilibrium takes place for some given initial con¬ 
figuration, it is necessary to express this configuration in terms of normal modes. 
Fortunately, this is straightforward because normal modes are orthogonal to each 
other in a sense that is defined in what follows. The orthogonality conditions are 
found by standard procedures for Sturm-Liouville systems, of which (6.11.6) and 
(6.11.7), or equivalent forms such as (6.11.17), form an example. Such procedures are 
outlined in textbooks on differential equations such as that by Birkhoff and Rota 
(1962). For example, if Eq. (6.11.17) for fi„ is itself multiplied by pjin and is then 
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subtracted from times the corresponding equation for there results 


dz 




PoN^fimk- 


(6.13.2) 


Integration over the ocean depth and use of the boundary conditions (6.11.15) and 
(6.11.16) give 

J PoN^fi^{z)fi„(z)dz + pogftJO)fiJiO) = 0 if m 9^ «, (6.13,3) 

which is the orthogonality condition for fi. The equivalent procedure for the equation 
for p yields 


/•Q 

J Po^Pm(2)Pn(z)dz = 0 if m¥=n, (6.13.4) 

which can also be deduced from (6.13.3) and the equations and boundary conditions. 
This is the orthogonality condition for p. If the Boussinesq approximation is made, 
Po in (6.13.3) and (6.13.4) can be regarded as constant rather than as a function of z. 
If the rigid lid approximation is also made, the second term of (6.13.3) can be neglected, 
and so 



N^fi^iz)fi„iz) dz = 0 


if m ^ n. 


(6.13.5) 


To resolve w, p', or h into normal modes, i.e., to express them in the form (6.13.1), 
requires that the coefficient and fj„ be determined. This is achieved by applying the 
operators that appear in (6.13.3) and (6.13.4) to (6.13.1). For instance, if the expression 
(6.13.1) for p' is multiplied by Po^Pm and integrated over the ocean depth, all terms 
except the mth on the right-hand side become zero by (6,13.4). Therefore 

f Po^P'Pmi^)dz = fi„{ Po^Pldz, (6.13.6) 

J-H J-H 


and this gives the required expression for fj „. In practice, the normal modes p„ that 
correspond to a particular situation can be obtained numerically, and the coefficients 
fj„ can be evaluated by numerical evaluation of the integrals in (6,13.6). Similar 
procedures can be followed when an expansion in terms of fi is required, e.g., (6.13.1) 
and (6.13.3) yield 


J-H 


poN^hfi„ dz -I- pogh(0)fi„i0) = 


poN^fii dz -H Pog(fiJ0))^\ . (6.13.7) 
-u ) 


To illustrate, consider an ocean of constant buoyancy frequency N that is initially 
at rest but has isopycnals displaced from equilibrium with the step function distribu¬ 
tion (6.12.1). Suppose also that the variation of with height is the same as in 
Section 6.12, namely. 


;i,„(z) = IDhoiz H)/iD^ -I- (z Hf). (6.13.8) 


This differs from (6,12,6) only in that the floor is now at z = —H instead of z = 0. 
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Initial values 0) of the coefficients in (6.13.1) can be found by application of 
(6.13.7) to the initial distribution. The solution at subsequent times has the form 
(5.6.11) appropriate to the wave equation, namely [cf. (6.12.3)], 

t) = itjmix, 0){sgn(x + c„t) + sgn(x - c„0}, (6.13.9) 

where Cq is given by (6.11.19) and other values of c„ are given by (6.11.1) if the rigid 
lid and Boussinesa annroximations are anoronriate for the baroclinic modes. 

Each mode behaves with time as illustrated in Fig. 5.9a, i.e., a step change in 
isopycnal height moves at the speed appropriate to that mode. Thus the changes 
with time at a given point z take place in a series of step changes. No effect is felt at 
all until time x/cq when the barotropic mode arrives. Much later, the first baroclinic 
mode arrives at time x/ci , and thereafter the successive modes arrive at equal intervals 
of time (for the case N = const). Figure 6.16c shows the solution for the case H = nD 
for comparison with the unbounded case shown in Fig. 6.16b. In the earlier stages, 
the vertical structure is very simple because only one or two modes contribute; 
later on, the structure is rich in modes and can be quite complicated, involving several 
changes of sign with height. Such effects are observed in laboratory experiments in 
which disturbances spread out from a localized source. 

6.14 Adjustment to Equilibrium in a Stratified Compressible Fluid 

Small perturbations from the rest state for a compressible fluid can be treated by 
the same methods as used hitherto, but the equations are increased in complexity 
because of the additional effects introduced. Viscous effects, diffusion, and changes 
of state (e.g., condensation) will again be neglected, so the potential temperature and 
humidity (or salinity) are conserved following a fluid particle. However, the equation 
of state is different because the density of a compressible fluid changes with pressure. 
Thus Eqs. (6.4.2) and (6.4.3) will be altered. The former, which comes from the equation 
of state, is replaced by the corresponding version of (4.10.7), namely, 

Dp/Dt = DpIDt, (6.14.1) 

where c^, the speed of sound, is defined by (3.7.16). Consequently, the latter equation, 
which expresses conservation of mass, takes the form (4.10.10), namely, 

c"" Dp/Dt + p V • u = 0. (6.14.2) 

For small perturbations from the rest state, the linearized versions of these 
equations may be used. Equation (6.14.1) is replaced by 

dp'/dt + w dpo/dz = c~ ^(dp'/dt - gpow), 
i.e., 

dp'/dt — g~^P qN^w = c~^ dp'/dt, (6.14.3) 

where the buoyancy (or Brunt-Vaisala) frequency N for a compressible fluid is 
1 ... 

ucijijcu uy 

= -d(po^ dpo/dz + g/c^). ( 6 . 14 . 4 ) 
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The equivalence of this definition to the one given in Chapter 3 [Eq. (3.7.9)] follows 
from the expression 


therefore, 


I dp I dp dp 1 dp do 1 dp ds 
p dz p dp dz p dO dz p ds dz' 

J_ dp^ — _ ^ _ ft' ^ I ft' ^ 

Pq dz cl dz dz' 


(6.14.5) 


where use has been made of the definitions (3.7.10), (3.7,11), (3.7.16), and the hydro¬ 
static equation. 

The linearized form of the mass conservation equation (6.14.2) is 


du dv dw \ (dp' Art 






As before, p' and p' are the perturbation pressure and density, i.e., the deviations from 
the hydrostatic equilibrium values, and use has been made of the hydrostatic balance 
(4.5.18) for the undisturbed flow. The full set of equations governing the motion is 
now made up of (6.14.3), (6.14.6), and the momentum equations (6.4.4) and (6.4.5). 

The^perturbation energy equation is obtained by multiplying (6.4.4) by (u, v), 
(6.4.5) by w, (6.14.3) by g\p' — p'IcI)/pqN^, (6.14.6) by p', and adding the results. 
This gives 


dt 









(6.14.7) 


Compared with the corresponding equation (6.7.1) for the incompressible case, the 
change is in the expression for perturbation potential plus internal energy. The part 
of this quantity associated with internal motion is now given by 


A' = 




dx dy dz. 


(6.14.8) 


This is also called the available potential energy for an infinitesimal disturbance (see 
Section 7.8), An alternative form is that given in terms of the fluid particle displace¬ 
ment h 5inrte nh/Fif — ui ffi la oivec 

W J AA W f t- - FFJ yV»A f T W*.* 


h = gip' - p'fcD/poN^, 


and so 


r r r /I 

(2 

tf \ 


PoN^h^ +^Po \p'/c,fj dx dy dz. 


(6,14,9) 

(6.14.10) 


The first term inside the brackets is associated with vertical displacements. The 
second term can be nonzero when there is no vertical displacement because pressure 
perturbations in a compressible medium can be produced by purely horizontal motion 
if this is convergent or divergent. Yet another form of(6,14,10) is in terms of potential 
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temperature 9 and concentration s (which can denote salinity or humidity). The 
conservation equations (4.1.8) and (4.1.9) reduce for small perturbations to 


6' + h d9o/dz = 0, s' + h dsofdz = 0, (6.14.11) 


or by (3.7.9), to 


g(oL'0’ - P's') + N^h = 0, 


(6.14.12) 


which could also be deduced from (6.14.9), Thus (6.14.10) can also be written 


A' = 


r r I* 


j j 


jiprfs/Wrta'fl' - fiyy -r):f,-o'(p'lc,f\dxdydz. 

I tel 


(6.14.13) 


Two 4erived equations involving only w and p' can be obtained as in Section 6.4. 
The equation for the horizontal divergence obtained from (6.4.4) is altered only by 
the expression for the divergence in terms of w and p' that comes from (6.14.6), The 
result is 


d (dw 9 \ f 1 / 

Cg / ^ dy^ cf dt^j ^ ' 


(6.14.14) 


and this replaces (6.4.7). The equation for the vertical motion that replaces (6.4.8) is 
obtained by eliminating p' between (6.4.5) and (6.14.3). The result is 


d^w 

~di^ 


+ 


1 d /dp' 

Po dt\dz ^ 



(6.14.15) 


Equations (6.14.14) and (^.14.15) should be used rather than (6.4.7) and (6.4.8) 
when the motion covers a large range of heights. In such circumstances, however, a 
change of dependent variables is advantageous. The reason can be seen for motions 
for which the energy density terms in (6.14.7) do not change with height. Then the 
velocity increases with height in proportion with whereas the pressure 

perturbation decreases in proportion with py^. To remove this dependence, new 
variables (distinguished by capital letters) are defined by 


W) = py\u, V, w). 


(6.14.16) 


In terms of the new variables, the equations become 


d /dW 

Jt\~^ 


rw 


dx^ dy^ cf dt^J 


where 


d^W 

dt^ 


+ N^W 


- 

dt \ dz 


+ rp 


_L 

2po dz d l\cl g)‘ 


(6.14.17) 

(6.14.18) 

(6.14.19) 


(This r should not be confused with the adiabatic lapse rate, which was also denoted 
by r in Chapter 3). 
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The character of the solutions of these equations is most conveniently illustrated 
by the case of an isothermal atmosphere, i.e., one in which the temperature is 
independent of height. The rest state in this case has the properties discussed in 
Section 3.5, i.e., pressure and density fall off exponentially with height [see (3.5.12) 
and (3.5.8)]: 

p oc exp(-z/HJ, p oc exp(-z/HJ, (6.14.20) 

where the scale height is defined by (3.5.13), i.e., 

= RTJg, (6.14.21) 

where R is the gas constant. The sound speed is given by (3.7.17), or the approximate 
expression (3.7.18), which would be exact for a perfect diatomic gas, namely, 

c‘ = iRT, = igH.- (6.14.22a) 

Consequently, 

r = (6.14.22b) 

so (6.14.17) and (6.14.18) have constant coefficients and yield the dispersion relation 

— (D\k^ + + r^) + + l^)N^ = 0. (6.14.23) 

This may be compared with (6.5.3), which is obtained in the limit c, -► oo, F ^ 0. 

Figure 6.17 shows contours of co in the wavenumber plane. The curves for o) < N 
are hyperbolic, representing internal gravity waves. As mH^ oo, these become the 
dispersion curves for an incompressible fluid as shown in Fig. 6.7. An additional set 
of curves is obtained for (o > , where 

Na = (N^ + (6.14.24) 



F'g- 6 . 17 . Curves of constant frequency in wavenumber space for an isothermal atmosphere (perfect diatomic 
gas), The wavenumber (k, I, m) is scaled by the scale height H, and contours are of WN. Since the surfaces of con¬ 
stant frequency are surfaces of revolution about the m axis, only the cut through the k, m plane is shown. The 
group velocity, since it is the gradient of frequency in wavenumber space, is perpendicular to the surfaces of 
constant frequency and in the direction shown by the arrows. The surfaces with tu < N (solid lines) are hyper¬ 
boloids representing internal gravity waves, and far from the origin approximate the cones of Fig. 6.7, which corre¬ 
spond to the incompressible limit. The surface with lo > rs 1.11N (broken lines) are ellipsoids and represent 
acoustic gravity or infrasonic waves. 
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is called the acoustic cutoff frequency. For a perfect diatomic gas, = 1.1 IN. These 
are acoustic or infrasonic waves and will not be treated in detail here, the emphasis 
being on lower frequencies. Further information on these waves can be found in 
the works by Gossard and Hooke (1975), Tolstoy (1973), or Brekhovskikh (1980). 

The dispersion characteristics of the internal gravity waves can be inferred from 
Fig. 6.17. As for the incompressible limit, the group velocity, which is normal to the 
curves of constant a>, always has a component toward the plane m = 0, i.e., waves 
with upward phase velocity have downward group velocity and vice versa. Also, the 
group velocity never exceeds the speed of sound, whereas in the incompressible ap¬ 
proximation it can be infinite. 

There is an important additional solution to (6.14.17) and (6.14.18) that was, in 
fact, the first to be discovered. This is the solution referred to in Section 5.1 that was 
discovered by Laplace (1778-1779) in discussing thermal oscillations in the atmo¬ 
sphere. He effectively stated that there is a mode with equivalent depth equal to the 
scale height of the atmosphere, and this will satisfy the tidal equations. This mode is 
now usually called a Lamb wave, following a more complete discussion by Lamb 
(1910). A feature of this mode is that the velocity is everywhere parallel to the earth’s 
surface, i.e., W= 0. Thus (6.14.17) shows that P satisfies the wave equation, i.e., the 
same equation as for a homogeneous fluid of constant depth (5.6.10). The propagation 
speed is the speed of sound and has a value of about 300 m s'^ i.e., 

n)V(k^ h = cl (6.14.25) 

By (6.14.22a) the equivalent depth for a diatomic perfect gas is 1.4 times the scale 
height, i.e., 40% greater than that Laplace assumed. (Laplace supposed the particles 
to retain a fixed temperature when displaced, rather than to retain a fixed entropy.) 

The vertical structure of the perturbation pressure for a Lamb wave is determined 
by (6.14.18), which gives 

P oc exp( —Fz), p' oc exp(—(F -I- jHf‘)z) « exp(—fz/HJ, (6.14.26) 

i.e., the e-folding depth for p' is equal to the equivalent depth. This structure is typical 
of many waves, further examples of which will be encountered later in this book, in 
that the energy density falls off with distance from a boundary (in this case the earth’s 
surface). The disturbance could therefore be said to be confined to the neighborhood 
of the boundary, and thus these waves are called “edge waves” or sometimes “surface 
waves.” Surface gravity waves over deep water are another example of such waves. 

In the study of motions of large horizontal scale and low frequency, the Lamb 
wave is an important feature of atmospheric motion and the most important new 
feature introduced by the inclusion of compressibility effects. The internal waves are 
modified, it is true, but their essential character is not changed. Figure 6.18 illustrates 
this by showing cu as a function of k. The dispersion curves for the internal waves are 
much the same as those for the incompressible case (cf. Fig. 6.7). However, the 
Lamb wave is an entirely new feature since the restoring forces that act are due to 
compression rather than buoyancy and the energy exchange is between kinetic and 
internal forms rather than between kinetic and potential forms. 

Now consider what simplifications are introduced when the hydrostatic approxi¬ 
mation is made. This has the effect of removing the second time derivative from the 
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Fig. 6.T8. Dispersion diagram for an isothermal atmosphere. Waves are possible only in the stippled regions 
and on the line for the Lamb wave. The curves in the stippled regions give the same information as that shown 
in Fig. 6.17 but in a different way. Acoustic waves (modified by gravity) have frequency greater than the acoustic 
cutoff frequency « 1.11N, whereas internal waves have frequency less than the buoyancy frequency N. k is 
the horizontal wavenumber, m the vertical wavenumber, and H, the scale height. The horizontal component of 
the group velocity is given by the slope of the curves of constant m. The maximum value for internal waves is 
^lOl'^^c, ss 0.9c,, this value being obtained when m = 0 and f: = 0, i.e., (or long waves. 

left-hand side of (6.14.18), i.e., corresponds to the frequency being small compared 
with N. For an isothermal atmosphere, the dispersion relation (6.14.23) reduces to 

a)V(fe^ + t^) = NV(m^ + + (N/cJ^) (6.14.27) 

and now includes only long internal waves that, as in the incompressible case, have 
a fixed horizontal propagation velocity. The Lamb wave satisfies the hydrostatic 
approximation exactly and has the separate dispersion relation (6.14.25). 

For general density profiles, the phase speed and perturbation structure can be 
found by using separation of variables, as pointed out by Taylor (1936). Solutions 
have a form similar to that of (6.1 l.S), namely, 

W = fi,iz)w{x, y, 0, P = PXzMx, y, t). (6.14,28) 

[Note that by (6.11.5) and (6.14.16), fi^ = po'^fi and = po^'^p.^ The functions 
p^ fi^ that define the vertical structure now satisfy 

(c"^ — c~^)py = dhy,ldz — (6.14.29) 

dpjdz -h = -N%, (6,14.30) 

where is a separation constant with dimensions of velocity as before. The equations 
for w and f\ are again the wave equations, i.e., (6.11.8) and (6.11.9), and the equivalent 
depth f/e [see Taylor (1936)] is again defined by (6,11.14), For the special case of an 
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isothermal atmosphere, for which c, is a constant, (6,14.29) and (6.14.30) have a special 
solution that corresponds to a Lamb wave for which = c, and ^ = 0, For a non- 
isothermal atmosphere, the Lamb wave is modified in structure and no longer has the 
property of involving no vertical motion. Details for a realistic atmosphere are dis¬ 
cussed by Lindzen and Blake (1972). 

As was found for the incompressible case discussed in Section 6.11, other variables 
can also be expressed in separable form, the full set being summarized by 

U = y, t)lg, 


V = Po y, tyg, 

P' = Po^PMnix, y, t), (6.14.31) 


h = g(p' - p'IcJ^VPqN^ = Po ^'%(z)i}(x, y, t). 


The expressions for p' and w come from (6,14,16) and (6,14.28), those for u and i; are 
the analog of (6.11.11), whereas that for h follows from (6.14.3) and the expression for 
w. When these expressions are substituted in the equations, they all reduce to their 
counterparts for a shallow homogeneous layer of huid. It can also be shown that the 
vertical integral of the long-wave approximation to the energy equation (6.14.7) for a 
single mode leads to the shallow-water form (S.7.4X provided that an equivalent 
density p^ is used, where p^ is given by 


gpt 


iPvK? dz 


\ 


+ ipjc.f) dz. 


(6,14.32) 


6.15 Examples of Adjustment in a Compressible Atmosphere 


To illustrate the type of behavior to be expected, consider the case of an isothermal 
atmosphere. Then the internal wave solutions of (6.14.29) and (6.14.30) have the form 
[cf, (6.11,21)] 

sin mz, (6.15,1) 

p^ = N\cos mz — (r/m) sin mz)/(m^ -I- T^), (6.15.2) 

with 

d = NV(m^ + r^ + (N/cj2), (6.15.3) 

and the Lamb wave solution is 


t: 


r » 


V 


n 




A 

Fv 


.-rz 


(f, \fiA\ 

'f 


Two examples will be considered. The first is the one discussed in Section 6,12 
in which the fluid is initially at rest, but isopycnal surfaces are displaced from their 
equilibrium positions according to (6.12,1) and (6.12,6). The eigenfunction is the 
same as that for the incompressible case, so the only difference in the solution for h 
arises from differences in the propagation speed c^. Since is now bounded, h re¬ 
mains equal to its initial value until the first wave arrives. Thereafter it is given by 
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(6.12.7) as before, but s, which is equal to the value of m for the wave arriving at point 
X at time t, is now given by 


= (Nt/x)^ - ((N/cJ^ + r^) = (Nt/x)^ - (l/2H,)\ (6.15.5) 


The first expression comes from (6.15.3) with x^ = c^t^, and the second expression 
makes use of formulas (6.14.22) for a perfect diatomic gas. Equation (6.12.7) for h 
applies wherever is positive, and h has its initial value elsewhere. If D/H^ is small, 
the solution shown in Fig 6.16b will not be altered noticeably, showing that the 
Boussinesq and incompressibility approximations are applicable in this case. If D is 
comparable with //,, however, the predominant internal waves travel at speeds 
comparable with that of sound, and so the solution is significantly different. Figure 


6 16d shows the solution for D =■ 2//^, and the wave front associated with the fastest 


' TT V 


wave is quite apparent. Other differences from the incompressible case are in the 
expressions for u, p', etc. For the incompressible case, fixing h determines the pressure 
field completely, apart from an arbitrary constant. For the compressible case, an 
arbitrary Lamb wave may be added to the solution. 

The second example is again one in which the fluid is initially at rest, but now the 
initial pressure perturbation is specified rather than particle displacements. Particular 
attention is given to the case in which the perturbation is confined to a small region 

r»<»ar th(» orrtiinH Th<» <»vr\rpccir\n frtr P r\htam(»r1 hv rif th<» cf>n<irahl<> 

solutions (6,14.28) is by (6.15.2) and (6.15.4) of the form 


P(x, z, t) = 



ijix, t‘, mXm cos mz — T sin mz) dm + >;l(x, t)e 


(6.15,6) 


where the subscript L denotes the part associated with the Lamb wave. To invert 
such an expression to find ff and in terms of P, use can be made of the orthogonality 
relationships, which can be deduced from (6.14.29) and (6.14,30). The result (which 
may be compared with expressions for inverting a Fourier transform) is 


fj = 2n + r^) ^ 


(ffi cos mz — r sin mz)P dz, 


^L = 2r 


(6.15.7) 


e dz. 


Now consider the case in which the initial perturbation is confined to a thin 
region close to the ground and therefore can be represented in terms of a delta func¬ 
tion by 

P = 5(z)G(x) at r = 0, (6,15.8) 


where G is equal to the integral of P over the whole depth of the atmosphere. In this 
case, (6.15,7) gives 

i}(x, 0; m) = 2mG(x)/7i(m^ + F^), 


^l(x, 0) = 2rG(x). 


(6.15.9) 
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Since fj satisfies the wave equation, the solutions for fj and fji_ at subsequent times are 
given by (5.6,11) with c = c, for the internal waves and c = for the Lamb waves, i.e., 

P = re-^^{Gix + c,t) + G(x - c,0} 

+ jr"' J* m(w^ + r^)~‘(w cos mz — V sin mz) 

X {G(x + cj) + G(x — cj)} dm, (6.15.10) 


The Lamb wave part is nondispersive, so the pulse created by the initial disturbances 
moves at constant speed without change of shape. The part associated with the 
internal waves spreads out because different components with different m travel at 
different speeds. This spreading effect can be demonstrated easily for the case in 
which the initial disturbance is confined in the horizontal as well as the vertical, so 
that G is also a delta function. Then for positive x, the contribution to P from the 
integral in (6.15.10) is 

ji"'w(w^ + r^)"‘(mcos mz — r sin mz)/{ — t dc^/dm). 


evaluated at the point where x = c^t, i.e., where m = s. In particular, the value of P 
at the ground is given, after use of (6.14.22) and (6.15.5), by 


where 



- 1 ), 
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(6.15.11) 


t' = c^tjx. 


The pulse arriving at r' = 1 is the Lamb wave. The fastest internal wave arrives at 
T = 1.1, causing a rapid buildup in pressure and then a much slower increase. How¬ 
ever, the internal waves are quite weak compared with the Lamb wave and are there¬ 
fore less likely to be seen. 


6.16 Weak Dispersion of a Pulse 


The discussion in Section 6.15 refers to an atmosphere that in the undisturbed 
state is isothermal and at rest. Although it gives a good first approximation to the 
behavior of disturbances in the real atmosphere, there are weak effects that can make 
large differences, given sufficient time, i.e., a sufficiently large number of wave periods. 
For instance, pressure pulses resulting from localized high-energy atmospheric events 
have been picked up all over the world and therefore have received considerable 
study. The events responsible for the observed pulses include the eruption of Krakatoa 
in 1883 (Symons, 1888), the impact of the great Siberian meteor in 1908 (Whipple, 
1930), nuclear explosions (Donn and Shaw, 1967), and other less spectacular events 
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(Klostermeyer, 1977). The pulses travel at approximately the predicted speed (i.e., the 
speed of sound, or a little faster than most commercial jet aircraft), but there are small 
variations from place to place, as observed with the Krakatoa pulse (Symons, 1888), 
whose progress was traced for four transits around the globe. Another effect is due to 
variations of thermal structure and wind velocity with height. This causes weak dis¬ 
persion of the waves, i.e., the phase speed o/k is not constant but varies a little from 
the speed of sound c,. Salby (1979) has shown that disturbance energy profiles cor¬ 
responding to the 1976 U.S. Standard Atmosphere are not very different from those 
for the isothermal case, but there is a slow leak of energy due to upward radiation at 
large heights. Lindzen and Blake (1972) have incorporated dissipative effects and 
found decay times of 10-15 days. 

The weak dispersion effect (Garrett, 1969) can be represented by an approximate 
expression for phase speed that is valid for small wavenumbers, namely, 

co/k = c,(l -L^k^---), (6.16.1) 

where k is the horizontal wavenumber. Such an expression will be valid when /c~‘ is 
small compared with the length scale L, which depends on the way the density and 
velocity vary with height. Garrett estimated a value of 0.8 km for one particular case. 
The effect is quite like the weak dispersion of tsunamis due to the finite depth of the 
ocean. Figure 6.19a shows how the dispersion is observed in microbarograph records 
of pressure fluctuations produced by a nuclear explosion. Instead of a single pulse, 
a dispersed group of waves is observed, and Fig. 6.19 illustrates very well how the 
wave group spreads out or disperses with distance from the source. 

Methods for calculating effects of dispersion are given in books on waves such as 
that by Whitham (1974, Chapter 11). If the initial pulse can be represented as a delta 
function, an expression for the weakly dispersed form of the pulse is not difficult to 
obtain. The expression for a delta function in terms of its Fourier components is [see, 
e.g., Lighthill(1958)] 

5(x) = J* cos{kx)dk. (6.16.2) 

After weak dispersion according to (6.16.1), the pulse will have the form 

ij = 2n~^ j* cos(/cx — kcj -I- k^c^L^t) dk. (6.16,3) 

The expression on the right-hand side is a definition of the Airy function [see, e.g., 
Abramowitz and Stegun (1964, Section 10.4)], i.e., the Airy function can be thought 
of as the shape of a weakly dispersed pulse. Thus (6.16.3) can be rewritten 

fj = 2(3c,L^0'‘^^ Ai{(x - (6.16.4) 

The pulse arrives at a given point x at approximately t = x/Cg, When t has about this 
value, (6.16.4) is given approximately by 

fj = Ai{(x - c,t)OL?x)-^'^}. (6.16.5) 

Thus weak dispersion causes the delta function on the right-hand side of (6.15.11) to 
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Fig. 6.19. (a) Microbarograph records following a nuclear test near Johnston Island in the Pacific Ocean. 
Honolulu is 1717 km from the source, Berkeley 5599 km, and Poughkeepsie 9694 km. The dispersive effects on the 
pulse are evident. [From Donn and Shaw (1967, Fig. D.l (b) The theoretical solution for a weakly dispersed pulse, 
namely, the Airy function. Signs have been chosen for easy comparison with the observed pressure records. 


be replaced by 

2(xV3L^)‘/" Ai{(l - r')(xV3L2)'^"}, (6.16.6) 

where t' is given by (6.15.11). The factor in front is the one required by the fact that the 
integral with respect to t’ should be unity. It shows, incidentally, that the internal 
wave contribution to (6.15.11) is of order (L/x)^^^ relative to the Lamb wave part, 
and therefore will usually be much too weak to be observed. 

Figure 6.19b shows a graph of the Airy function that gives a fairly good approxi¬ 
mation to the hrst part of the pulse as seen in the records of Fig. 6.19a. The fact that 
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the first displacement is downward indicates a negative pulse. The waves spread out 
as (6.16.5) predicts and the observations agree with the predicted rule that the time 
scale should vanish like the one-third power of distance from the source. A value of L 
of 0.93 km fits the observations quite well. 

Solutions for initial pulse shapes other than a delta function can be obtained by 
integration, e.g., an initial step function will give rise to a pulse with the shape of an 
integral of an Airy function. This would describe, for instance, the effect of weak 
dispersion for the problem considered in Section S.6. 


6.17 Isobaric Coordinates 


When horizontal scales are large compared with vertical scales, i.e., in circum¬ 
stances for which the hydrostatic approximation can be made, it is sometimes ad¬ 
vantageous to replace the z-coordinate with another variable to use with x and y as 
independent coordinates. Sometimes potential temperature 6 is used, in which case 
the variables (x. v. d) are known as isentronic coordinates. More commonlv. oressure 
p is used and then the variables (x, y, p) are known as isobaric coordinates (Sutcliffe 
and Godart, 1942; Eliassen, 1949). This set of coordinates is in fact widely used in 
meteorology, and the equations in these coordinates are derived below. 

First consider the hydrostatic equation. This is used in the form (3.5.5), i.e., at 
fixed values of x and y, 

dp = — p do = —pg dz. 

Thus 

50/5p=-l/p, (6.17.1) 

where O is the geopotential defined in Section 3.5, and this is the usual way of writing 
the hydrostatic equation in isobaric coordinates. 

The fluid velocity (u, v, w) in isobaric coordinates is defined as the rate of change 
of the isobaric coordinates of a fluid particle, i.e., 

(u, V, m) = d(x, y, p)/dt, (6.17.2) 

and therefore the equations of motion need to be given in terms of (u, v, m). These 
involve the derivative D/Dt, following a fluid particle that (cf. Section 4.1) is given by 

Dy _ dy dyDx dy Dy dy Dp _ dy dy dy dy 

Dt dt dx Dt dy Dt dp Dt dt dx dy dp 

Also, an expression is needed for the horizontal pressure gradient. Since 


0 = 




dp\ dp f 5z\ 
dxj^ dz\dxj/ 


it follows from the hydrostatic equation that 


/a_\ 



/a_\ 


. 


(6.17.4) 
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The relationship is illustrated in Fig. 6.20, which also shows that a “high” in pressure 
on a level surface appears as a “high” in geopotential on an isobaric surface. For an 
inviscid nonrotating fluid, the horizontal components of the momentum equation 
(4.10.11) take the form 

DujDt = —8(S>/8x, Dv/Dt = —8^j8y, (6.17.5) 

The continuity equation is best derived from first principles by the methods used 
in Section 4.2. Consider a fluid volume that initially has rectangular projection in the 
horizontal with sides Sx and dy and is bounded above and below by isobaric surfaces 
separated by a pressure difference dp. This corresponds to a vertical separation 
3z = —dpjgp by the hydrostatic equation. The mass of the element is therefore 

p 5y 5z = ~Sx 3y 3pjg. 

The fractional rate of change of mass must be zero, and taking the limit as 3x 3y3p^Q 
therefore gives (cf. Section 4.2) 

8ul8x + 8vl8y + 8wl8p = 0. (6.17.6) 
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Fig. 6.20. The relation between horizontal variations of pressure at a fixed level z and horizontal variations 
of level (or geopotential = gz) at a fixed pressure, (a) Two neighboring pressure surfaces in the z plane such 
that the change in pressure in a horizontal distance Sx is Sp, i,e., the horizontal pressure gradient at a fixed level 
is SpISx. If Sz is the vertical distance between these surfaces, it can be seen that the gradient of z on an isobaric 
surface is SzjSx. Since by the hydrostatic equation Sp -= Pg6z, it follows that SpISx = pgSzISx, i.e., p~ *(5p/5x), = 
= i/Ml/^vt In rhp rasp shnu/n in rhp fisiirp Wn/f5xl and (fir/rix) are both nositive. (hi Renresentation of 

O’'*”' ” '‘'P r..,p . ... .-----.p--- f- -- - -- 

a high-pressure region in the x, z or x, plane (i). When the same situation is redrawn in the x, p plane, as shown 
in (ii), the feature appears as a high in geopotential on an isobaric surface. 
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This is the continuity equation in isobaric coordinates, and its simple form is one of 
the main reasons for using this coordinate system. 

If the motion is isentropic and free of diffusive effects, Eqs. (4.10.8) and (4.10.9) 
are valid and the equation of state leads to the following form of (4.10.7); 

Dp/Dt = c~^ DpjDt = w/c^. (6.17.7) 

The motion is therefore governed by the five equations (6.17.1), (6.17.5)-(6.17.7) for 
the five variables u, v, m, <!>, and p. The condition (4.11.3) satisfied at a material bound¬ 
ary is unaltered. 

A variant of the above scheme is to use the logarithm of the pressure as the third 
coordinate since this is not too different from height in the atmosphere and leads to 
more convenient forms of solutions for small disturbances. The heightlike coordinate 
is defined by 

p = P, exp( - (6.17.8) 

where p^ is a constant reference pressure [other functions of pressure are sometimes 
used—see, e.g., Hoskins and Bretherton (1972)] and H, is a fixed scale height whose 
value can be chosen at will (see below). It follows that the rate of change of the 
coordinate of a fluid particle, is given by 

= —HgXa/p (6.17.9) 

and that the derivative following a material element is 


D 

Ft 


ot dx dy oz^ 


(6.17.10) 


The momentum equations (6.17.5) have the same form as before, and the continuity 
equation, obtained by substituting the expression (6.17.9) for m in (6.17.6), is 


du/dx + dvjdy + = 0. (6.17.11) 


It remains to consider the new forms of the hydrostatic and buoyancy equations. 
These forms depend on whether p or another quantity, such as temperature or poten¬ 
tial temperature, is used as the state variable. For instance, the hydrostatic equation 
can be written 

H, 5d)/5z, = p-ip = RT,. (6.17.12) 


The last expression, which comes from (3.1.14), defines the virtual temperature 
(where R is the gas constant for dry air) and does not depend on the assumption of 
ideal gas behavior. For most applications to the atmosphere, however, the distinction 
between virtual temperature and actual temperature is unimportant, so T is often 
used in place of Ty. The equation for changes in Ty can be obtained by substituting 
the expression (6.17,12) for p in terms of Ty in (6.17.7). The result is 



DT^/Dt -1- Kw^TJHg = 0, 

(6.17.13) 

where 


K = 1 - y-^ 

(6.17.14) 

and 


y = c^/RTy. 

(6,17.15) 
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In the case of dry air with perfect gas behavior, (3.7.17) shows that y is the quantity 
defined by (3.3.5), namely, the ratio Cp/c„ of specific heats, and so k is the quantity 
defined by (3.7.3) with a value that is close to f for air. Further treatment of the 
equation when expressed in terms of Ty can be found in the work by Holton (1975). 

An alternative is to use potential temperature as the working thermodynamic 
variable because it satisfies the simple conservation equation (4.10.8), and this can 
be used in place of (6.17.13). However, the hydrostatic equation (6.17.12) becomes 
more complicated because it is necessary to use (3.1.15) to express Ty in terms of T 
and (3.7.4) to express T in terms of 6. For dry air, the result of the substitutions is 

H, d(t>/dz^ = RT = R9(p/p,)\ (6.17.16) 

The behavior of small perturbations from the rest state (which will be denoted by 
subscript 0) can be studied by the same methods as used in Section 6.14. However, a 
perturbation is now the deviation from the equilibrium value for the same pressure 
and will be denoted by a double prime. It is generally different from the deviation 
from the equilibrium value for the same level, which was denoted by a prime in Section 
6.14. For instance, p' is the pressure perturbation from equilibrium at a fixed level, 
but p" is zero by definition. The equivalent quantity in isobaric coordinates is the 
perturbation geopotential 0'\ which is related to p' through the hydrostatic equa¬ 
tion by 

p' =Po‘I>". (6.17.17) 

■Also, d/dt in this section denotes the time derivative at a fixed pressure, whereas in 
Section 6.14, d/dt was used to denote a dififerent operator, namely, the time derivative 
at a fixed geopotential level. 

From (6.17.5), the perturbation momentum equations are 

du/dt = -dQ>''/dx, dv/dt = -d(t>"/dy. (6.17.18) 

By taking the divergence and using the mass conservation equation (6.17.11), there 
results an equation that involves only and <I>", namely. 


a(\az, Hj [dx^^dy^J 


(6.17.19) 


Another relation between and O" can be obtained from the hydrostatic and 
buoyancy equations. The former, which takes the form (6.17.12) or (6.17.16), yields 


doydz^ = -pp"/h,pI = rt:/h, = ot^gey ( 6 . 17 . 20 ) 

where plays the role of an expansion coefficient and is given for dry air by 

= (R/gHMp,r = (R/gHJTo/Oo = To/TyOo. (6.17.21) 

At this point, and in the remainder of the section, the subscript r (indicating a 
reference value) will be used to denote the equilibrium value at z^ = 0, and the scale 
height is now defined by 

gH, = Py/Py = RTy = dOo(0)/dz^. 


(6.17.22) 
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The subscript * is used to distinguish quantities defined in terms of log-pressure 
coordinates from the equivalent quantity when height is used as the coordinate. 

The perturbation form of the thermodynamic equation (6.17.7), (6.17.13), or 
(4.10.8) is, with use of (6.17.9) where necessary. 


= (plplH,)8p''tdt = -(R/H,)dT:/dt 

- oi^gde''tdt= -d^<t>"/dtdz^, (6.17.23) 

where the last expression comes from the hydrostatic equation (6.17.20) and gives the 
required relation between and The quantity is defined by 

Ni = (plPoHJ\dpoldp - c; = iR/H,)idTo/dz^ kTo/HJ = d^gdOJdz^, (6.17.24) 


where Tq refers to the equilibrium virtual temperature, and equality between the 
different expressions follows from (6.17.12) and (6.17.16). may be related to the 
buoyancy (or Brunt-Vaisala) frequency N defined by (6.14.4) if use is made of the 


^ tViot 7 Qvnrl n 1 C cVitf^tirc tViot 
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NJN = pIPogH, = To/T, = 5z/dz^, (6.17.25) 

use having been made of (6.17.22), (6.17.12) and (3.5.2). The quantity called the 
buoyancy frequency by Holton (1975) is N^,not N as is normally the case. In the case 
of an isothermal atmosphere, in which (3.5.13) defines the scale height, and N are 
the same, 

It is useful to define the analog of a displacement by 

w* = 8h^/8t, (6.17.26) 

in which case (6.17,23) yields 

NX = -WH,)T: = (p/plHJp- = -8<f>"l8z^. (6.17.27) 

The relation between and h follows from the definition to = Dp/Dt. One can use 
(6.17.9) and (6.17.26) to replace to in this equation by —pH~^ 8h^/8t, whereas Dp/Dt 
can be equated, in the limit of infinitesimal perturbations, to 8p'/8t — p^g 8h/8t, use 
having been made of the hydrostatic equation (6,17.1). Consequently, the required 
relation is 

-phJH^ = p' - pogh. (6.17.28) 

The perturbation equations are now (6.17.11), (6.17.18), (6.17.20), and (6.17.23), 
which can be reduced to the pair of equations (6.17.19) and (6.17.23), which involve 
and only. It is also possible to obtain the perturbation energy equations by 
adding p^iu,v) times (6.17.18), p^^" times (6.17.11), and N~^p^ 8<!>"/8z^ times 
(6.17.23), where p^, which plays a role like that of density, is defined by 

Pi, = Pf exp( - z^ /H ,) = podz/dz^ , (6.17.29) 

the last equality following from (6.17,8), (6.17.12), (6.17.22), and (6.17.25). The result is 

+ {N~^ da)7dz*)2)| 

+ + + — (p*<i>"wj = 0. 


(6.17.30) 
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Now consider the boundary condition at the surface. If this is flat, the condition 
is (4.11.3) with G = d>, i.e., DO/Dt = 0. The linearized form is 

d<t>"/dt + d%/dz^ = 0, (6.17.31) 

which should be applied at the surface, i.e., at a value of the pressure only slightly 
different from the equilibrium surface value. This slight difference can be ignored 
in the linearized theory. An alternative form follows from (6.17.22) and (6.17.26), 
namely, 

(D" -\-gh^ = 0 at = 0. (6.17.32) 

Strangely enough, this condition is of the same form as that which applies at the 

free surface of the ocean [see (6.11.15) and (5.2.11)] ! It is this condition that gives rise 
to the Lamb wave solution, which therefore can be regarded as being analogous to 
the barotropic wave in the ocean. For changes that are slow compared with the Lamb 
wave speed, i.e., the speed c, of sound, an equivalent of the rigid lid approximation 
(see Section 6.3) can be made, and (6.17.31) and (6.17.32) reduce to 

= 0 at = 0. (6.17.33) 

When this approximation applies, there is no real distinction at the level of linear 
theory between use of nressure coordinates and height coordinates anart from effects 
of the stretching factor dzfdz^ given by (6.17,25) and the change of dependent variable 
defined by (6.17.17). Thus when oceanographers use as the dependent variable the 
pressure perturbation divided by the density, they are following an equivalent pro¬ 
cedure to that of meteorologists who use perturbation geopotential as the dependent 
variable. 

In Section 6.14, a scaling factor was inserted in (6.14.16) and a separation of 
variables was defined by (6.14.28), the combined effect being given by (6.14.31). The 
analog for isobaric coordinates is achieved by seeking solutions of the form 

y, t), 

O" = p* ^^^^(z,^)i/(x, y, t), 

U = P~^^^^(zju(x, y, t)/g, (6.17.34) 

V = p"^^^<t(z*)D(x, y. t)/g, 

K _ ^ —1/2C /_ \fz/.. .. 

= p* yi u- 

The equations for u, P, and f/ are the shallow-water equations, i.e., (5.6.4)-(5.6.6), or 
equivalently, the equations for vv and if are the wave equations given by (6.11.8) and 
(6.11.9), provided that fi^ and ^ satisfy [see (6.17.19), (6.17.26) and (6.17.27)] 

= dfijdz^ - (6.17.35) 

di>/dz^ + ^/2H, = (6.17.36) 

where is a separation constant with the dimensions of velocity. The depth that 
appears in the equivalent shallow-water equations is the equivalent depth = c^/g, 
not the scale height H,. If ^ is eliminated from the above pair of equations, the result 



186 


6 Adjusimeni under Gravity' ol a Densily-Smtified Fluid 


is a simple second-order equation for fi ^, namely, 

d%/dzl + ((NJc,)^ - = 0. (6.17.37) 

The boundary condition (6.17.32) at the ground requires that 

^ + 0 ^* = 0 at 2 ^ = 0, (6.17.38) 


The solutions for an isothermal atmosphere are easily calculated since the solu¬ 
tions then have constant coefficients and is identical to N, For the case of a perfect 
diatomic gas, for which (6.14,22b) applies, the internal wave solution has the form 


where 


0 = -^niH,) * sin mz^ — cos mz^, 

fi^ = cos mz^ — + |(m//,)"^) sin miz^. 


(6.17.39) 




(6.17.40) 


which is the same result as that of (6.15.3). The Lamb wave solution corresponds to 
no vertical motion, so (6.17,38) is satisfied at all levels. This is consistent with (6.17,35) 
and (6.17.36), provided that 

^ = -ffH, exp(-rz^), fi^ = H, exp(-rz^), c* = c.. (6.17.41) 

The above solutions are, of course, the same as those found in Section 6.14, but with 
a different form in the new coordinate system. 


6.18 The Vertically Integrated Perturbation Energy Equation 
in Isobaric Coordinates 


The perturbation energy equation (6.17.30) can be integrated vertically as was 
done in Sections 6.7 and 6.14. When this is done, the last term in (6.17.30) gives 

where the brackets denote the difference between the values at the top and bottom 
of the region of integration. For the case of an atmosphere overlying a flat surface 
and extending to zero pressure (z^ = oo), conditions (6.17,32) and (6.17.26) show that 
this term is equal to 


dt 


gp,hi(0)) 


Hence the integrated form of (6.17.30) is 


Jt 


f 


-1 /• -y /* 


(6.18.1) 
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Since (see Eq. (6.17.29)) a mass element dM is given by 

dM = po dx dy dz = dx dy dz ^, 
the perturbation kinetic energy K' is [cf. (4.6.6)] given by 


K' = 


1 

2 



p^(u^ + v^) dx dy dz^^ 


(6.18.2) 


(6.18.3) 


with the contribution from vertical motion missing because of the hydrostatic ap¬ 
proximation. For a particular mode, use of (6.17.34) shows that this reduces to the 
shallow-water form 


k" ^ - n N 
2 


-L. Wv Wi; 

v- ' - / > 


V”. . 


provided that the equivalent density p^ is defined by 

9P.= - 




(6.18.5) 


The perturbation internal plus potential energy (or perturbation available poten¬ 
tial energy) A' is given by (6.14.10). The corresponding form in isobaric coordinates 
can be found by use of (6.17.17), (6.17.28), and (6.18.2), which give 

Expanding the quadratic, putting N^/g + gfcl = —(1/po) dp^/dz by (6.14,4), using 
(6.17.12) and (6.17.25), and putting Nlh^ = —dQ>"ldz^ by (6.17.27), there results 


A' 


J J J (. } 

Integrating the derivative and using the boundary condition (6.17.38), there results 


+ p^iVj/ij| dx dy dz^ 


A' = 


^PrO^li^) + 


1 

2^ 


^NlhldzJ^ 


dx dy. 


(6.18.6) 


as would be expected from the form of (6.18.1). For a particular mode, substitution 
from (6.17.34) shows that this reduces to the shallow-water from = kPeiifi^^xdy, 
orovided that o. satisfies 


gPe = + 


Nlfil dz^ 


(6.18.7) 


This can be shown to be equivalent to (6,18.5) by substracting times (6.17.35) from 
fi^, times (6.17.36), integrating with respect to and using the boundary condition 
(6,17.38). Substitution from (6.17.34) also shows that the flux terms reduce to the 
shallow-water form, e.g.. 


p*<D"Mdz^ = PcQ^.ni*' 


( 6 . 18 . 8 ) 
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As in Section 6.14, alternative expressions for A' can be found in terms of poten¬ 
tial temperature 6 and concentration s (salinity or humidity). The conservation 
equations (4.1.8) and (4.1.9) now reduce for small perturbations to 

6" + dOo/dz^ = 0, s" -H dso/dz^ = 0, (6.18.9) 

which have form similar to (6.14.11). However, 0" is the perturbation from the equili¬ 
brium value at the same pressure and is not the same as 9'. In the case of a Lamb wave, 
for instance, for which the motion is purely horizontal, there is no change in potential 
temperature at any given level, so 9' vanishes; but since the pressure changes, 9" is 
nonzero. 

An alternative expression, obtained from (6.18.9) after use of (3.7.9) and (6.17.25), is 


g((x'9'' - /?'s")/iV + = 0. 


(6.18.10) 


Substituting in (6.18.6) and using (6.17.28) and (6.17.22) at the surface give 


A' = 




P'sy dz^ 


dx dy. 


(6.18.11) 


Tn the case of Hrv air = n” = 01 that is treated as a nerfect cas a' = 1/fl.. hv f 3 7 141 

’ — - y ”— V- T -/ — — — — i' -O'"”’ " 

and = (g/9o) d9oldz by (3.7.15). Using also the hydrostatic equation and the de¬ 
finition (6.17.8) of to convert to pressure derivatives, and (6.17.22) for the definition 
of Hj, (6.18.11) becomes 


A' 




J J dPr 


. - : dp\dxdy. 

Jo z(-gpOoauoiap} j 


(6.18.12) 


This is a form that is useful for calculating A' for the atmosphere, along with the per¬ 
fect gas laws (3.1.2) and (3.7.4), which gives density p in terms of pressure and potential 
temperature, namely, 


l/p = /?T/p = /?0p“-Vpr 


(6.18.13) 


with K given by (6.17.14). An expression in terms of temperature rather than potential 
temoerature can be derived from this, or simolv bv substitution from f6.17.271 in 
(6.18.6) and using (6.18.2). Alternative forms follow from (6.17.25), the ideal gas 
equation (6.18.13), and expressions for [see (6.17.24)] or N [see (6.14.4)]. Ex¬ 
amples are 




ipW 

2 gpr 

1 p'(0)^ 

2 gpr 


dx dy + 
dx dy + 


JfJ 

Hi 


1 g^r;^ 

2 N^Tl 
RGoT"^ 


dM 

dM 


- 2TqP dejdp 


(6.18.14) 


Expressions like this have been used to estimate the available potential energy of 
the atmosphere. 



Chapter Seven 


Effects of Rotation 


7.1 Introduction 


In the seventeenth century, a picture of how the atmosphere is set in motion began 
to emerge with Hailey’s (1686) work. However, arguments that neglected the rotation 
of the earth failed to explain the easterly component of the trade winds. Hadley (1735) 
showed how rotation (see Section 2.3) could explain this, using the concept of con¬ 
servation of angular momentum, Laplace (1778-1779) recognized the importance of 
rotation in his theory of the tides and developed the necessary equations for studying 
rotation effects. Despite these equations being available for so many years, much of 
the work (based on these equations) that gives a proper foundation for the under¬ 
standing of rotation effects is quite recent. One reason for the delay is the difficulty in 
setting up experiments like that of Marsigli in a rotating system [see, e.g., Saunders 
(1973)]. 


The problem that tells us a great deal about this question is the one discussed in 
Section 5.6, i.e., the one associated with Marsigli's experiment of adjustment of a 
fluid under gravity, but now with rotation effects included. The question of how a 
fluid, not initially in equilibrium, adjusts in a uniformly rotating system was not 
completely discussed until the time of Rossby (1938a), although transient wave 
solutions had been considered much earlier by Kelvin (Thomson, 1879). In a series of 
papers, Rossby (1936, 1937, 1938a,b, 1940; Rossby et ai, 1939) was concerned with 
how the mass and resulting pressure distributions in the ocean and atmosphere are 
established. In particular, he studied a problem in which momentum was supposed to 
be put into the ocean to give a nonequilibrium velocity distribution. Rossby (1938a) 
then considered the process of adjustment to equilibrium. A similar problem is intro¬ 
duced in the next section, and the rest of the chapter is devoted to the repercussions 
of this. 
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A key feature of the adjustment process in a rotating fluid is that the fluid adjusts 
rapidly (in a time of the order of the rotation period) to an equilibrium that is not a 
state of rest and contains more potential energy than does the rest state. In fact, 
very little of the potential energy initially present may be converted into kinetic 
energy. Also, the equilibrium state achieved (called a geostrophic equilibrium) cannot 
be found by solving the steady-state equations because these are degenerate in that 
any solution of the momentum equations satisfles the continuity equation exactly. 
It is this degeneracy, exemplified by the fact that the equilibrium fields of mass and 
momentum are related to each other, that causes the difficulties with which Rossby 
was concerned. 

The equilibrium state achieved thus depends on the initial state, and Rossby 
showed the connection between the two states through conservation of a quantity he 
called potential vorticity. Using this property, the final state can be found, and this is 
shown in Section 7.2. Details of the transient motions require further analysis, and 
this is done in Section 7.3. 

The analysis presented in this chapter is for a fluid that is rotating with uniform 
angular velocity about a vertical axis. However, application of the results to the 
atmosphere and ocean is possible in an approximate sense, and this point is discussed 
in Section 7.4. Section 7.5 is about the fundamental horizontal length scale that 
appears in problems dealing with adjustment under gravity of a rotating fluid. This 
is called the Rossby radius of deformation. Since the analysis can be applied to any of 
the normal modes of a stratified fluid, there is an infinite set of Rossby radii, one 
Rossby radius being associated with each of the modes. 

The equilibrium solution is discussed in Sections 7.6 and 7.7. The large-scale 
motion in the ocean and atmosphere is nearly always close to such an equilibrium, 
and the implied connection between mass and velocity fields is of great importance in 
practice. In fact, much of our knowledge of the circulation of the ocean and atmo¬ 
sphere was deduced from the mass distribution before direct measurements were 
made. The relationship is used a great deal both as a means of estimating the velocity 
field and as an approximation in theoretical studies. 

The discussion of energetics is taken up again in Section 7.8, which is concerned 
with the concept of available potential energy. This is the difference between the 
internal plus potential energy at any time and the minimum value to which it could 
be reduced by an inviscid isentropic rearrangement of fluid particles. The quantity is 
therefore a valuable measure of how much kinetic energy is potentially obtainable, 
and is widely used in studies of the circulation of the atmosphere and ocean. 

Sections 7.9-7.12 are about the concept of vorticity and the results concerning 
circulation and potential vorticity that are of such great utility for rotating fluids. It 
is perhaps unfortunate that the name “potential vorticity” is given to more than one 
quantity, but in any given context it is usually quite clear which quantity is referred to! 
One form is that used for homogeneous shallow layers of fluid and the appropriate 
conservation equation is derived in Section 7.10, The potential vorticity in this case 
is defined as the total vorticity (assumed to be close to vertical) divided by the depth. 
A different form is appropriate in the continuously stratified case, and this is derived 
in Section 7.11. The conservation relation in this case requires no assumptions about 
the direction of the vorticity or about the ratio of horizontal to vertical scales, and the 
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conserved quantity is called Ertel's potential vorticity. Section 7.12 discusses the 
perturbation forms of the conservation equations for both types of potential vorticity. 
Finally, in Section 7.13 there is a discussion of an important practical problem for 
numerical weather prediction, namely, the initialization of fields, because this problem 
has much to do with the ideas developed in the remainder of the chapter. 


7.2 The Rossby Adjustment Problem 


In Section 5.6, the adjustment under gravity of a homogeneous shallow layer of 
fluid was considered, the particular case being one in which the fluid was initially at 
rest but had a discontinuity (or discontinuities) in surface level. Now the same 
problem will be considered for a rotating fluid, i.e., one that is initially at rest relative 
to a frame of reference rotating with uniform angular velocity \f about a vertical axis. 
The motion is considered relative to this frame and is supposed to be a small pertur¬ 


bation from the slate of relative rest at all times. The z axis is vertical; the bottom z = 
— H is horizontal (i.e., a geopotential surface); and the surface elevation z = 
relative to a geopotential surface is assumed to be small. The horizontal scale is 
assumed to be large compared with the depth, so that the hydrostatic approximation 
can be made. 

The equations are the same as those in Section 5.6 apart from the addition of the 
Coriolis acceleration (— fv, fu), which produces the effects of rotation (see Section 
4.5.1). Thus the momentum e'^uation (4.10.11), after use of the hydrostatic equation 
[see (5.6.3)], gives 


du/dt — fv = —gdtj/dx^ (7.2.1) 

dv/dt + /u = —gdrj/dy. (7.2.2) 


Since q is independent of z, the velocity (ti, i;) is independent of depth as in the non¬ 
rotating case. The letter / is used for twice the rotation rate to avoid having factors of 
2 appear in these equations. The continuity equation is (5.6.6), namely, 


dq/dt + H(duldx + dv/dy) = 0. (7.2.3) 


The method of dealing with these equations in the nonrotating case was to take 
the divergence of the momentum equations [d/dx of (7.2.1) plus d/dy of (7.2.2)] and 
substitute from (7.2.3) for the horizontal divergence cu/dx + cv/dy. In the rotating 
case this gives 

d^q/dt^ — c\d^qldx^ + d^qlcy^) -I- /HC = 0, (7.2.4) 

where is given by (5.5.4), namely, 

= gH, (7.2.5) 

and 


C = dv/dx — du/dy (7.2.6) 

is the relative vorticity of the fluid, i.e., the vertical component of the vorticity relative 
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to the rotating frame (the horizontal components are identically zero). When / = 0, 
this gives an equation in one variable tj only, namely, the wave equation (5.6,10), In 
the rotating case, this equation points to the necessity of considering how the relative 
vorticity changes. 


7 T *1 f 
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Equations (7.2.1)-(7.2.3) were given by Kelvin (Thomson, 1879) in his paper “On 
gravitational oscillations of rotating water,” in which he sought to simplify Laplace’s 
tidal theory by considering “an area of water so small that the equilibrium figure of its 
surface is not sensibly curved.” From these equations he derived an equation that is of 
fundamental importance in the theory of rotating fluids. This is obtained in two steps. 
First, the curl of the momentum equations [pldy of (7.2.1) minus djdx of (7.2.2)] 


UlllllJlJai.L»^ ff ailU gIVWiS lliW 


dUdt + f{du/dx + dv/dy) = 0, (7.2.7) 

i.e., the rate of change of C// is equal to minus the horizontal divergence. Second, the 
continuity equation (7.2.3) is used to eliminate the horizontal divergence, to give 




(7.2.8) 


1 ne laci mat inis equation is easily iniegraiea wan respect to time is a very 
powerful result. Equation (7.2.8) is in fact a linearized form of the equation (to be 
considered later) expressing the conservation of potential vorticity for a homogeneous 
rotating fluid. The quantity Q\ defined by 


Q' = UH - fn/W 


(7.2.9) 


may be called the perturbation potential vorticity, and (7.2.8) expresses the fact that 
Q' retains its initial value at each point for all time, i.e., 


Q\x,y,t) = Q\x,yM 


(7.2.10) 


This infinite memory of an inviscid rotating fluid can be exploited, as will be shown, to 
find the final equilibrium solution for a particular initial state without considering 
details of the transient motion at finite times. Kelvin (Thomson, 1879), being interested 
only in oscillations, took Q' to be zero, whereas the most interesting cases of adjust¬ 
ment to equilibrium are those for which Q' is nonzero. Solutions with nonzero Q' 
were apparently not considered until the time of Rossby (1938a), 

Th& particular initial condition to be considered here is the same as that in Section 
5.6, namely, n = i; = 0 and surface elevation given by (5.6.13), i.e.. 


rj = -tjo sgn(x). (7.2.11) 

(This is an initial condition different from that considered by Rossby, but the analysis 
is similar.l The inteeral of 17.2.81 in this case is 


C// - ii/H = (iio/H) sgnW, 


(7.2.12) 
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and substitution in (7.2.4) gives an equation for r/ alone, namely, 

- c\d^r]jdx^ + d^r}ldy^) + pr] = - fH^QXx, y,Q) 

= -/^» 7 o sgn(x). (7.2.13) 


7.2.2 The Steady Solution: Geostrophic Flow 


If the gravitational adjustment processes lead ultimately to a steady state, that 
state will be given by the time-independent solution of (7.2.13). Since the initial 
condition is independent of y, the solution at all subsequent times can be assumed to 
be independent of y, and thus the vorticity C is equal to dv/dx. Furthermore, a steady 
solution of (7.2.1) and (7.2.2) must entail a balance between the Coriolis acceleration 
( — f V, fu) and the pressure gradient. This is known as a geostrophic balance 

fu = —gdn/dy, fv = gdtt/dx, (7.2.14) 

and has the property that the flow is along contours of constant pressure (i.e., along 
isobars, as is familiar from weather maps). 

The steady-state solution has a very special property in that any solution satisfying 
the geostrophic balance happens to satisfy the time-independent version of the 
continuity equation (7.2.3) exactly, i.e., is nondivergent with 


du/dx + dv/dy = 0. 


(7.2.15) 


. ^ 1 4 - 
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ij/ such that 


u = -dij//dy, V = #/5x. (7.2.16) 

Then the geostrophic balance may be written 

/ dil//dy = g dt]/dy, f #/5x = g dt]/dx. (7.2.17) 

If tj is eliminated from this pair of equations in order to obtain an equation for ij/, 
i.e., if the y derivative of the second equation is subtracted from the x derivative of the 
first, all that emerges is the trivial statement that zero equals zero. In fact (7.2.17) shows 
that the stream function (with suitable choice of reference value) is related to pressure 
perturbation by 


=gr,=p'/p. (7.2.18) 

Any distribution r}{x, y) of surface elevation gives a stream function ij/ by (7,2.18) that 
satisfies all the steady-state equations. 

In this sense, the steady-state equations are degenerate and cannot yield the 
ultimate steady solution by themselves. An added piece of information is required, and 
this is the fact that each element of fluid retains its initial potential vorticity, i.e., (7.2.10) 
is satisfied, which, for the special case being considered, takes the form (7.2.12). For a 
geostrophically balanced flow, substitution of (7.2.14) in (7.2.6) shows that the 
vorticitv is eiven bv 




(7.2.19) 
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and so (7.2.9) and (7,2.10) yield the steady-state version of (7.2.13), 

-c\d^t]ldx^ + d^ri/dy^) + f^t] = - fH^Q’{x,y,Q). (7.2.20) 

For the present case, this gives 

-c' -I- f'^Tj = -f'^rjo sgn(x). (7.2.21) 


The solution t] that is continuous and antisymmetric about x = 0 is given by 

-1 -I- e"*'" for X > 0 


where 


^ ^ f-1 + e 

rto \l - 


for X < 0, 


a = c/\f\^(gHy/^/\f\ 


(7.2.22) 


(7.2.23) 


is a length scale of fundamental importance for the behavior of rotating fluids subject 
to gravitational restoring forces. It is called the Rossby radius of deformation^ following 
the name given by Rossby (1938a, p. 242), or simply the “Rossby radius” or the “radius 
of deformation.” The modulus sign is used in (7.2.23) to ensure that a be a positive 
quantity since / can have either sign. 

The velocity field associated with the solution (7.2.22) follows from the geostrophic 
equation (7.2.14), which gives u = 0 and 

= -(fl»lo//o)exp(- |x|/fl). (7.2.24) 


The flow is not in the direction of the pressure gradient, but at right angles, i.e., along 
contours of surface elevation that are parallel to the line of the initial discontinuity. 
The solution is depicted in Fig. 7.1. 


7.2.3 Energy Considerations 

The energy equations for rotating shallow-water motion may be found by the 
same methods as those in Section 5.7. In particular, the mechanical energy equation is 




Fig. 7.1. The geostrophic equilibrium solution corresponding to adjustment from an initial state that is one 
of rest but has uniform infinitesimal surface elevation -rjg for x > 0 and elevation t/g for x < 0. (a) The equilibrium 
surface level tj, which tends toward the initial level as x-*^±oo. The unit of distance in the figure is the Rossby 
radius a = (gff)'^^//. where g is the acceleration due to gravity, H the depth of fluid, and / twice the rate of rotation 
of the system about a vertical axis, (b) The corresponding equilibrium velocity distribution, there being a "jet" 
directed along the initial discontinuity in level with maximum velocity equal to (g/H)^''^ times t/g. 
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obtained by adding pHu times (7.2.1) to pHv times (7.2.2). This operation eliminates 
the terms that come from the Coriolis acceleration, so that rotation terms do not 
appear explicitly in the energy equations, which therefore have exactly the same form 
as those in Section 5.7. However, the solution of the adjustment problem is drastically 
affected by rotation, and thus the energy changes in the rotating case are quite 
different from those of the nonrotating case discussed in Section 5.7. 

Consider first the perturbation potential energy. This is infinite at the initial 
moment but, unlike the nonrotating case, it is still infinite when the steady equilibrium 
solution is established (assuming such an equilibrium does occur). However, the 
change in potential energy per unit length is finite and is given by 

P.E released per unit length = 2 jpgrjl J {1 - (1 - dx 

= ipgtlla. (7.2.25) 

In the nonrotating case, all the potential energy available in the initial perturbation 
is converted into kinetic energy. For the rotating case, only a finite amount of potential 
energy is released. The amount of kinetic energy per unit length found in the 
equilibrium solution is given by 

K.E. per unit length = ia)~^ J dx 

= (7.2.26) 

This is only one-third of the potential energy released! What happens to the other 
two-thirds? Rossby (1938a, p. 244) suggested that a fluid particle must “continue its 
displacement beyond the equilibrium point until an excessive pressure gradient 
develops which forces it back. An inertia oscillation around the equilibrium position 
results.” These speculative comments are fairly close to the truth, but give the mistaken 
impression that an equilibrium solution is never reached in any finite domain. What 
really happens will be found in Section 7.3, where details of the transients will be 
calculated. 

7.2.4 Summary 

The problem considered above, even though only partially completed, gives a 
great many insights into the behavior of rotating fluids responding to gravitational 
forces. Five notable features are listed below, and various concepts arising from these 
results are discussed in more detail in later sections of this chapter. 

(a) The energy analysis indicates that energy is hard to extract from a rotating 
fluid. In the problem studied, there was an infinite amount of potential energy avail¬ 
able for conversion into kinetic energy, but only a finite amount of this available 
energy was released. The reason was that a geostrophic equilibrium was established, 
and such an equilibrium retains potential energy—an infinite amount in the case 
studied I 

(b) The steady equilibrium solution is not one of rest, but is a geostrophic balance^ 
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i,e., a balance between the Coriolis acceleration and the pressure gradient divided 
by density. 

(c) The steady solution is degenerate in the sense that any velocity field in 
geostrophic balance satisfies the continuity equation exactly. Therefore the steady 
solution cannot be found by looking for a solution of the steady-state equations— 
some other item of information is required. 

(d) This information is supplied by the conservation of potential vorticity 
principle, i.e., the potential vorticity of each fluid element is the same as that at the 
initial instant. With this knowledge, a steady solution can be found. 

(e) The equation determining this steady solution contains a length scale a, 

called the Rossby radius of deformation, which is equal to c/1 /1, where c is the wave 
speed in the absence of rotation effects, i.e., If / tends to zero, a tends to 

infinity, indicating that for length scales small compared with u, rotation effects are 
small, whereas for scales comparable with or large compared with a, rotation effects 
are important. 


7.3 The Transients 


To complete the solution of the adjustment problem, i.e., of(7.2.13), it is necessary 
to add a solution of the homogeneous equation 


I ->.7 
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to a particular solution, which can be taken as the steady solution »7s,eady(^)> given by 
(7.2.22). The solution of (7.3,1) must satisfy the initial condition 


rj = -tjo sgn(x) - 
i.e., 

»7 = sgn(x) at t = 0. (7.3.2) 

Equation (7.3.1) is sometimes known as the Klein-Gordon equation (Morse and 
Feshbach, 1953) because of applications in physics, and Morse and Feshbach discuss 
an analog provided by a stretched string embedded in a rubberized medium. The 
equation is also discussed by Whitham (1974). The transient solution for Rossby’s 
original problem was found by Cahn (1945) and is discussed by Blumen (1972). 

Equation (7.3.1) has wavelike solutions of the form 

tj oc exp i{kx + ly — cot), (7.3.3) 


which on substitution in (7.3.1) gives the dispersion relation 

(7.3.4) 

(7.3.5) 

is the square of the horizontal wavenumber. Waves with this dispersion relation 
(k, / real) will be referred to as “Poincare waves” here, although this name is sometimes 
reserved for the subset that satisfies the boundary conditions for a channel (see 


0)2 = /i + 

where 

kI = 
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Chapter 10). Despite the name, such waves were first discussed by Kelvin (Thomson, 
1879), In meteorology, they are usually referred to simply as gravity waves, with 
rotation effects being understood. A graph of the dispersion relation is shown in 
Fig. 7.2. It can be seen from the dispersion relation that the properties of these waves 
depend on how the wavelength compares with the Rossby radius. The limiting 
cases are as follows: 

(i) Short waves (khU » 1), i.e., waves short compared with the Rossby radius, 
for which (7.3.4) becomes approximately 

CO ~ K^c: (7.3.6) 

hence “short” waves are ordinary nondispersive shallow-water waves. It will be 
recalled, however, that shallow-water theory requires that the waves have horizontal 
scale large compared with the depth, so these waves have the above form only when 
the Rossby radius is large compared with the depth. This condition is satisfied in the 
atmosphere and ocean (see Section 7.4). 

(ii) Long waves (KhO « I), i.e,, waves long compared with the Rossby radius, 
for which (7.3.4) gives approximately 


o) - /, (7.3.7) 

i.e., the frequency is approximately constant and equal to / or twice the rotation rate. 
In this limit, gravity has no effect, so fluid particles are moving under their own. 
inertia. For this reason / is often called the “ineriiar frequency. 

The group velocity c, of Poincare waves is equal to the slope of the dispersion 
curve in Fig. 7.2 and thus has a maximum value of c obtained in the shortwave limit, 
whereas it tends to zero as the wavelength tends to infinity. The consequences of 



Fig. 7.2. The dispersion relation for Poincari waves. For small wavenumber Kh (waves long compared with 
the Rossby radius a), the frequency oi is only slightly above the "inertial" frequency /. For large wavenumber (waves 
short compared with the Rossby radius), the waves are little affected by rotation and so approximate the nondis- 
persive shallow-water waves found in a nonrotating system. Note that the group velocity, which is the gradient 
of the curve shown in the figure, is zero for zero wavenumber (infinitely long waves) and increases monotonically 
in magnitude with Kh to a maximum of for very short waves. 
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these variations will be seen in the transient solution because short waves move off 
rapidly from the initial discontinuity, whereas long waves move off only slowly—the 
longer the wave, the smaller the group velocity, which velocity is given by 


c, = c^k/oj as c^k// for small k. (7.3.8) 

Other properties of Poincare waves are discussed later. 

The solution of the transient problem can now be found by finding a suitable 
superposition of wave solutions (7.3.3) (Gill, 1976). The appropriate combination of 
waves is the one that gives the initial distribution (7.3.2), and this can be found from 
tables of integral transforms [see, e.g., Erdelyi et al. (1954, Vol. 1, p. 72)]. Thus (7.3.2) 
is equivalent to 


f} 


^ r 

^ Jo 


k sin kx 
k^ + a~^ 


dk. 


(7.3.9) 


At later times, t] will consist of the same superposition of Poincare waves, but 
allowance must be made for their propagation. Thus 2 sin kx in (7.3.9) will be replaced 
by the combination of Poincare waves that preserves antisymmetry, namely. 


sin(/cx + cot) + sin(/cx — cot) = 2 sin kx cos cot. (7.3.10) 


In other words, the solution at time t is given by 


n 


2 » 7 o r® sin kx cos cot 

T L -k^ 


(7.3.11) 


where co is given by (7.3.4) with / = 0. 

The solutions for u and v can also be obtained by reference to the standing-wave 
solutions that follow directly from Eqs. (7.2.2) and (7.2.3) with d/dy = 0, namely. 


tj = sin kx cos cot, 

u = -(coIkH) cos kx sin cot, (7.3.12) 

V = —{f/kH) cos kx cos cot. 

Thus u and v are obtained by replacing sin kx cos cot in (7.3.11) by the appropriate 
expression from (7.3.12). In particular, the expression for u, after use of (7.3.4), is 

u = ligito/nc) ^ (k^ + sin cot cos kx dk, (7.3.13) 

where co is given by (7.3.4). It happens that the transform on the right-hand side can 
be evaluated exactly (Erdelyi et al., 1954, Vol. I, p. 26), giving 


^ ^ UgVo/c)Jo(fit^ - for |x| < ct C 7314 ) 

lO for |xj > ct, 

where Jq is a Bessel function of order zero. This is a special solution of the Klein- 
Gordon equation, corresponding to a point impulse at x = 0 and t = 0 (Morse and 
Feshbach, 1953, p. 139), i.e., the acceleration du/dt has the form of a delta function as a 
result of the infinite pressure gradient that exists at the initial instant. The solution 
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(7.3.14) is useful for computing solutions, and integrals for tj, v in terms of the Bessel 
function can be obtained from (7.2.2) and (7.2.3). Cahn (1945) used expressions of 
this type for Rossby’s initial values. 

The solutions for tj, u, v are displayed in Fig. 7.3 and can be compared with the 
solutions for the nonrotating case discussed in Section 5.6 (see Fig. 5.9a). Instead of 
the wave front transmitting just the initial step, as in the nonrotating case, the step 
is now followed by a “wake” of waves that trail behind because of dispersion. The 
short waves that make up the step still travel at speed c, but longer waves travel more 
slowly (i.e., their group velocity is smaller), so they lag behind the front. At a fixed 
point, this is made evident by the fact that the frequency appears to decrease with 
time after the wave front has passed (i.e., the time between wave crests increases) and 
soon approaches the inertial frequency /, as can be seen from (7.3.14). Figure 7.4b 
shows how u changes with time at x = a. Another property that can be seen from 
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fig. 7.3. Transient profiles for (a) rj, (b) u, and (c) v for adjustment under gravity of a fluid with an initial in¬ 
finitesimal discontinuity in level of at * = 0. The solution is shown in the region x > 0, where the surface was 
initially depressed, at time intervals of 21 ~ '. where / is twice the rate of rotation of the system about a vertical axis. 
The marks on the x axis are at intervals of a Rossby radius, i,e., where g is the acceleration due to gravity 

and H is the depth of fluid The solutions retain their initial values until the arrival of a wave front that travels out 
from the position of the initial discontinuity at speed When the front arrives, the surface elevation rises by 

r]^ and the u component of velocity rises by just as in the nonrotating case depicted in Fig. 5.9a. This is 

because the first waves to arrive are the very short waves, which are unaffected by rotation. Behind the front, 
however, is a "wake" of waves produced by dispersion, which in the case of u, have the slope given by the Bessel 
function (7.3.14). This is the point impulse solution to the Klein-(Ziordon equation. The "width" of the front narrows 
in inverse proportion with time. Well behind the front, the solution adjusts to the geostrophic equilibrium solution 
depicted in Fig. 7,1. 
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Fig. 7.4. The u velocity as a Function oF time t (a) at the position of the initial discontinuity in level and (b) one 
Rossby radius away. The time axis is marked at intervals of where f is the inertial frequency. The solutions show 
oscillations with frequency near I, and these oscillations decay with time like at large times. 


Fig. 7.4b is the shortening of the length scale just behind the wave front at x = cf. 
This is because the expression in (7,3.14) is approximated by 

— x^lc^= (t + x/c)it — xjc) ^ 2t(t — x/c), 


so the length scale diminishes in inverse proportion with time. 

It can also be seen that the solution approaches the steady solution of the previous 
paragraph as time goes on. Details can be calculated from the asymptotic behavior 
of the Bessel function for large times. It is also clear where the potential energy that 
was not converted into kinetic energy of the equilibrium solution has gone. The wave 
fronts moving away from the initial discontinuity carry energy with them, so for any 
finite region energy is lost through the sides by “radiation” of Poincare waves until 
the only energy left is that associated with the steady geostrophic equilibrium. 

The other new information provided by the transient solution is the time scale of 
the adjustment process. Near the origin, i.e., within a distance of the order of the 
Rossby radius, the time scale is / “ \ i.e., the rotation time scale or “inertial” time scale 


{zn/ j IS also nan tne penoa oi a roucauit penauium). nowever, as Kossoy suggestea, 


the solution does not adjust monotonically to the equilibrium solution, but overshoots 
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Fig. 7.5. (a) An (internal) Poincar6 wave front observed in Lake Ontario following a storm on 9 August 1972. 
Lines show the thermocline depth as measured by the 10° isotherm. Times of the beginning and end of each transect 
are shown. The first transect shows the large downwelling produced by the passage of the storm, and subsequent 
sections show the geostrophic adjustment process involving radiation of Poincar^ waves, (b) Results of a (nonlinear 
two-layer) model simulation of this event by Simons (1970). The diagrams are from Simons (1978, 1900) and may 
be compared with the solution shown in Fig, 7,3 for a very simple initial condition. 


and tends to oscillate about it. The behavior is typified by the value of« at x = 0, 
nainely, 

« = (7.3.15) 

shown in Fig. 7.4a. For large ft, this solution is approximated asymptotically by 

« igrio/cK2/itJty>‘ sin(>t + n/4). (7.3.16) 
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Fig- 7.5. (continued I 


Thus oscillations of frequency / are found because these are associated with the long 
waves of zero group velocity that are left behind. However, the group velocity is not 
exactly zero for any nonzero wavenumber, so energy disperses slowly and this causes 

m ftiA oo rrivrAn Wii 1 
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Some waves with characteristics very similar to those depicted in Figs. 7.3 and 
7.4 were observed in Lake Ontario in August 1972 and are shown in Fig. 7.5. The 
initial condition, produced by storm-induced downwelling near the boundary, has a 
steplike structure as assumed for the solution shown in Figs. 7.3 and 7.4. However, 
because of the boundary at the coast, there are also reflected waves. A linear calcula¬ 
tion could easily deal with them by the method of images used to construct Fig. 5.9b 
in the nonrotating case. The model solution shown in Fig. 7.5b includes nonlinear and 
other effects as well. 
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7.4 Applicability to the Rotating Earth 


The Rossby adjustment problem teaches us a lot about the behavior of rotating 
fluids, but the analysis is for a fluid rotating about a vertical axis. The rotation axis of 
the earth is not vertical, except at the poles, and furthermore, its angle with the 
vertical changes from place to place. Does this mean that the analysis is not applicable 
to the rotating earth, or is it applicable in some approximate sense? Kelvin (Thomson, 
1879) stated that his wave solutions (the so-called Poincare waves) are applicable 


in any narrow lake or portion of the sea covering not more than a few degrees of 
the earth’s surface, if for j/ we take the component of the earth’s angular velocity 
round a vertical through the locality—that is to say 

^/ = Dsin<p, (7.4.1) 

where D denotes the earth’s angular velocity, and cp the latitude. 


(The notation has been changed in the quotation to comply with that used here.) 

Kelvin’s statement can be justified by examining the linearized version of the 
momentum equations (4.12.14)-(4.12.16), which are the ones appropriate to the 
earth. These reduce to (7.2.1) and (7.2.2) if three conditions are satisfied. The first 
condition is that referred to by Kelvin, namely, that the range of latitude be small 
enough for / to be regarded as constant and to allow use of local rectangular coordi¬ 
nates, The second is that the additional term 2 Qm cos <p in the vertical component 
(4.12.16) of the momentum equations should not upset the hydrostatic balance. This 
is easily checked by calculating the additional pressure at the bottom due to this term 
when a Poincare wave given by (7,3.12) is present. This causes negligible change in 
the pressure gradient if 


gK„ » (2D)^ sin cp cos cp, (7.4.2) 

which is well satisfied since Kh ^ cannot be greater than the radius of the earth, which 
happens to be much smaller than 


g/(2Q)^ - 460,000 km. 


ttiirH /'rttiHitirtn I’c tVint it r»r»cciKI<» tr\ tti<» iiHHitirtnal t(»rm OOui i-rtc /n in 
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the horizontal momentum equation. The largest value of w is hs value dtj/dt at the 
surface. Using the Poincare wave solution (7.3.12), it is found that the condition for 
its neglect is that 

Hk„ « tan <p, (7.4.3) 

which is implied by the condition Hk„ « 1, used already to justify the hydrostatic 
approximation, provided (p is not too small, i.e., the area considered is not too close 

tVtA Aniiafr<ir 
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Further discussion of the approximation will be made later. For the moment, the 
main point is that / is interpreted as the quantity defined-by (7.4.1), which is called the 
Coriolis parameter. This parameter is positive in the northern hemisphere and negative 
in the southern hemisphere. The sign of / is very important in many applications, so 
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special terminology is used, namely, when a rotation is in the same sense as /, it is 
called cyclonic and when it is in the reverse sense, it is said to be anticyclonic. 

The Rossby adjustment problem explains why the atmosphere and ocean are 
nearly always close to geostrophic equilibrium, for if any force tries to upset such an 
equilibrium, the gravitational restoring force acts in the way described in Sections 
7.2 and 7.3 to quickly restore a near-geostrophic equilibrium. However, there is 
much more to the story than that, because the geostrophic equilibrium solution 
(7,2.14) does not satisfy the equations exactly when account is taken of the fact that / 
is not constant. Because the constant-/ solution is degenerate, the processes that 
actually take place are rather subtle, and much of what happens in the ocean and 
atmosphere can be described as “quasi-geostrophic” motion that has this subtle 
character. 

The use of a constant-/ approximation to describe motion on the earth is 
sometimes called an /-plane approximation. It is adequate to handle the rapid or 
“gross” adjustment processes of the sort already considered, and these are charac¬ 
terized by time scales of order / ' ‘ or smaller. The more subtle adjustment processes, 
which are characterized by time scales large compared with will not be 
considered until Chapter 11. 


7.5 The Rossby Radius of Deformation 

The Rossby radius of deformation a is a length scale of fundamental importance 
in atmosphere-ocean dynamics. Basically, it is the horizontal scale at which rotation 
effects (of the “gross” variety) become as important as buoyancy effects. More 
specifically, it is the scale for which the middle and last terms on the left-hand side of 
(7.2.13) are of the same order. 

Consider first its significance in transient problems. In the early stages of adjust¬ 
ment from an initial discontinuity, the change of level is confined to a small distance, 
the pressure gradient is consequently very large, and gravity dominates the behavior. 
In other words, at scales small compared with the Rossby radius, the adjustment is 
approximately the same as in a nonrotating system. Later, however, when the change 
in level is spread over a distance comparable with the Rossby radius, the Coriolis 
acceleration becomes just as important as the pressure gradient term and thus 
rotation C3uses a rcsponse that is markedly different from the nonrotating case. 

The same considerations apply to Poincare waves, so the short waves (kh * « a) 
are very much like gravity waves in a nonrotating system, as discussed in Section 7.3. 
For waves with scales comparable with the radius of deformation, the buoyancy 
term k^c^ in the dispersion relation (7.3.4) is of the same order as the rotation term 
/^. Long waves (kh * » a), on the other hand are dominated by rotation effects and 
have frequency close to the inertial frequency /, which for applications to the ocean 
and atmosphere is also the Coriolis parameter given by (7,4,1). The inertial period 
Injf is also half the period of a Foucault pendulum, and therefore is sometimes 
called a half pendulum day. This varies with latitude and is 12 hr at the poles, 17 hr 
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at 45“ latitude, 1 day at 30°, and nearly 3 days at 10“. At the equator, it becomes 
infinite, but by that stage the /-plane approximation breaks down. 

The Rossby radius of deformation is not only significant for the behavior of 
transients, but is also an important scale for the geostrophic equilibrium solution as 
well. That was seen in the adjustment from the initial discontinuity, because the 
discontinuity did not spread out indefinitely, but only over a distance of the order 
of the Rossby radius. 

For geostrophic flow, the Rossby radius is the scale for which the two contributing 
terms in (7.2.9) to the perturbation potential vorticity Q' are of the same order. For a 
sinusoidal variation of surface elevation with wavenumber Kh, the contribution to 
Q’ from the vorticity C is in the ratio 


I 1 

f'H 


= : 1 


(7.5.1) 


to the contribution from the surface elevation, by (7.2.19). For short waves (kh ‘ « a) 
therefore, the vorticity term dominates, whereas the surface elevation term dominates 
for long waves (Kh ^ » a). 

The ratio (7.5.1) gives not only the partition of perturbation potential vorticity, 
but also the partition of energy. This may be seen by multiplying the terms on the 
left-hand side of (7.5.1) by ^pgHrj and integrating over a wavelength. The second term 



dx dy 


is the potential energy, whereas the first is, by (7.2.19), 
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dx) \dyj dxy dx 
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dxdy 



(u^ -I- v^)dx dy, 


the last equality making use of (7.2.14). Thus the first term is the perturbation kinetic 
energy, and so 

K.E.:P.E. = (7.5.2) 

i,e., short-wavelength geostrophic flow contains mainly kinetic energy, whereas long- 
wavelength geostrophic flow has most of its energy in the potential form. 

Now typical values of the Rossby radius will be calculated. These vary somewhat 
with latitude because of the variation of / that is given by (7.4.1), i.e., by 

/ = 1.47 X 10~* sin (p s“^ (7.5.3) 

Estimates will be based on the value / = 1.0 x 10“‘*s~‘ appropriate to 45° latitude, 
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but it should be remembered that the Rossby radius is considerably larger near the 
equator, e.g., four times bigger at 10°, where / = 0.25 x 10"'* s"^ 

For deep water in the ocean, where W is 4 or 5 km, c is about 200 ms"' and 
therefore the Rossby radius a = c/f * 2000 km. This is large compared with the 
depth, so the hydrostatic approximation is valid at this scale, although the scale is 
rather large for / to be taken as constant. For applications on the continental shelves 
and in shallow seas like the North Sea much smaller values apply because the depth 
is much smaller. For // = 40 m, for instance, c = 20 m s"' and a = cj f = 200 km. 
Since the North Sea has larger dimensions than this, rotation has a strong effect on 
transient motions such as tides and surges. 

The above values are calculated for a homogeneous shallow layer of fluid. 
However, the adjustment problem can also be done for a stratified fluid using the 
separation of variables technique discussed in Chapter 6. The Coriolis acceleration 
has the same structure in the vertical as has the acceleration relative to the rotating 
frame, so the separation technique works in the same way and the analysis of Sections 
7.2 and 7.3 applies to each of the normal modes, the only difference (see Sections 6.11 
and 6.14) being that H is replaced by the equivalent depth if,, which is related to the 
separation constant c. by (6.11.14). 

Thus there is a Rossby radius associated with each of the normal modes. The 
values calculated above are for the barotropic mode and are therefore called values 
of the barotropic Rossby radius. Each of the baroclinic modes has an associated 
Rossby radius 


an = c„/\f\, n=l,2,..., (7.5.4) 

which can be called the nth baroclinic Rossby radius, c„ being the nth value of the 
separation constant c* (see Section 6.11), which is equal to the wave speed of the nth 
mode in a nonrotating system. If a value of n is not given, the first baroclinic mode is 
understood. For the ocean, the value of Ci is usually 1-3 m s" so typical values of 
the baroclinic Rossby radius are 10-30 km, with larger values in low latitudes. This is 
large compared with the vertical scale (which may be taken as the thermocline depth 
of about 1 km), so the hydrostatic approximation is valid at this scale. The baroclinic 
Rossby radius is a natural scale in the ocean that is often associated with boundary 
phenomena, such as boundary currents and fronts, and with eddies. 

For the atmosphere, the Lamb wave is the fastest mode with c as 300 ms"'. The 
associated Rossby radius of 3000 km is too large For the /-plane approximation to be 
valid. For internal modes, there is a continuous set of modes and therefore a con¬ 
tinuous set of Rossby radii. In the isothermal case, c x N/m, where N is the buoyancy 
frequency and m the vertical wavenumber, so 

a a; N/mf. (7.5.5) 


The ratio N/f is typically of order 100, so the Rossby radius is about 100 times the 
vertical scale m"'. For a vertical scale associated with the height of the tropopause. 


- A 1 rk/\r\ 1. 


u is aDOUl iuuu Kin. This the preduminant siealc seen un weather ehartsi Esi the scale 
of cyclones and anticyclones, and is often called the “synoptic scale.” 
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For both ocean and atmosphere it happens that 

N» f 


(7.5.6) 


except for rather limited regions; the horizontal scale a is therefore large compared 
with the vertical scale m~^, and therefore the hydrostatic approximation is justified 
for motions with these scales. The fact that (7,5.6) is generally true has strongly 
influenced the way rotation effects have been introduced in this chapter, in particular, 
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planet for which (7.5.6) were not true, a rather different approach would be needed. 
For baroclinic modes, the results (7.5.1) and (7.5.2) are still valid, but the term 
involving t] is then associated with vertical displacements of isopycnals and in the 
case of a compressible medium, with compression and expansion of fluid elements, 
i.e., with changes of internal and potential energy. Thus it can be said that the term 
represented by rj corresponds to changes in the mass field, whereas that represented 
by ^ corresponds to changes in the velocity field. Thus for large scales (khU « 1) 
(7.5.1) and (7.5.2) show that the potential vorticity perturbation is mainly associated 
with perturbations in the mass field, and that the energy changes are in the potential 
and internal forms. On the other hand, for small scales (khA » 1) potential vorticity 
perturbations are associated with the velocity field, and the energy perturbation is 
mainly kinetic. It follows that a distinction can be made between the adjustment 
processes at different scales. At large scales (k^ ^ » a), it is the mass field that is 
determined [through (7.2.10)] by the initial potential vorticity, and the velocity field 
is merely that which is in geostrophic equilibrium with the mass field. It is said, 
therefore, that the large-scale velocity field adjusts to be in equilibrium with the large- 
scale mass field. On the other hand, at small scales (kh * « a) it is the velocity field 
that is determined by the initial potential vorticity, and the mass field is merely that 
which is in geostrophic equilibrium with the velocity field. In this case it can be said 
that the mass field adjusts to be in equilibrium with the velocity field. 


7.6 The Geostroohic Balance 


An important feature of the response of a rotating fluid to gravity is that it does 
not adjust to a state of rest, but rather to a geostrophic equilibrium [the name geo¬ 
strophic is due to Shaw (1916)]. Consequently, the ocean and atmosphere tend to be 
close to a state of geostrophic equilibrium all the time [see Phillips (1963) for a review]. 

The development of an awareness of this fact has been very slow. The barometer 
was invented by Torricelli in 1643, and its potential for weather prediction was soon 
realized. Barometer readings, along with temperature, wind direction, and state of the 
sky, were taken daily in the first network of stations set up by Anitoni, secretary to the 
Grand Duke Ferdinand II of Tuscany in 1654 [see, e.g., Khrgian (1970, Chapter 6)]. 
This network included stations as far apart as Florence, Warsaw, and Paris and 
operated until 1667. Various other attempts were made in the eighteenth century, 
the most notable being an international effort with standardized instruments 
organized by the Mannheim (or Palatine) Meteorological Society, beginning in 1781, 
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However, a clear idea of the relationship between wind direction and pressure 
gradient does not appear to have emerged until 200 years after the invention of the 
barometer. Many writers in the mid-nineteenth century showed some awareness of 
the relationship, so one cannot easily associate the idea with any particular person. 
Hildebrandsson and Teisserenc de Bort (1898, Chapter 3) give examples, the earliest 
being Brandes (1820), who studied data collected by the Mannheim Society for the 
year 1783. He did not publish diagrams, but Fig. 7.6 shows a chart constructed from 
Brandes’ figures by Hildebrandsson and Teisserenc de Bort. Contours are pressure 
deviations in lines (-j^ Parisian inch of mercury or about 3 mb) from mean values at 
each locality. Brandes noted that the wind direction was closely related to the 
pressure distribution and attributed the turning to the right (from the direction 
opposite to the pressure gradient) to the rotation of the earth. Another interesting 
example is shown in Fig. 7.7 from Birt (1847). In the first report of the British Asso¬ 
ciation in 1832, Forbes expressed his hopes for future networks of meteorological 
stations as a means for detecting “great atmospheric tidal waves” like those treated 

Kir 1 Ac o T^ciilt f aa iiroc CAf im im^Ai- 1-Iav*caIia 11 rrAi7A Aifa 
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reports on work he did for the committee. Birt was influenced by Scott Russell’s 
report on waves (1844), referred to in Section 5.4, and proposed that the wave 
description shown in Fig. 7.7 could explain much of the available observations. 


Let the strata aaa'a', b'b'bb, fig. 2, represent two parallel aerial currents, aaa'a' 
being from S.W. and b'b'bb from N.E., and conceive them both to advance from 



Hg. 7.6. A reconstruction by Hidebrandsson and Teisserenc de Bort (1898) of the early synoptic maps of 
Brandes (1820), basec) on data collected by the Mannheim Society. The contours are of pressure deviation from 
the mean value in lines (^ of a Parisian inch or about 3 mb), and the arrows show wind direction. 
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Fig. 77. A wave description of wir^ and pressure changes proposed by Birt (1647 fig. 2), which included the 
concept of wind being along isobars. The lines aa and bb are lines of low pressure, whereas the line a'a' or b'b' is 
one of high pressure. Winds in between are in the direction shown, and the whole system propagates in the direc- 
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the N.W. in the direction of the large arrow, that is the strata themselves will ad¬ 
vance with a lateral motion. Now conceive the barometer to commence rising just 
as the edge bb passes any line of country, and continue rising until the edge b' b' 
arrives at that line, when the maximum is attained. The wind now changes and 
the barometer immediately begins to fall and continues to fall until the edge aa 
coincides with the line of the country on which bb first impinged (Birt, 1847 p. 135). 

Birt’s description is not only of interest in connection with the relation between wind 
direction and pressure gradient, but also in connection with waves, which will be 
studied in later chapters. 

Despite these insights, the rules that “the wind is in general perpendicular to the 
barometric slope” and that “if you turn your back to the wind, the lower pressure 
will be on your left and the higher pressure your right" are sometimes referred to as 
Buys-Ballot’s law (for the northern hemisphere) since he expressed them thus in his 
yearbooks of 1857 and I860 (Khrgian, 1970). 

On the theoretical side, interest in the effects of the rotation of the earth was 
stimulated by the experiments of Foucault (1851), which were followed 8 years later 
by the “bathtub” experiment of Perrot (1859). In this, a small hole in the center of the 
base of a large cylindrical container was opened after the water in the container had 
been left a whole day to settle down. As he expected from theory, Perrot found that 
fluid particles were deflected to the right, thereby acquiring, in modern parlance, a 
cyclonic rotation. A repetition of this experiment can be seen in the film “Vorticity” 
by Shapiro [sec National Committee for Fluid Mechanics Films (1972, pp. 63-74)]. 

Perrot’s experiment prompted Babinet (1859) to attribute preferential erosion on 
the right banks of Siberian rivers, among other things, to the rotation of the earth. He 
was immediately “jumped on” by his colleagues for this. In particular, Delaunay 
(1859), after showing that the horizontal force per unit mass due to rotation is / times 
the velocity, put it this way: Consider a straight canal in the northern hemisphere. If 
the fluid is at rest it will exert equal pressures on its two banks. If it moves, “the pressure 
will diminish a little on the bank left of the current and increase a little on the right 
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bank (p. 692).” He also said that the changes would be quite small. Combes (1859) went 
further and showed that the surface would slope up to the right in the northern 
hemisphere (and to the left in the southern hemisphere) with an inclination given by 

surface slope = 2Q sin q> vfg, (7.6.1) 

which is another way of expressing the geostrophic balance (7.2.14). He calculates 
that for a river 4 km wide flowing at 3 m s~' at 45° latitude, the difference in level 
between the two sides would be 12 cm. 

These discussions at the Paris Academy were not directed toward meteorological 
questions, but had some “spinoff” in European meteorology later [see Abbe (1877, 
1893, 1910)]. In the United States at this time, however, Ferrel was concerned with 
applying the equations of fluid motion on a rotating sphere to meteorological 
problems, and in particular to the global circulation. He appears to be the first person 
(Ferrel, 1859, pp. 397-398) to deduce that large-scale motions of the atmosphere are 
approximately hydrostatic and geostrophic. His approach was to first integrate the 
hydrostatic equation, neglecting changes of temperature with height to obtain the 
exponential falloff (3.5.12) with height. This was substituted in the north-south 
component (4.12.15) of the momentum equation and then approximations were 
made that amount to approximating (4.12.15) by 

2Qu sin <p = -(pr)“‘ dp/d<p + friction term. (7,6.2) 

He then argued that the friction term would be relatively small and used surface 
pressure measurements to calculate from his formula the zonal winds at the surface 
and at a height of 3 miles (5 km), using observed pressures and a reasonable approxi¬ 
mation for dependence of temperature on latitude. At 5 km he obtained westerly 
(i.e., eastward) winds at all latitudes with maxima of 13 m s' ' at 55°N and 23 m s" ‘ 
at 40“S. He did not find easterlies near the equator as observed (see Fig. 7.9), but as he 
stated; “Very near the equator the formula... fails practically, since, on account of the 
small value of sin <p there, the effect of” friction and inertia “may be very great” (p. 401). 

The geostrophic relationship found in (7.2,14) applies to any one mode. The more 
general result (which could be obtained by adding contributions from modes) comes 
from balancing the pressure gradient and Coriolis terms in (4.10,11) to give 

~fv=-p'^dpfdx, (7.6.3) 

fu = — dp/dy. (7.6.4) 

The nonlinear terms and friction terms, which were automatically excluded in the 
linear inviscid analysis, tend to be important only in regions of strong gradient such as 
fronts and boundary currents, and friction effects are significant, though not 
dominant, near the surface. Thus surface winds tend to be along isobars, in the 
direction given by Buys-Ballot, and pressure is related to a stream function by (7.2.18), 
i.e., winds are strongest when isobars are closest together. Another way of remem¬ 
bering direction is in terms of the direction of rotation around a “high” (anticyclone) 
or “low” (cyclone). The air has a cyclonic rotation around a cyclone, as the term 




f^7M. U) CO The dynamic he^ of the sea surface of the Pacific Ocean relative to 1000 db (le.. the anomaly in the difference of geopotential between these two pressure 
levels) in dyrwnic meters. Arrows show the direction of the ojirent at the surface relative to that at 1000 db. Docs represent data points where values were computed. fFrom 
Reid and Arthur (1975. Fig. U1 fid A sirrfilar nnap. sixmring the dyrtamic hei^ or geopotential anomaly of the 1000*db surface relative to 2000 db. Ocearxigraphers make use of 
these charts for eiferreig currerts because of the dHficulCies involved in determinir^ (he absolute topography of a pressure surface Od Thickness charts give die equivalent in- 
formation lor the atmosphere. e.g.. 0 shows the wintertime difference ei geopotential h e ight (m) between the 650- and 1000-mb surfaces. Values can be converted into average 
temperature between the two levels n K by multiplying by 0.210. The contour interval e W m (2.1 K). Because die field is so nearly zonal, certaai features are best brought out 
by plotnng departures from (he ronal mean as ts done in ft). The contour mcerval is now 9 m (1.9 K), and the differerKe between the warmth of the oceans and coldness of the 
continents is apparent. There is no need to use such charts to infer winds since the he gK of pressure surfaces can be directly measured. For »(ample, (iiO shows the wintertime 
mean height (m) of the 200-mb surface %vhere winds are near their maximum values. The contour interval is WO m. lAll three figures are courtesy of C K White and are based 
on NMC data compiled by N.-C, Laul. 
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Fig. 7 (continued) 


implies (i.e., anticlockwise, looking downward, in the northern hemisphere and clock¬ 
wise in the southern hemisphere) and anticyclonic rotation around an anticyclone. 

There is a significant correction to geostrophy for surface winds. One way of 
expressing this is to define the geostrophic wind (u,, Vg) by 

fUg = dp/^y, fvg = dpfdx, (7.6.5) 

and express the surface wind in terms of the geostrophic wind. This amounts to a 
reduction in magnitude (which increases as the distance from the ground decreases) 
and a change in direction toward the low pressure, typical angles being around 20°. 
In practice, the correction depends on stability of the air and on whether or not 
equilibrium conditions have been established. (Diurnal variations in heating rate 
and variations in terrain work against this over land.) The deviation from geostrophy 
decreases with height and is usually quite small above 1 km. A verification of the 
closeness of geostrophic balance aloft was obtained by Gold (1908). 

Although (7.6.3) and (7.6.4) are a convenient way of expressing the geostrophic 
relationship at the surface, a more convenient form for other levels is in terms of 
isobaric coordinates (see Section 6.17), i.e., the velocity on a constant-pressure 
surface is given by 

— fv = —d(b/dx, (7.6.6) 

fu = -d<^fdy, (7.6.7) 

where is the geopotential on that surface. This is the form used in practice in both 
meteorology and oceanography. The advantage in meteorology is clear because 
density is eliminated and thus charts of d> at diflerent pressure levels have the same 
scale for converting into velocities. As an example. Fig. 7.8b includes charts of the 
geopotential height (see Section 3.5) of the 200 mbar surface. Winds at this pressure 
can be calculated from (7.6.6), (7.6.7), and (3.5.2). 
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7.7 Relative Ceostrophic Currents: The Thermal Wind 


Ferrel not only found that the atmosphere was approximately in hydrostatic and 
geostrophic equilibrium, but also showed that this fact could be exploited to calculate 
upper air winds, using surface pressure measurements and temperature observations. 
For lack of other information, Ferrel’s winds at an elevation of 3 miles were calculated 
on the assumption that temperatures up to this level were not too different from 
surface values. 

Nowadays, radiosonde ascents of the atmosphere (and lowerings of salinity- 
temperature-depth recorders in the ocean) are routine, so accurate information about 
variations of temperature and humidity (or temperature and salinity) with pressure 
can be obtained. The equation of state gives the density as a function of pressure, so 
the geopotential can be calculated from the hydrostatic equation (3.5.6), i.e.. 


-L — 


dp 


^ 1) rirt 


n 1 


The information from radiosondes is often recorded in terms of values at “significant 
points," i.e., places at which there is a significant change in temperature gradient, A 
good approximation to the profile is obtained by joining these points by straight lines 
on thermodynamic diagrams (see Section 3.9). Graphical methods of calculating 
geopotential changes from these diagrams are discussed, e.g., by Godske et ai (1957, 
Chapter 3). 

In the atmosphere, the dynamic height of any pressure surface can be calculated 
because the surface pressure is known. The same is not true in the ocean because the 
elevation of the free surface relative to a geopotential is not usually known. However, 
differences in the dynamic height of given pressure surfaces can still be calculated, so 
the geostrophic velocity at one level can be calculated relative to that at another. 

Temperature and salinity values in the ocean, if obtained by STD (salinity- 
temperature-depth) or CTD (conductivity-temperature-depth) recorders, are 
usually listed in a cruise report and sent to a data center as values at certain standard 
depths, with some additional values where changes of gradient occur. If obtained by 
Nansen bottles, which record temperatures and collect samples of water for analysis 
at prearranged depths, values at those depths are given. There are standard computer 
routines to calculate values of density and of dynamic height. For calculations of the 
latter quantity, the density is calculated in terms of the specific volume anomaly 5, 

Hgfingri ac tfig sj)ecific volumc t’g = p __ ___ 

a temperature of 0°C and a practical salinity of 35, i.e,, 

6 = v,iS, T,p) - Ug(35, 0.p). 

d can be calculated using (A3.3), and is usually given in units of 10“® m^ kg 
geopotential anomaly O' (the usual notation is —AD) is then defined by 


^ related to the value at the same pressure for 


-1 


(7.7.2) 

The 


AD-O' = 



(7.7.3) 


i.e., is obtained by integration from zero pressure (the surface) to the pressure con¬ 
cerned. Since the anomalies are expressed relative to a function of pressure only, the 
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horizontal gradients of O' along isobaric surfaces are the same as horizontal gradients 
of O. Hence 


-f{Vg(p) - v,(0)} = 


mp) 

dx 


rf r ^ rnu 

/{Ug(p) - Ug(0)} =- 

i/j/ 

give geostrophic currents relative to the surface. Similarly, geostrophic velocities at 
pressure Pi can be calculated relative to another pressure P 2 by 


-/Mpi) - "Ml = - ‘I’Xpj)}, 

/{".(p.) - •',(P2)) = -Irff'Cp.) - ‘f'(P2)!- 

(py 


(7.7.5) 


Usually the reference level (subscript 2) is chosen to be the lower of the two levels, and 
hence at the higher pressure (p 2 > Pi). 

As an example, Fig. 7.8a shows the dynamic topography of (i) the surface of the 
Pacific Ocean relative to the 1000-decibar level and (ii) the 1000-db relative to the 
2000-db level. [In oceanography the decibar (dbar) (see Section 3.5) is often used as a 
unit of pressure since a pressure change of 1 db corresponds to a change of depth of 
l/pg times this value, which is very close to 1 m; typically 1 db = 0.995 m near the 
surface and 0.969 m at the 5000-db level. Often the distinction between a decibar and a 
meter is of little importance and is ignored.] Usually, currents at the deeper levels are 
small compared with surface values, so the surface currents relative to 1000 or 2000 db 
are assumed to be a good approximation to actual surface currents. There is always 
the question, however, of which reference level gives the best approximation to surface 
currents. The ideal reference level would be a “level of no motion,” but such a level 
does not necessarily exist in practice because both components of velocity need to 
vanish at the same level. Methods of deducing a reference level from temperature and 
salinity observations in a neighborhood are discussed by Stommel and Schott (1977) 
and Killworth (1980b). 

In meteorology, the dynamic height of one pressure surface relative to another is 
called the thickness. If the perfect gas law (3.1.2) is satisfied, (7.7.1) gives 

a>i - (D 2 = r p-^ RT dp = RT In(p2/Pi), (7.7.6) 

Jpi 

where T is the temperature averaged with respect to the logarithm of the pressure 
between the two levels. Hence the thickness, and therefore relative winds, is associated 
with a mean temperature T. Another interpretation of T is obtained by integrating 
the hydrostatic equation in the form (3.5.11), which gives 

ln(P 2 /P.) = I (g/RT) dz = (g/RT) I dz. (7.7.7) 

tl P2 t) Pi 

i.e., 1/T is the reciprocal of the temperature averaged with respect to distance z 
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between the two pressure surfaces, Figure 7,8b shows an example of a thickness chart. 
In meteorology these are more often used as a measure of mean temperature than 
of relative winds. 

In the above discussion, the information in the hydrostatic and geostrophic 
equations has been combined, following Ferrel, by first integrating the hydrostatic 
equation and then using the geostrophic relation. Alternatively, the geostrophic 
equations (7.6.6) and (7.6,7) can be differentiated with respect to pressure and then 
the hydrostatic relation used to substitute for d0/dp = -p~\ The result is 

/ dv/dp = p~^ dpjdx, f du/dp = —p~^ ^pl^y- (7.7,8) 

Alternatively, using the hydrostatic equation again to put dp = —pg dz, this may 
be written 


/ dv/dz = -gp \dp/dx)p, f dujdz = gp ^{dpjdy)^, (7,7,9) 

where the derivatives on the right-hand side are taken on constant-pressure surfaces, 
(The difference between the gradients on constant-pressure and constant-level surfaces 
is usually so small that the distinction is unimportant for practical purposes.) 

For a perfect gas p = p/RT, so the derivatives on the right can be reexpressed in 
terms of temperature to give 

/ dv/dz = gT-^idT/dx)p, f du/dz = -gT-\dTIdy)^, (7.7,10) 

This form of the equation is called the thermal wind equation, and gives a relation 
between temperature gradient (on an isobaric surface) and wind shear. It follows that, 
as Ferrel found, when temperature decreases toward the poles, winds become more 
westerly (i.e., stronger toward the east) with height. Figure 7.9 shows observed dis¬ 
tributions of temperature and wind with latitude and height, and the relationship 
between the two fields, as expressed by (7.7.10), is apparent. 

It is useful to think of the thermal wind as the wind at one level (denoted by 
subscript 1, say) relative to the wind at a lower level (denoted by subscript 2). Then the 
thermal wind blows along isotherms (or, more precisely, along contours of constant 
thickness) with, in the northern hemisphere, cold air on the left and warm air on the 
right. There are various consequences that are useful to remember. 

Suppose, for instance, the geostrophic wind at the reference level has a component 
from cold to warm. Then the thermal wind will be directed to the left in the northern 
hemisphere (see Fig. 7.10), so the wind will back with height (i.e., the wind vector will 
rotate anticlockwise, or cyclonically, with height). Conversely, the wind will veer with 
height (i.e., rotate anticyclonically) if the wind has a component from warm to cold. 
Thus, backing of the wind with height is associated with cold air advection and veering 
with height is associated with warm air advection. 

On a chart showing isotherms on a constant-pressure surface, the shear vector is 
directed cyclonically around low temperatures (or low thickness) and anticyclonically 
around high temperatures (or high thickness). Thus if a /ow-pressuredisturbance has a 
cold core, the cyclonic flow around the core will increase with height, and vice versa. 
Similarly, if a high-pressure disturbance has a warm core, the anticyclonic flow will 
increase with height, and vice versa. If temperature and pressure centers do not 
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Fig. 7.9. Mean meridional cross sections of wind and temperature for (a) )anuary and (b) )uly. Thin solid tem¬ 
perature lines are in degrees Celsius and dashed wind speed lines are in meters per second. Heavy solid lines 
represent tropopause and inversion discontinuities. [After Arctic forecast Guide, Navy Weather Research Facility, 
April 1962.1 

coincide, the cyclones will shift with height toward cold air, and anticyclones will shift 
toward warm air. 

For the ocean, the equation of state can be used to give the density gradients in 
(7.7.9) in terms of temperature and salinity gradients. This gives (see Section 3.6) 

/ dvjdz = go. dT/dx - gfi dsjdx, f dujdz = - got dT/dy + gp ds/dy. (7.7.11) 
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Fig. 7.10. The association between the direction of rotation of the wind vector with height and the direction 
of heat advection. Subscript 2 denotes the lower level and subscript 1 the upper level. In the northern hemisphere, 
cold air is on the left of an observer traveling with the thermal wind Consequently, cold air advection 

[case (a)] corresponds to a wind vector that backs (i.e., rotates cy clonically) with height, whereas warm air advection 
[case (b)| is associated with a wind vector that veers (i.e., rotates anticyclonically) with height in the northern 
hemisphere. 


Alternatively (see Section 3.7), T can be replaced by potential temperature 0 and 
a, p by a', p\ When salinity gradients are small and temperature decreases toward the 
poles, currents become more strongly westward with depth. A manifestation of this 
result is in the poleward displacement with depth of the centers of the subtropical 
gyres, which are anticyclonic. This can be seen in Fig. 7.8a. 

A limiting form of the thermal wind is obtained in the case of a “front” or sloping 
surface of discontinuity of density. If this surface is given by z = h(x, y), subscript 2 
denotes values below the surface, and subscript 1 values above, then the additional 
pressure created below the surface by the discontinuity will be 

P2 - Pi = iP2 - PiM* - (7.7.12) 

by the hydrostatic equation. From the geostrophic relation, the additional velocity 
below the surface will be given by 

J\V 2 - Vi) = g' dh/dx, /(uj - «i) = -p' ^h/dy, (7.7.13) 

where 

g' = iP2 - Pi)g/P2- (7.7.14) 

Thus the additional velocity is directed along contours of the surface of discontinuity 
and has magnitude g'l f times the slope of the surface. A special case is the discon¬ 
tinuity at a free surface, in which (7.7.13) reduces to the result (7.6.1) obtained by 
Combes (1859). The relation (7.7.13) for a general surface of discontinuity is often 
referred to as Margules’ (1906) relation. A more general form of the relation for 
zonal flows was obtained by Helmholtz (1888). 


7.8 Available Potential Energy 


In Section 5.7, the energy changes associated with the adjustment under gravity 
of a homogeneous fluid were considered for the case of small perturbations from a 
state of rest. The perturbation potential energy associated with the surface elevation 
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fj was found to be the positive definite quantity 


A' = 


r r 




- pgn^ dx dy. 


(7.8.1) 


whose minimum value, zero, is achieved in the rest state. In any frictionless motion, 
the sum of kinetic and potential energies remains constant, so the maximum amount 
of kinetic energy that can be obtained by conversion of potential into kinetic energy is 
equal to A'. Thus A' is called available potential energy since it represents energy 
that is available for conversion into the kinetic form if the constraints imposed by 
the equation of motion will allow this to happen. In the nonrotating case studied in 
Section 5.7, it was found that complete conversion occurred, i.e., all the available 
potential energy was released and appeared in the fluid state as kinetic energy. 
Rotation can, however, prevent conversion from taking place. In fact, in the problem 
studied in Section 7.2, very little of the available potential energy was released because 
the geostrophic equilibrium obtained had nearly as much available potential energy 
as the initial state. Hence the idea was put forward that potential energy is “hard to 
extract" in a rotating system. 

There is more to the story, however, because the adjustment of a stratified fluid is 
often sensitive to the initial condition. For instance, an atmosphere that is constrained 
to have no variations with longitude may adjust with very little change in potential 
energy. Slight irregularities on such a flow, however, can often grow and draw on the 
potential energy available in the zonal flow, and therefore much more potential 
energy is released. In practice, the energy released is manifested in the form of cyclones 
and anticyclones, which not only dominate our weather but also play a vital role in 
the general circulation of the atmosphere. Thus the concept of available energy, first 
put forward by Margules (1903) for discussing storms, is a valuable tool for analyzing 
the general circulation of the atmosphere and was developed with this in mind by 
Lorenz (1955). 

The discussion of the first paragraph of this section was in terms of a homogeneous 
fluid, but the concept of available potential energy applies equally well to stratified 
compressible fluids (see Section 4.7) and is usually based on the behavior of an ideal 
fluid in the absence of changes of state (i.e., of latent heat release). Then, as found in 
Section 4.7, the sum of kinetic, internal, and potential energies remains constant, so 
available potential energy is defined as the difference between the internal plus 
potential energy observed and the minimum value of this quantity that could be 
achieved by a redistribution of mass in which the entropy and composition of each 
fluid element is conserved. Defined this way the following hold; 


(a) The available potential energy is a positive definite quantity. 

(b) The available potential energy depends only on the distribution of potential 
temperature (or temperature), of pressure, and of constituents throughout the fluid. 

(c) The sum of available potential and kinetic energies remains constant in any 
isentropic motion without diffusion, dissipation, latent heat release, or radiative 
heat exchanges. 

As mentioned in Section 4.7, the mean value (per unit area) of the available 
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potential energy of the atmosphere has been estimated as 4.5 x 10* J m“^, which is 
about ten times the value of the mean kinetic energy. If the available potential energy 
were released to give a uniform speed over the whole of the atmosphere, that speed 
would be about 30 m s“ ^ 

The expression obtained in Section 6.14 for perturbation internal plus potential 
energy A', namely, (6.14.10) or 


A' = 




dx dy dz^ 


(7.8.2) 


where h is the vertical particle displacement, N the buoyancy frequency, the speed 
of sound, p' the perturbation pressure, and po the undisturbed density, shows that the 
rest state is a minimum for internal plus potential energy, but it is conceivable that 
other minima could exist for which the energy was smaller. This is not the case, 
however, which can be proved by calculating the change dA in internal plus potential 
energy during a displacement of fluid particles that conserves mass and entropy 
[cf. Van Mieghem (1956, 1957)]. 

From the definitions (4.7.6) and (4.7.7), 


dA = 5(1 + P) = 


J J J ^ 


(7.8.3) 


but by the first law of thermodynamics (3.2.1), the change of the internal energy per 
unit mass for an isentropic displacement is given by 

SE = -p3v^ = p5p/p^ (7.8.4) 

where = p“‘ is the specific volume. But the mass conservation equation (4.2.2), 
when written in terms of the material displacement dx, has the form 


= —^P/P = V-(^x). (7.8.5) 

Also, the change 5<I> in a quantity O associated with a displacement dx is given by 

d<^/dx + dy d<I>/dy + dz d<!>{dz = \<^‘dx. (7.8.6) 


It follows by substituting (7.8.6) for 5<1> and the result of (7.8.5) and (7.8.4) for dE in 
(7.8.3) that 


i.e,, 


dA 


J/f 

in 


(— p V • 5x + p Vd> • dx) dx dy dz 


(- V ■ (p 5x) + Vp ■ 5x + p Vd) ■ 5x) dx dy dz, 


dA 


f f nf^xL dS + 

J J. 


fff 


(Vd + oV^)'dxdxdvdz, 


(7.8.7) 


where (cf. Section 4.6) the first term on the right-hand side is obtained by use of the 
divergence theorem, (5x)„ denotes the displacement along the outward normal to the 
volume in question, and dS denotes an element of surface area. This term vanishes if 



222 


7 Efiects of notation 


there is a rigid boundary where (5x)n = 0 as at the ocean floor and if p = 0 as at the 
“top” of the atmosphere. Therefore the condition for SA to vanish for the atmosphere- 
ocean system is 

Vp + pVa) = 0, (7.8.8) 


i.e., the full hydrostatic equation must be satisfied, including the condition of no 
horizontal pressure gradient. From the equation of motion (4.5.5), the only state of 
motion consistent with this and the boundary conditions is one of rest. 

However, there are many possible rest states since the density could be any 
function of pressure. To And which one is the state of minimum internal plus potential 
energy, the change in A can be calculated to second order in the displacement [cf. 
Van Mieghem (1956, 1957)], and this gives the result (7.8.2). This shows that the 
minimum corresponds to a state in which mass is distributed in such a way that the 
buoyancy frequency is real, i.e., > 0. 

Fnuation r7.8.71 is closelv related to the enerev eouation discussed in Section 4.7: 

- 1 --/ —---- -- -- - -- - __ _ ■ ■ j 

for when written in terms of rates of change of energy associated with a certain rate 
of change of displacement, it becomes 


dA/dt = 



pu„ dS + 



(Vp + p V<I>)*u dxdydz 


(7.8.9) 


since u = D{5\)IDt, the integral being over a material volume. When the equation of 
motion is used, Vp/p + V<1> can be replaced by minus the acceleration, so the last 
term becomes minus the rate of change of kinetic energy and (7.8.9) becomes a special 
case of (4.7.8) for the conservation of total energy. 

To illustrate the concept of available potential energy, consider Marsigli’s 
experiment, discussed in Section 5.1. The initial state consists of two equal volumes of 
homogeneous fluid in a rectangular container separated by a partition as illustrated 
in Fig. 7.11a(i). Using the base of the container as a reference level, the average 
potential energy P per unit area is given by 


P = L 


-1 


-t/2 


IJ pOdzjt/x = L * J I pgzd^dx = ^(pi + P2)gH^- 


The origin x = 0, z = 0 has been placed at the center of the base, which has width L. 
The equilibrium state is shown in Fig. 7.1 la(iii), and calculating the same integral 
for this gives 

P = idPi + 

Subtracting the two expressions gives the available energy A per unit area as 

A = ktPi - Pi)gH\ (7.8.10) 


If all the available energy were converted into kinetic energy, the mean square velocity 
of the motion would be equal to 


= i(P2 - PxWKpi + Pi). 


( 7 . 8 . 11 ) 
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Fig. 7.11. (a) Three different arrangements of two incompressible fluids, each of uniform density pj, with 
ft > Pi C3se (i) is the initial configuration of Marsigli's experiment (see Fig. 5.1). Case (iii) shows the arrangement at 
the end of the experiment when a condition of minimum potential energy is obtained. Case (ii) shows an alternative 
initial condition. The available potential energy is defined as the potential energy relative to that in case (iii). The 
average values per unit area are ^P 2 - pOgH^ in case (i), ^p^ — Pilgd^ in case (ii), and zero in case (iii). (b) Different 
arrangements of two equal masses of dry air, each with uniform potential temperature 6,, with 0, > 02 - Margules 
(1903) calculated the potential plus internal energy in each case. Case (i) is an arrangement similar to Marsigli's 
experiment, but the upper surfaces are at the same pressure, not the same level. Case (ii) shows the arrangement 
with minimum potential plus internal energy. Since the mass above any level is proportional to pressure, the inter¬ 
face is at pressure ^fp, + p,), p, being the pressure at the ground and p^ the pressure at the upper surface. The 
available potential energy is defined as the potential energy relative to that in case (ii) and its value for case (i) is 
given by (7.0.21). 


Similar calculations can be made for other configurations, such as the one with a 
sloping interface in Fig, 7.1 la(ii), for which 

A = i(P 2 - Pi)gd^- (7.8,12) 


Margules (1903) considered a similar example for a compressible fluid, which is 
illustrated in Fig. 7.1 lb(i). Equal masses of a perfect gas are on the two sides of the 
partition, one with potential temperature 6 ^, and the other with lower potential 
temperature 62 . The pressure at the ground is taken as the reference pressure p, used 

111 iii^ uwiiiJiiiwii \Ji pwiwiiiiai i^iiipwicii.ui^f diiu iiiw piviaauiw> ay. iiiw uj^pvi auiiww la 


Pi. In the rest state, the fluid with potential temperature 9^ lies on top as shown in 
Fig. 7.1 lb(ii), with the interface at pressure + Pi) by continuity of mass. 

To calculate the available potential energy, the state variables need to be expressed 
in terms of potential temperature and pressure. By (3.7,4) the temperature T is given by 


T = 0(p/p.)^ 


(7.8.13) 


where 


K = \ - y * = R/Cp 


( 7 . 8 . 14 ) 
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by (3.2.9) and (3.3.5) with ^ = 0. The ideal gas equation (3.1,2) gives for the density 


1 _ /?T _ RO/pY-' 
P P Pr [pj 


(7.8.15) 


and so the hydrostatic equation (3.5.6) or (3.5.8) gives for an isentropic region 


[,z] = [a>] = 


p ' dp = -Cpd[{p/pY]. 


(7.8.16) 


This shows that pressure varies as some power of the height in a homentropic fluid. 
The square brackets here and in other formulas in this section denote differences in 
values between two pressure levels. 

Now the internal energy / per unit area for a perfect gas is given by (3.2.7) and 
(4.7.6), i.e., by 


/ = 


pc,.T dz — R 
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p dz. 


(7.8.17) 


The potential energy P per unit area is, from the definition (4.7.7) and the hydrostatic 
equation (3.5.8)» given by 
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Since [/7<I)] vanishes over the whole depth of atmosphere, these formulas show that 
internal energy and potential energy for a whole column of atmosphere are in the 
ratio In general, the sum of (7.8.17) and (7.8.18) gives, after use of (3.2.9) with 

q = Q and (7.8.14), 


P + I 


-9^^Lp^] + x' 


p dz. 


(7.8.19) 


Now the values for the situations shown in Fig. 7.11b can be calculated, using the 
result that 


J 


p dz 
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(7.8.20) 


use having been made of (7.8.151 and the hvdrostatic eauation (3.5.81. The last formula 

-- -^ -- ---V — - - r -- - - - - ---- -- 

applies only in the case of an isentropic layer. Subtracting the result for the case shown 
in Fig. 7.1 lb(ii) from that for the case shown in Fig. 7.1 lb(i) gives, after some calcu¬ 
lation, the available potential energy A per unit area as 
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(7.8.21) 


where 


r = Pi/Pr. 


( 7 . 8 . 22 ) 
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In particular, if the columns extend over the whole depth of atmosphere, so that 
Pi = r = 0, (7.8.21) gives, using (3.7.3) with q = 0, 


j ^ CpPrWi - O2) 

2 g(l + K) 


0.07 


CpPrC^l - ^2) 
9 


(7.8.23) 


In the opposite extreme, when the layer concerned is very shallow, so that pj — p^ 
is small, 


^ ^ fl.Wi - (P, - p.f ^ - 6 ,) 

4g Pr PrP 

Since the mass per unit area is (p, — Pi )/g, the second formula gives the mean square 
velocity that would be obtained as a result of conversion of the available energy by 

« 120(01 - 02)(Pr - Pi)/Pr (7.8.25) 

in SI units, use being made of (3.3.3) with g = 0. A formula for calculating U was 
obtained by Margules in a similar form. As an example, ifpj is 700 mbar and 61 - 62 
is 5 K, [/ is 14 m s“ *. Comparison of the approximation (7.8.24) when Pi = 0 with 
the exact result (7.8.23) for this extreme case suggests that the approximate formula 
will usually give an underestimate. This is consistent with Dutton and Johnson’s (1967) 
experience that the small-perturbation formula for A applied to real situations gave 
answers that were generally 5% below the exact value. 

Lorenz (1955, 1960) generalized this result by considering the atmosphere as made 
up of stratified columns each in equilibrium. If the whole depth of the atmosphere is 
involved, (7.8.19) and (7.8.20) give 


where 


err 


P + I = Cp 


(p/p,rd dM, 


(7.8.26) 


dM = —g ^ dp dxdy 




is interpreted as the mass of one of the layers that make up the column. When moved 
to its state of minimum potential plus internal energy, each isentropic layer will 
become flat. Its mass dM will be conserved, and so will the mean pressure p since this 
is proportional to the mass of fluid above the isentropic layer. Thus when the surface 
is flat, the pressure on it will be p everywhere, so (7.8.26) gives the available potential 
energy A as 


A = Cp 


A r 


{{plp,T -{plP:f]edM. 


(7.8.28) 


Lorenz also adopted the convention that the pressure on any isentrope that descends 
below the surface is equal to the surface pressure at the same horizontal position. He 
also showed that for small perturbations this reduces to the formulas found in Section 
6.18, using isobaric coordinates, because the hydrostatic approximation is basic to 
that description as well. He did not, however, discuss the surface contribution in 
detail. Such a discussion may be found in the work by Dutton and Johnson (1967). 
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7.9 Circulation and Vorticity 


The study of adjustment to equilibrium in Section 7.2 showed the importance of 
the concept of “potential vorticity,” which is based on properties possessed by 
the vorticity 


C = U,r},C) 


(7.9.1) 


of a fluid [the modem name for this quantity was introduced by Lamb (1916) in the 
fourth edition of his “Hydrodynamics”], which is deflned as the curl of the velocity, i.e.. 


C, 


V X u = 



dv du 
dz' dz 


dw dv 
dx ’ dx 



(7.9.2) 


This section reviews the concept of vorticity, and the related one of circulation. 

Vorticity may be identifled in various ways with the local rate of rotation of a 
fluid element [Truesdell (1954a, Chapter 3) gives details with historical references]. 
Such an identiflcation requires an analysis of the relative motion of neighboring fluid 
particles. If these are denoted by A and B and their relative displacement by = 
> the rate of change of this displacement is 


D{6x)jDt = Dx^lDt — DxgjDt = - Ub = 5u. 


Now the change dy in any quantity y for a displacement Sx is given by 


V* _L .S,, _L .S, JPl-r 

V y — V ^ vf y f -j- w y K/ y f y “r 




and since this applies to each component of dx, 

= (dx • V)u. 


where 5x*V is the operator defined by (7.9.4). 
Combining (7.9.3) and (7.9.5) now gives 

D(dx)/Dt = (dx’V)a. 

A useful alternative expression for the right-hand side is 

D(dx)/Dt = + i; X ^x, 

where 


(7.9.3) 
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(7.9.8) 


and Vj denotes the gradient with respect to dx, velocity derivatives being regarded as 
constant. The equality of the right-hand sides of (7.9.6) and (7.9,7) is easily confirmed 
by calculating components such as that in the direction of the x axis, namely, 
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Thus the motion in the neighborhood of a fluid particle can always be resolved 
into two parts corresponding to the terms on the right-hand side of (7.9.7), The second 
part [cf. (4.5.2)] is a pure rotation with angular velocity which explains why 
is identified with the local rate of rotation of fluid elements. Early writers used names 
like “angular velocity” or “rotation velocity” for this quantity. The motion due to 
the term follows from the fact that contours of G are ellipsoidal surfaces, so the 
motion due to this term is normal to these surfaces. In particular, the motion along 
the axes of the ellipsoid is linear, and a surface that is initially spherical will distort 
into an ellipsoid with these axes. This is called a pure straining motion, so (7.9.7) shows 
that motion in the neighborhood of a fluid particle can always be regarded as the 
resultant of a pure straining motion and a pure rotation. More detailed discussion 
can be found, e.g., in the work of Batchelor (1967, Section 2.3). 

Now the vorticity ^ appears in an important formula for the acceleration of a 
fluid element, which was derived by Lagrange (1781). The formula is 

Du/Dt = du/dt + ^ X u + V(ju^) (7.9,9) 

and is easily verified by considering individual components, e.g.. 


Du du du du du 



It can be seen (cf Section 4.5) that this formula anticipates the result of Coriolis (183 5) 
for the components of acceleration relative to a frame rotating with the fluid. 

Although the quantity ^ appears in the early papers in which the equations of 
fluid mechanics were first developed, some hundred years elapsed before Helmholtz 
(1858) deduced from these equations some of the important properties possessed by 
vorticity, which established the fundamental role it plays in fluid mechanics. The 
vorticity equation itself follows from the identity 

V X Du/Dt = D^/Dt - (^•V)u + C(V*u), (7.9.10) 


which can be derived from (7.9,9), e.g., by calculating components such as 



and using the identity 


= dl^/dx + dr\ldy + dt^/dz = 0, (7.9.11) 

which follows from the definition (7.9.2). An alternative form of (7.9,10) is obtained 
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by combining it with the mass conservation equation (4.2.3) to give 


Du 

p Dt 



X 


V u. 


(7.9.12) 



The dynamical equations are now utilized by substituting for Du/Dt in (7.9.12), 
and the result depends on what assumptions are made about the fluid. Helmholtz’ 
Mg58) results were, in particular, for the case of a hotnogsneous inviscid fluid, con¬ 
sidering motion relative to a fixed frame of reference. Then Du/Dt is the gradient of a 
scalar, — 0 — p/p, and so the curl vanishes. Hence (7.9.12) reduces to 


(7.9.13) 


Since p is constant, the factor p may be removed from both sides. Helmholtz’ results 
can also be applied to a nonhomogeneous fluid when the pressure is a function of 

_i__I... r_- At _n— / r\ a * 1 .^ 4 . /»v C ^ 

uciisiijr uiii^, lui iiicii uufui is sun me giauiciii ui a seaiai, —^ — J uf/ip, aiiu me 

left-hand side of (7.9.12) still vanishes, yielding (7.9.13) once again. Such a fluid 
automatically has pressure surfaces and density surfaces that coincide, and is 
sometimes called (cf. Section 6.2) an autobarotropic fluid. An example is an ideal 
homentropic fluid (i.e,, a fluid with uniform potential temperature 6 ) with uniform 
composition s; for then (4.10.8) and (4.10.9) ensure that these uniform values will be 
maintained, and hence the equation of state (4.10.5) reduces to the statement that 
density is a function of pressure only. 

Ti-i— j _1_ /n rt 1 _ 4.1.^ «« 
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(7.9.6) for what can be called a material line element 6 x. It follows that a material line 
element initially aligned with the vorticity vector ^ will remain so aligned. Helmholtz 
expressed this idea by introducing the notion of a vortex filament, i.e., a material line 
of particles such that the tangent to the line is everywhere in the direction of the 
vorticity. Since each segment of the filament remains a material line element, 
Helmholtz’ result that a vortex filament retains its identity follows. 

A further result follows by introducing a quantity x that varies along the filament 
in such a way that the displacement between neighboring points on the filament is 
given by 

Sx = p-%Sx. (7.9.14) 

In other words, x is the integral of p/|^| along the vortex filament. Substituting 
in (7.9.6) gives 


Dt Ip y Dt Vp> 


+ ^^(Sx) = dx (- 

p Dt ^ ^\p 


V u. 


and applying (7.9.13) reduces this to 

D(3x)/Dt = 0. 


(7.9.15) 


In other words dx (and hence x), if measured from a fixed particle, is constant. This is a 
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the local segment of the vortex filament. 
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A closely related way of expressing these properties of a fluid is in terms of the 
circulation C introduced by Kelvin (Thomson, 1869). This is the property of a closed 
curve in space, and the circulation is defined as the line integral around the closed 
curve denoted by 


C = 



{u dx + V dy + w dz). 


(7.9.16) 


Figure 7.12a shows the meaning of this expression, and Fig. 7.12b shows the contribu¬ 
tions for a particular rectangular circuit for which the connection between circulation 
and vorticitv is annarent. In aeneral. the relationshio is triven hv Strikes’ theorem 

^ ** w - - - - X 0 y — 


c = 



r r 


\ X u-dS = 





(7.9.17) 


where the double integrals can be evaluated over any surface whose perimeter is the 
circuit with which the circulation is associated and dS denotes an element of area, i.e., 
has magnitude equal to the area of the element and direction normal to the surface. 
Equation (7.9.17) also allows vorticity to be intepreted as circulation per unit area. 


I'v^iviij a i&auii 13 
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the same fluid particles. (One can find results for other circuits, but they are not so 
useful.) Then the rate of change of the contribution u * ds of a small part of the circuit 
is given by 


D Du Dv Dw 

— (uSx + vSy+ w Sz) = ~ Sx + Sy + Sz + uSu + vSv + w 6w. 
Dt Dt Dt Dt 



8* 


svy 
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(b) 


Fig. 7.12. (a) The contribution to the circulation from a small length Ss of a material circuit is defined as U’^s = 
u(^5cosa, where u is the fluid velocity at the section in question, is a vector of length i$s and directed along 
the circuit, and a is the angle between the two vectors u and ^s. In terms of Cartesian components, u = (u, v, w), 
3$ = ((5x,(5y, ^/), and u-^s = uSm + v3y + w32. (b) Calculation of the circulation of a small rectangular circuit. 
The arrows show the direction in which the circuit is traversed, and hence the direction of (5s. In this case, the 
circulation is equal to the vorticity component ( = dvidx — dutdy normal to the circuit times the area 6x8y of the 
circuit. The generalization of this result to an arbitrary circuit can be obtained by dividing up the circuit into a 
large number of infinitesimal sections for each of which the above result can be applied. Thus, in general, the cir¬ 
culation is equal to JJ^'dS, where dS is a vector with magnitude equal to the area of an infinitesimal section and 
with direction norfu^! to tti^t 2r52, Ths intogrs! csn b5 svsjustsd QV8r sny surfdcs whos6 p6dm6t6r is ths circuit 
involved. 
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It follows that for any segment of the circuit 


D 

Dt 


u‘ds 



where the last term is the difference in the values between the end points. This 
vanishes for a closed curve, giving Kelvin’s identity 
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Dt 
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U'da 



(7.9.18) 
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will depend on the assumptions made about the fluid. Kelvin considered the particular 
case of a homogeneous inviscid fluid for which Du/Dt is the gradient of a scalar, 
—4> — p/p. For any segment of the circuit 


+ <i>yds = 


dx 


t + <i\dx+ ^ 






where the right-hand side is the difference between the values of <I) -I- p/p at the two 
ends of the segment. This vanishes for a closed circuit, so (7.9.18) gives Kelvin's 
circulation theorem, namely, that the circulation of a material circuit is constant for a 
homogeneous inviscid fluid. As found above, Du/Dt is also the gradient of a scalar 
for an autobarotropic fluid, so Kelvin’s result applies in that case as well. 

Another useful concept is that of a vortex tube, i.e., the tube made up of all vortex 
filaments passing through a particular material circuit. Figure 7.13 shows a segment 
of such a tube. Since by (7.9.11) the divergence of ^ is zero, the flux JJ ^ • dS out of any 


Circuti 



Fig. 7.13. A vortex tube is made up of all the vortex Hlaments passing through a particular material circuit. 
The diagram shows a small length SI of such a tube, which in this case has small cross-sectional area SS. The flux 
jJfJ'c/S through any cross section of the tube is constant since the divergence of (is zero by definition, and hence 
the circulation C for any circuit around the tube has a fixed value. In the case shown, for which the cross-sectional 
area is small, C = C<5S to first order. In a homogeneous fluid, vortex filaments are material lines, and so a segment 
of vortex tube moves as a material volume, preserving its mass SM = pSSSI. Hence C/SM = (/pSl is constant, so 
during the motion (/p varies in proportion to the length 61 of the segment of vortex tube. 
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volume is zero (cf. Section 4.6). Now the flux over the sides of a vortex tube is zero, so 
the fluxes across the two ends of the vortex tube segment must be equal, i.e., by 
(7.9.17) the circulation around any circuit of the tube is equal to that around any 
other, so a unique value can be assigned to the circulation of a vortex tube. 

Now, since the segment of the vortex tube is a material segment, its mass dM = 
p dS dl will remain constant, dl being its length and dS its cross-sectional area. But 
the circulation C = C is also constant, so the ratio 

C/dM = Updl = l/dx (7.9.19) 

is also constant, reproducing Helmholtz’ result. It also shows that the quantity 
defined by (7.9.14), is the ratio of the mass of a piece of vortex tube to its circulation. 


7.10 Conservation of Potential Vorticity 
for a Shallow Homogeneous Layer 


A key factor in Rossby’s solution of the adjustment problem was the manipulation 
of the equations to give one equation, namely, (7.2.8), that could be integrated im¬ 
mediately and thus give a relationship between the initial state and later ones of the 
system. The conserved quantity was called perturbation potential vorticity. The 
conservation law is, in fact, much more general than the special one for small perturba- 
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aiiu ii win iiuw oc iiivcsii{$<iicu. /Aiiiiuugii me icsuit Caii be obtained directly 
from those of Section 7.9, there is some advantage in repeating the manipulations 
involved for the simpler case of shallow-water motion of a homogeneous fluid. 

As found in Section 5.6, the hydrostatic equation (which applies to shallow water 
motion, i.e., motion with horizontal scale large compared with the depth) gives 
perturbation pressure independent of depth, so the velocity will also have this 
property if it does so initially. Assuming this, the shallow-water approximation to 
the momentum equations (4.10.2) is 


du 

Tt 


du 

+ u— -I- r 
ox 


du 
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- fv = -g 


5x’ 


dv dv dv . drj 


(7.10.1) 


When he derived the equations of motion, Euler (1755) saw the advantage of elim¬ 
inating the pressure (i.e., rj) from these equations by taking the curl. However, to take 
full advantage of this requires some manipulation of the acceleration terms, namely, 
that derived by Lagrange (1781) and given by (7.9.9). Applied to (7.10.1), (7.9.9) gives 


du/dt - (/ + Qv = -dBjdx, 

(1 10 2 ) 

dvjdt + (/ + Om = -dBldy, ^ ^ 

where C is the vertical component of relative vorticity defined by (7.2.6) and B is the 
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Bernoulli function (see Section 4,8) defined by 

B = gr} + + v^). (7.10.3) 

The term(/ -f 0 in (7.10.2) is the absolute vorticity, i.e,, the vorticity relative to a 
fixed frame of reference. This follows from (4.5.2), which gives 


Uf = u + n X X, (7.10.4) 

where 11, the angular velocity, is a vertical vector of magnitude j/, x is position 
relative to the rotation axis, and subscript f denotes values relative to a fixed frame. 
It can be shown that (7.10.4) implies that 


8v(/dX( — dU(/dy( = f + C. (7.10.5) 

The result also follows from the identification of as the local rate of rotation of 
fluid elements. The value relative to a fixed frame will be the sum of the rotation vector 
for the frame and the rotation vector for the fluid element relative to the rotating 
frame. 

The vorticity equation can now be obtained by eliminating B from (7.10.2) to give 


or alternatively, 


DUDt +{f + Oidu/dx + dv/dy) = 0, 


1 D 


f + i:Dt 


irAf + 0 + 



(7.10.6) 


(7.10.7) 


This is the shallow water version of (7.9.13) (but expressed relative to the rotating 
frame rather than the fixed frame), and follows from that equation and the fact that 
the horizontal velocity components are depth-independent and hence the vorticity 
vector is vertical. Equation (7.10.7) shows that if the motion is divergent, i.e., if 
du/dx + dv/dy > 0, then the magnitude of the absolute vorticity will decrease. In 
particular, if there is no initial relative vortidty, divergent motion will cause the fluid 
to acquire anticyclonic vorticity. Conversely, convergent motion would cause the 
fluid to acquire cyclonic vorticity. These relationships are important and have been 
used, for instance, to explain the acquisition of cyclonic vorticity in a storm resulting 
from convergence of fluid toward the storm center. [An early qualitative argument 
can be found, for instance, in the paper by Tracy (1843).] 

The next step is based on the fact that convergence leads to accumulation of mass 
and hence to raising of the free surface, as expressed by the continuity equation 
(5.6.7), which can be written as 


Subtraction of (7.10.8) from (7.10.7) eliminates the divergence and gives 

DQ/Dt = 0, (7.10.9) 


where 


U=U + O/iH + ri) 


(7.10.10) 
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is called the potential vorticity for homogeneous shallow-water motion. The perturba¬ 
tion potential vorticity Q' for infinitesimal disturbances is readily confirmed to be 
given by (7.2.9). Equation (7.10.9) was obtained in a form similar to this by Rossby 
(1936), who later introduced the name potential vorticity (Rossby, 1940). 

The result (7.10.9) can also be derived directly from Helmholtz’ result as obtained 
in Section 7.9. Since the absolute vorticity / -i- C is purely vertical and independent 
of depth, it varies in proportion with the length H + 7/ of a vortex filament, which in 
this case is a vertical line of fluid confined between the upper and lower boundaries. Q 
is in fact the inverse of the quantity x introduced in Section 7.9 and therefore [see 
(7.9.19)] can also be identified as the volume of a vortex tube (in this case a vertical 
cylinder of fluid extending from top to bottom) divided by its circulation. The im¬ 
portant result can be expressed very simply; stretching of a vortex line causes 
acquisition of cyclonic vorticity; shrinking produces anticyclonic vorticity. This 
result will be applied over and over again in later chapters. 

The concept of potential vorticity is of fundamental importance, because of the 
conservation property (7.10.9), in the same way that the concept of vorticity is impor¬ 
tant in the study of strictly two-dimensional (i.e., z-independent) flows. In fact, shallow 
water flow in a region of constant depth becomes strictly two dimensional in the limit 
in which g ^ oo, but grj remains finite in order to preserve pressure gradients because 
then the free surface cannot move (the rigid lid approximation—see Section 6.3) and 
H + r} remains constant. The relationship is worth remembering because many 
useful results derived for two-dimensional flows can readily be generalized to 
shallow-water motions. 

Consider, in particular, the case of steady flow. Then (7.10.8) allows a stream 
function tj/ to be defined by 

{H + r})u = -dil/fdy, (H + r})v = dtjjjdx, (7.10.11) 

and (7.10.9) shows that Q is constant along a streamline, i.e., 

Q = Qm. (7.10.12) 

Furthermore, when (7.10.11) is used to substitute for u and v in (7.10.2), the two 
equations show that the Bernoulli function B is constant along streamlines as well, and 

Q(tP) = dB(iP)/dij/. (7.10.13) 

For the case of constant H in the limit as g oc , this reduces to the result obtained by 
d’Alembert (1761) and Lagrange (1781), that vorticity is constant on streamlines in 
strictly two-dimensional flow. 

Another useful way of looking at (7.10.1) in the case of steady motion is in terms of 
local (or “natural”) coordinates(s, n) corresponding to axes parallel and perpendicular 
to the local direction of motion (see Fig. 7.14). Thus u is written 


u = m. 


(7.10.14) 


where V is the speed and f is a vector of unit magnitude in the direction of the velocity 
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fig. 7.14. Local coordinates (s, n) for a fluid particle moving along the horizontal path shown by the curved 
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to the path and ^ “ k * f is the unit vector normal to the path, where k is the unit vector pointing vertically up¬ 
ward. n increases in the direction of In a small distance ds, the unit tangent rotates. Since the length of the 
tangent vector remains constant, St must be normal to t. The curvature k is defined by (7.10.17), and so the dis¬ 
tance between the ends of the two unit vectors is K Ss as shown. The inverse of k is called the radius of curvature R. 


thus its speed U is given by 

U = Ds/Dt. (7.10.15) 

The acceleration of a fluid particle can be obtained by diflerentiating(7.10.14). Since s 
is the only coordinate that varies with time along a streamline, the derivative may 
be written 


r\.m / T 

I vu ^ 


/ r r 


n_ 

dsl Dt 


(7.10.16) 


Now since f, is a unit vector, it cannot change in length, and therefore can change only 
in direction. Hence the derivative df/ds is at right angles to f. The direction of this 
vector is defined by fS, called the unit normal to the curve, and the magnitude of the 
vector is defined as the curvature k of the curve (not to be confused with wavenumber 
magnitude, which is given the same symbol elsewhere), i.e.. 


dt/ds = fcC. 


(7.10.17) 


This definition allows an arbitrariness of sign, which is removed if 6 is defined by 

6 = k X I, (7.10.18) 

where k is the unit vector pointing vertically upward. The reciprocal of re is called 
the radius of curvature. The definition (7.10.18) implies that the curvature is positive 
when the particle is curving toward the left and negative when it is curving toward 
the right. 

Now use of (7.10.15)-(7.10.18) in (7.10.1) gives 


+ (ref/" + fU)6= -gVrj- 

os 


(7.10.19) 


The component of Vn along the particle path is dn/ds and if the coordinate at right 
angles to the path is called n, the component in this direction is dtj/dn. Thus (7.10.19) 
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yields, in component form, 

U dU/ds = —g drjjds, (7.10.20) 

kU^ + fU = —gdr\ldn. (7.10,21) 

The first equation says that the rate of change of particle speed is due only to the 
component of pressure gradient along the path and may be integrated to show that 
the Bernoulli function 


B = gr] + (7.10.22) 

is constant along the path, as already found. The second equation shows that the 
pressure gradient across streamlines is balanced by a Coriolis acceleration term f U 
and a centrifugal acceleration term kU^ = U^/R. For the flow to be in approximate 
geostrophic balance, the centrifugal term must be small compared with the Coriolis 
term, i.e., 


KU/f = U/fR « 1. (7.10.23) 

An alternative form of (7,10.20) and (7,10.21) is (7.10,2), which gives in local 
coordinates 

dB/ds = 0, (/ + QU = -dBldn = -gdrj/dn - U dU/dn (7.10.24) 

by (7.10.22), Comparison with (7.10.21) shows that 

c = -dU/dn + kU = -dU/dn + U/R, (7.10.25) 

which could also, of course, be deduced from first principles. This form gives the 
vorticity as the sum of two parts—one associated with the horizontal shear dUjdn 
and the other with the curvature of the path. 

Now all of the above analysis for a single shallow homogeneous layer applies 
equally well for any homogeneous layer in a multilayer system, provided that the 
gradient of gt] be replaced by p “ ‘ times the gradient of perturbation pressure for the 
layer in question and provided that the horizontal scale of motion in the layer be 
large compared with the depth of the layer. Since a continuously stratified fluid can be 
obtained as the limit of a multilayer system as the number of layers goes to infinity, 
the result applies to a continuously stratified fluid as well, provided that the vertical 
scale be small compared with the horizontal scale. Thus (7.10.21) becomes 

kU^ -f fU = —p~^ dp/dn or V^jR + fV = —p~^dp/dn. (7.10,26) 

A wind satisfying this balance is called the gradient wind, and this equation needs to 
replace the geostrophic wind only when (7.10.23) is not satisfied, i.e., in strong flows 
of large curvature. 

The extension of the idea of potential vorticity to multilayer systems, and hence, 
by taking the limit, to continuously stratified fluids, is due to Rossby (1940). However, 
there is a more general result, which does not require any scale assumption, and this 
will be examined in the next section. 

It is interesting that some of the ideas that come from the study of Rossby's 
adjustment problem were anticipated by Shaw (1908) many years earlier. He was 
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considering under what conditions a particle could move over the earth’s surface at 
constant speed and come to the conclusion that there are ''three items which may 
arrange themselves” for this to happen, “viz. pressure gradient, the Earth’s rotation 
and the curvature of the path,” i.e., the items that produce the gradient wind. 
Persistence of such motion, Shaw (1955, p. 141) stated, 

becomes a question of adjusting the combined effect of the two accelerations to 
balance the effect of pressure. The question at once arises whether it is possible, 
under practical meteorological conditions, that such an adjustment should be 
automatic; whether, indeed, by natural process the velocity and the curvature 
tend to adjust themselves so as to balance the pressure distribution. If that 
question be answered in the affirmative, a great advance is made in dynamical 
iiictCGrology. 

The adoption of this idea changes the point of view of the meteorologist very 
materially. If persistent motion with constant speed, the “gradient velocity,” 
becomes the stable and in a sense the “natural” condition of moving air, we must 
seek first to explain, not the actual motion, but the divergence of the actual 
motion from the gradient velocity. The gradient velocity thus becomes the 
starting point of meteorological study. 

Shaw’s ideas are expounded in the preface to a paper by Gold, in which he, at 
Shaw’s suggestion, compared measured velocities aloft with gradient wind estimated 
from isobaric charts and found good agreement. Shaw (1955, p. 142) concluded: “The 
general result of the investigation is, in my opinion, to confirm the suggestion that the 
adjustment of wind velocity to the gradient is an automatic process which may be 
looked upon as a primary meteorological law.” 

Shaw (1955, p. 143) also refers to the fact that Gold 

gives a calculation of the length of time that would be required for air starting 
from a state of rest to take up the gradient velocity and adjust its motion to the 
direction of the isobars. The computed times are short compared with such an 
interval as a day, an ordinary period in meteorological discussion, so that we 
need not be surprised that, under the slow changes of condition due to the 
progress of diurnal or of non-periodic changes, the wind appears to adapt itself 
continuously to these changes. 

(Gold’s calculation was not of the mutual adjustment of wind and pressure fields as 
was Rossby’s, but of the motion of a particle in the horizontal due to a fixed force.) 

Shaw (1955, p. 145) concludes his discussion by saying 

The whole question of the cause and meaning of the discrepancies between the 
gradient wind and actual wind is, of course, bound up with the origin of pressure 
differences. To put the point in a crude form, I do not know whether, in practice, 
the winds have to adjust themselves to the pressure conditions, or the pressure 
distribution is the result of the motion of the air. I presume, however, that as a 
matter of fact, it is a case of action and reaction in which each modifies the 
other. 
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This conjecture was shown to be true by Rossby’s study, discussed in Section 7.2 
and 7.3. 


7.11 Circulation in a Stratified Fluid and Ertel's Potential Vorticity 


The extension of the ideas introduced in Section 7.9 to nonbarotropic fluids first 
followed Kelvin’s concept of circulation rather than Helmholtz’ concept of vorticity. 
The circulation theorem for a stratified fluid is associated with the name of Bjerknes 

I'l Wilt oW/~viirA^ «tcN iioAriilnAno in o mch t ■i.^no 

wn%j ij\ji v/iJij uwiivwu iiiw iwauii uui axiv/TTuu iia ui3wiuiijwa^ lii 


Bjerknes was apparently unaware of an earlier derivation of the result by Silberstein 
(1896). (Bjerknes also derived a result for the quantity | pu • ds. This is called his second 
circulation theorem, but is not as useful as the one discussed here.) 

The rate of change of circulation for a nonhomogeneous fluid is easily calculated 
from Kelvin’s result (7.9.18) upon substitution for DnjDt from the momentum 
equation (4.5.1), namely, 


DnjDt = — p ^ Vp — V^). 


(7.11.1) 


The result of the substitution is (see 7.9.16) 


DC 

~Dt 


= —C()U'ds= —Cj)-^Vp-ds= — 


P ' 


(7.11.2) 


'T'Via i-vn tliA foi* imnicWAc o ti ^ rvAn ic tr\ir on oiif r%WoT*i^f fliiirl 

1 liw LWi 1X1 \Jll IXXW ICXX 1 IgXXL VCXUX'^XXW^ IWX CX XXX^lXIXygWXlWU^ «XiI v/xi iXWXlw, 


but not, in general, for a stratified fluid. However, in special circumstances, one can 
choose special circuits for which the term does vanish. 

Consider an inviscid fluid of uniform composition, i.e., fixed salinity or fixed 
humidity. Then the equation of state gives p to be a function only of pressure and 
potential temperature, i.e.. 


P = p(p, 0). 


(7.11.3) 


Any fluid with this property is called potentiotropic (Eliassen and Kleinschmidt, 
1957, Section 5). For such a fluid, one can choose a circuit that lies entirely on an 
equipotential (i.e., isentropic) surface 6 = const. Since 6 is conserved in the motion, B 
will remain constant on such a circuit, on which density will be a function of pressure 
only, so the term on the far right in (7.11.2) vanishes, and hence 

u-ds = 0 (7.11.4) 

for isentropic material circuits. This is the circulation theorem for a potentiotropic 
fluid. The result does not hold for a fluid of variable composition unless the composi¬ 
tion is uniform on isentropic surfaces, i.e.. 



g = q(d) or s ~ s{6). 


(7.11.5) 
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This condition is sufficient to make (7.11.3) true, i.e., to ensure that the fluid is potenti- 
otropic. fNote that the essential point is to be able to choose a circuit on which the 
term on the far right of (7.11.2) always vanishes. Another possibility, for instance, 
would be to choose, for a homentropic fluid, a circuit of fixed composition.] 

Now consider the vorticity equation for a stratified fluid. This is obtained by 
substituting for Du/Dt from (7.11.1) in the identity (7.9.12), the result being 


where 


\PJ \P / P 


„ VpxVp „/l\ „ 



(7.11.6) 

(7.11.7) 


is called the baroclinicity vector, (The vector B should not be confused with the scalar 
B denoting the Bernoulli function in Section 7.10.) Thus there is a tendency to generate 
vorticitv freoresentcd bv the term B/o in (7.11.6)1 whenever densitv surfaces are 
inclined to pressure surfaces. An example is provided by the initial condition of 
Marsigli’s experiment (see Section 5.1) but with the density jump smoothed out into a 
uniform horizontal gradient G. This is illustrated in Fig. 7.15a. The density is given by 
p = Pj — Gx, and the fluid is assumed to be at rest, so the pressure p is given by 
P = —pipt Gx)z. The gradient vectors for p and p have the directions shown, so 
the baroclinicity vector is directed out of the page. Thus when the partition is removed, 




Fig. 7.15. The initial condition of Marsigli's experiment, but with the horizontal density step smoothed out 
into a uniform gradient C so that density p is given by p = - Cx. The fluid is assumed at rest, so the hydrostatic 

equation gives the pressure by p = - g{p, - Cx)z. (a) The directions of Vp = (- C, 0) and Vp = giCz, -p, + Cx) 
are shown, and therefore the baroclinicity vector B = (Vp x \p)/p^ points out of the page toward the reader. 
Hence vorticity with this direction is generated, (b) The circulation generating term -^dp/p can be calculated 
for the rectangular circuits shown. Contributions ~ Jp~' dzdp/oz from the two vertical sides cancel, but the con¬ 
tributions dKdp/dx = — JgCz(Pr - Cx)“' dx from the two horizontal sides do not because of the different 

values of z. If the integration is in the direction of the arrows, the value is positive and thus circulation in this direc¬ 
tion is generated 
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vorticity is generated with direction the same as that of B. The same is true of any 
situation in which there is a tendency to create horizontal gradients of density, e.g., 
by heating or cooling, for then \p will not be vertical and therefore will not coincide 
with the direction that Vp has when the fluid is at rest. 

The same situation may be analyzed in terms of circulation by calculating — ^ dp/p 
for a small circuit as shown in Fig. 7.15b. The contributions from the two horizontal 
sides of the circuit do not cancel because the horizontal pressure changes are different. 
Thus circulation is generated, corresponding to rotation in the same sense as the 
vorticity—which must be so because of the identity (7.9.17), i.e., since vorticity is 
circulation per unit area. In fact (7.11.2) can be written in the form 


since 



(7.11.8) 

(7.11.9) 


the equality between the second and first expressions resulting from Stokes' theorem. 
In general Vp can be expanded in terms of Vp, V0, and Vs as in Section 3.7, the 
result for B being 


pB = (-a' V0 + p' Vs) X Vp. 


( 7 . 11 . 10 ) 


Now consider Helmholtz’ interpretation of the vorticity equation (Helmholtz, 
1858). It is no longer true that a material line element in the direction of the vorticity 
vector remains aligned with the vorticity vector and changes its length in proportion 
with changes in the magnitude of the vorticity. This vector relationship is altered by 
the new term B, but this only affects the component in the direction of B. The 
components perpendicular to B are not affected. 

Consider in particular the case of a potentiotropic fluid. Then V0 is perpendicular 
to B, so the component of vorticity in the direction of V0 is not affected. The ratio 
between the component of ^/p in the direction of V0 and the distance along this 
direction is (see Fig. 7.16) 


;-ve __i_ 

p 66 6x 


(7.11.11) 



Fig, 7.16. Ertel's potential vorticity Q = for a potentiotropic fluid. Helmholtz' result is still true for 

the component of vorticity in the direction of V0, i.e,, the component ( cosj in this direction changes in propor¬ 
tion with p 61 for a material element. Since 9 is conserved by a material element as well, it follows from the equation 
under the diagram that Q is conserved by a material element. 
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where 66 is the difference in potential temperature between two neighboring isentropic 
surfaces. The term 6x has the same meaning as in Section 7.9, but here it applies only 
to one component of vorticity and not to all three. 6x is conserved following the 
motion, i.e., satisfies (7.9.15), but 66 is conserved as well, so the quantity 

Q = p^%'\6 = dd/dx (7.11.12) 

is also preserved following the motion, i.e., 

DQjDt = 0. (7.11.13) 

This result is due to Ertel (1942a), and Q is called Ertel’s potential vorticity or just the 
potential vorticity. It is not the same as the potential vorticity for a homogeneous 
fluid (although x is), but has in common the property of being conserved and being 
proportional to a vorticity over a length. Use of the same name for different quantities 
does not lead to confusion because one version can be applied only to a homogeneous 
fluid and the other version only to a stratified fluid. It should be noted that in the 

above 6 could be replaced by any function of p and p that is conserved following 

the motion, as Ertel demonstrated. 

The relationship between potential vorticity and circulation follows (Ertel, 1942b) 
by integrating the potential vorticity over a material mass of fluid, for this integral 
will be conserved; 


J J J pQdxdy dz 


J J J C ‘ 


J J J V ‘(^0) dx dy dz 


(7.11.14) 


The equality between the second and third expressions follows from the identity 
(7.9.11) and the last expression from the divergence theorem, being the component 
of C along the outward normal to the material volume. If now the volume is chosen as 
shown in Fig. 7.17, the outward normal will be oppositely directed on the upper and 
lower isentropic surfaces and contributions from the sides will be small, so that the 


(e+8fi) ff c 



Fig. 7 .17. Relation between Ertel's potential vorticity Q and Bjerknes' circulation theorem for a potentiotropic 
fluid. Since Q is conserved, it fallows from (7.1114) that Jjd^'dS is conserved for a material volume. If this volume 
is chosen as the sandwich between two isentropic surfaces, the contributions to the surface integral from these sur¬ 
faces are as shown, and the contributions from the sides are negligible. Since = C is the circulation on an 

Isentropic surface, the surface integral is equal to 69-C, so C must be conserved for a material circuit. 
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last expression equals 




se 




;-ds = see, 


(7.11.15) 


where C is the circulation. Since SO is conserved, C will be also. It can also be seen 
from (7.11.12) that x can again be equated with mass divided by circulation. 

The results thus far have not taken into account rotation, i.e., thev to motion 
relative to a fixed frame. To interpret the results in a rotating system, all that is required 
is to use the relationship (4.5.2) between the velocity relative to a fixed frame (denoted 
by subscript /) and that relative to a rotating frame (no subscript). Consider first the 
vorticity From the interpretation of ^ as half the local rate of rotation of a material 
element, it is clear that the absolute vorticity must be given by 


;f =; + 2fl. 


(7.11.16) 


where ft is the angular velocity of the rotating frame, and this is readily confirmed 
from (4.5.2) and the definition (7.9.2) of vorticity. Ertel’s potential vorticity is thus 
given by 


Q = p-%-S^e = p-% + 2ft)-V0. 
Similarly, the absolute circulation C[ is, by (7.9.17), given by 


Cr = 


t^rds = 


+ 


2ft-dS, 


i.e.. 


C( = C + 2ftSj„, 


(7.11.17) 


(7.11.18) 


where is the projection of the area of the circuit on the equatorial plane (or any 
other plane perpendicular to the axis of rotation). Thus the circulation theorem 
(7.11.4) becomes 


DCJDt = D(C + 2ftS.q)/Dt = 0 (7.11.19) 

for isentropic material circuits. This form for a rotating fluid was obtained by 
Bjerknes (1901). 


7.12 Perturbation Forms of the Vorticity Equations 
in a Uniformly Rotating Fluid 


In an inviscid fluid that is rotating with uniform angular velocity about a vertical 
axis, the horizontal components of the perturbation momentum equations are, 
from (4.10.2), 

du/dt ~ fv = -po^ dp'Idx, (7.12.1) 

dvidt + fu = — ^ dn'Idv. 17.12.21 

- - f - - ' j - - r \J ~ c t ~ ^ ~ ' 

In the shallow-water case, these reduce to (7.2.1) and (7.2.2). Elimination of the pressure 
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perturbation from (7.12.1) and (7.12.2) yields exactly the same equation (7.2.7) for 
the vertical component of vorticity C ns in the shallow-water case, namely, 


dC/dt + f(dujdx + dv/dy) = 0. 


(7.12.3) 


A perturbation form of the potential vorticity equation can now be obtained by sub¬ 
stituting for the horizontal divergence from the continuity equation, putting w = 
dh/dt, where h is the vertical displacement of a fluid particle from its equilibrium 
level. The precise form of the resulting equation depends on whether the fluid is 
compressible or not. 

For an incompressible fluid, the continuity equation is (6.4.3), and thus (7.12.3) gives 


dC/dt — f dw/dz = 0 

d(c - f dhidzydt = 0. 


(7.12.4) 

(7.12.5) 


If the separable forms for a normal mode are substituted from (6.11.5) and (6.11.10), 
this reduces to the shallow-water form (7.2.8) of the perturbation potential vorticity 
equation. 

For a compressible fluid, the linearized form of the mass conservation equation is 
(6.14.6), so (7.12.3) in this case yields 


^ / 










or 




(7.12.6) 


Alternative forms in terms of density perturbation rather than pressure perturbation 
are, by (6.14.3), 


or 


^(C - fp'/po) - Po V ^(Pow) = 0 




(7.12.7) 


(7.12.8) 


For the particular case of motion in the form of a normal mode, the variables have 
the separable form (6.14.31), and substitution in (7.12.8) yields the shallow-water 
form (7.2.8) of the potential vorticity equation once again, but with H replaced by the 
equivalent depth H,. 

Equation (7.12.8) may also be related to the perturbation form of Ertel’s potential 
vorticity equation. Using, as usual, a prime to denote the perturbation and subscript 
zero to denote the value in the rest state, Ertel’s equation (7.11.13) has linearized form 

d(Q' + hdQoldz)/dt = 0, (7.12.9) 

where by the definition (7.11.12) of Ertel’s potential vorticity, 

Qo = Po dOo/dz 


(7.12.10) 
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and 


/ d9' 1 dOo 
Po dz po dz 


c-/ 


Po. 


(7.12.11) 


If (6.14.11) is used to give 0' in terms of h, then (7.12.9) when divided by p^ ^ dO^/dz 
gives (7.12.8). Note, however, that the expression inside the curly brackets in (7.12.8) 
is not proportional to perturbation potential vorticity Q' but is proportional to 
Q’ + h dQo/dz. 

When the hydrostatic approximation may be made and thus isobaric coordinates 
can be used, the mass conservation equation is (6.17.6) or (6.17.11) and so (7.12.3) 
becomes 


dCldt - f dxnidp = 0, (7.12.12) 

dC/dt - fidwjdz^ - wJH,) = 0, (7.12.13) 

or 

m - Kr^s)]ipt = 0. (7.12.14) 


When the perturbation is in the form of a normal mode, substitution from (6.17.34) 
shows that this reduces to the shallow-water form (7.2.8) of the potential vorticity 
equation. Equation (7.12.14) can also be related to Ertel’s equation. Use of the 
hydrostatic equation (3.5.8) shows that the part of Ertel’s potential vorticity (7.11.17) 
associated with the component normal to isobaric surfaces is 

-gii + f)de/dp, 

and hence 


Go = -of dejdp = p^ V dOo/dz^, 


Q =-gj= 

Sp dp p^ \ 




dz^ 


(7.12.15) 

(7.12.16) 


where z^ is related to p and p^ by (6.17.8), (6.17.22) and (6.17.29). The perturbation 
form of Ertel’s equation 

d(Q" + h^dQoldzJldt = 0 (7.12.17) 

reduces to (7.12.14) when the relation (6.18.9) between 6" and h^, is used. 


7.13 Initialization of Fields for Numerical Prediction Schemes 


The idea of using numerical methods for weather forecasting was developed by 
L. F. Richardson before the First World War, and details of the proposed method were 
eventually published (Richardson, 1922). In the summary Richardson states; 

The fundamental idea is that atmospheric pressures, velocities, etc. should be 
expressed as numbers, and should be tabulated at certain latitudes, longitudes 
and heights, so as to give a general account of the state of the atmosphere at any 
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instant, over an extended region, up to a height of say 20 kilometres. The numbers 
in this table are supposed to be given, at a certain initial instant, by means of 
observations. It is shown that there is an arithmetical method of operating upon 
these tabulated numbers, so as to obtain a new table representing approximately 
the subsequent state of the atmosphere after a brief interval of time, 3t say. The 
process can be repeated so as to yield the state of the atmosphere after 2 3t, 3 St 
and so on (Richardson, 1922, p. 1). 

Apparently, the “investigation grew out of a study of finite differences and first 
took shape in 1911 as a fantasy which is now relegated to Ch. 11/2” (Richardson, 

1922, p. viii). This section describes a forecast factory that, apart from the use of human 
rather than electronic computers, is remarkably like a modern meteorological office. 
“A myriad computers are at work upon the weather of the part of the map where each 
sits, but each computer attends only to one equation or part of an equation,” In a 
large central pulpit 

sits the man in charge of the whole theatre; he is surrounded by several assistants 
and messengers. One of his duties is to maintain a uniform speed of progress in 
all parts of the globe. In this respect he is like the conductor of an orchestra in 
which the instruments are slide-rules and calculating machines. But instead of 
waving a baton he turns a beam of rosy light upon any region which is running 
ahead of the rest, and a beam of blue light upon those who are behindhand. 

Four senior clerks in the central pulpit are collecting the future weather as 
fast as it is being computed, and dispatching it by pneumatic carrier to a quiet 
room. There it will be coded and telephoned to the radio transmitting station. 

Messengers carry piles of used computer forms down to a storehouse in the 
cellar. 

In a neighbouring building there is a research department, where they invent 
improvements. But there is much experimenting on a small scale before any 
change is made in the complex routine of the computing theatre. In a basement 
an enthusiast is observing eddies in the liquid lining of a huge spinning bowl, but 
so far the arithmetic proves the better way. In another building are all the usual 
financial, correspondence and administrative offices. Outside are playing fields, 
houses, mountains and lakes, for it was thought that those who compute the 
weather should breathe of it freely (Richardson, 1922, pp. 219-220). 

Richardson demonstrated the efficiency of the numerical method by applying it 
to Laplace’s tidal equations, i.e., the shallow-water equations for the globe. Using 
time steps of | hr and a grid of 200 km spacing, he calculated the changes of pressure 
and “momentum per unit volume” in a limited area, and showed that the agreement 
with an analytic solution was quite good. However, his attempt to calculate the rate 
of change of pressure over central Europe using observations for a particular day 
(May 20, 1910) were not blessed with the same success. 

The rate of rise of surface pressure, is found on Form P xiii as 145 

millibars in 6 hours, whereas observations show that the barometer was nearly 
steady. This glaring error is examined in detail below in Ch. 9/3, and is traced to 
errors in the representation of the initial winds (Richardson, 1922, p. 187).... So 
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we turn to the alternative explanation, which is that stations as far apart as 700 
kilometres did not give an adequate representation of the wind in the lower 
layers. That appears almost certain when one thinks of the irregularities of the 
surface wind exhibited on the daily weather reports (Richardson, 1922, p. 213). 


Thus Chapter 10 of Richardson’s book was devoted to the question of “smoothing 
the initial data.” This is necessary, Richardson says, because 

there is a good deal of evidence to show that the wind is full of small “secondary 
cyclones” or other whirls having the most various diameters. The arithmetical 
process can only take account individually of such whirls as have diameters 
greater than the distance between the centers of the red chequers in our co¬ 
ordinate chessboard, and this length has been taken provisionally as 400 km 
(Richardson, 1922, p. 214). 


Since “weather prediction by numerical process” became an established method 
many years later, the problem of initialization or how to appropriately smooth 
initial data has received a great deal of attention. Many aspects of the problem may be 
understood in terms of the results of Rossby’s adjustment problem. Because of the 
“gross” or rapid adjustment processes that Rossby studied, the atmosphere is always 
close to what can be called a “balanced” state. In the simple problem studied by 
Rossby this balanced state was a geostrophic equilibrium, and indeed the geostrophic 
balance is nearly achieved over most of the atmosphere. However, in the tropics 
rotation effects are less important and near the ground friction effects are significant. 


so it is more general to talk about a “balanced” state rather than to specify that the 
balance be of the geostrophic variety. 

Now when initial data are obtained, these will generally be out of balance due both 
to instrumental error and the fact that a single measurement will include small-scale 
and high-frequency components (Richardson’s secondary cyclones and other whirls), 
whereas the model cannot deal with motions that have spatial scales smaller than the 
grid length or that have time scales smaller than the time interval of the calculation, 
so such motions are outside the scope of the calculation being attempted. If the 
unbalanced data are used as an initial condition for the model, and it is capable of 
handling the rapid adjustment processes such as those studied by Rossby, then the 
model will undergo a similar adjustment process in an attempt to reach a nearly 
balanced state. Being a rapid process, the rates of change of pressure, say, will be 
much larger than the ones observed on weather charts at 6-hr intervals. If this is the 
case, the rapid changes can be removed by some sort of time averaging to obtain a 
closer representation of the more subtle changes associated with motion that is 
always close to a balanced state. 

However, models may be designed on the assumption that the changes they are 
trying to predict have the slower time scales associated with the nearly balanced 
motion that is observed. In such cases, badly balanced initial data may lead to large 
errors being generated or to the model calculation becoming unstable. In such cases, 
appropriate initialization of data is essential. Various methods are used in practice, 
and references may be found in the works by Wiin-Nielson (1979) and Leith (1980), 
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Chapter Eight 

Gravity Waves 
in a Rotating Fluid 


8.1 Introduction 


The gravity waves that are familiar to us from direct visual observation, whether 
it be of the sea surface or of Franklin’s tumbler (see Section 6.2) of oil and water, are 
little affected by the rotation of the earth because their scale is too small and hence 
their frequency is much greater than the frequency / that is associated with rotation 
effects. It is natural to begin studies of adjustment under gravity with nonrotating 
systems because of this, but to understand large-scale processes in the atmosphere 
and ocean it is essential to appreciate how adjustment is affected by rotation, for 
rotation effects dominate the large-scale behavior. Basic concepts associated with the 
study of rotating fluids were introduced in Chapter 7. This chapter is specifically 
about gravity waves in a rotating fluid; in other words, it examines how rotation 
modifies the waves already studied in Chapters 5 and 6. 

In Sections 8.2 and 8.3 we examine the way in which rotation affects a surface 
wave and/or a given internal wave mode, these effects being important when the 
horizontal scale is comparable with the Rossby radius of deformation. For internal 
modes in the ocean, the Rossby radius is only of order 3-30 km, so the horizontal 
scale does not need to be very large for rotation to be important. A mode affected by 
rotation is referred to here as a Poincare wave, and has the distinctive property that 
the velocity vector continually rotates anticyclonically with time. This property is 
often observed in the ocean and large lakes. Furthermore, energy is not partitioned 
equally between kinetic and potential forms, the greater part being kinetic. 

Sections 8.4-8.6 are about three-dimensional plane waves in an incompressible 
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on the orientation of the wavenumber vector, i.e., depends only on the ratio of 
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horizontal to vertical scale, and lies between the buoyancy frequency and the inertial 
frequency f. It so happens that in the atmosphere and ocean N is usually much greater 
than /—an important factor in determining the character of adjustment processes. 
When N » f, the high-frequency waves are the ones that are little aflfected by rotation, 
and these are the ones with the smallest ratios of horizontal/vertical scale. Rotation 
becomes important when the horizontal scale exceeds the vertical scale by a factor 
rtf M/ f u/hirh factor is tvnicflllv around 100 fNote. however, it can varv a ereat deal. 

^ ' i J ^ - — ---, ^ ^ 

e.g., N is small in well-mixed regions and / is small in low latitudes.) 

The wave properties can be understood by considering the forces on a fluid particle 
in the plane of motion, which is an inclined plane normal to the wavenumber vector. 
The restoring force is that due to the component of gravity in the plane and is pro¬ 
portional to the displacement from the equilibrium level. In the absence of rotation, 
the particle would execute simple harmonic vibrations along the line of greatest slope. 
However, the component of the Coriolis force in the plane causes the particle to follow 
an elliptic orbit instead, with movement around the orbit in the anticyclonic sense. 

The way the velocity vector rotates with height (at a given time) can be used to 
distinguish between upward- and downward-propagating waves in the ocean and 
atmosphere. Near-inertial frequency waves in the ocean appear to propagate mainly 
downward (i.e., have downward group velocity, which implies upward phase velocity), 
whereas similar waves observed in the stratosphere have been found to propagate 
upward. 

Sections 8.7-8.10 are devoted to the study of internal waves generated at a hori- 

7nntal KniinHnrv Tn nartinilnr thic nnnliPQ tn wnvpc ffpnprafpH hv tnnnaranhv 
^, ...— —r*!— 

whether they be waves in the atmosphere produced by mountains, or waves in the 
ocean due to abyssal hills. The theory can also be applied to ocean internal waves 
generated by wind action. Since, however, considerable study has been made of airflow 
over mountains, the discussion is mainly in terms of this problem. 

The character of the response depends very much on the horizontal scale L of 
the topography in relation to the scales V(N and I///, where U is the speed of the 
airflow over the mountains, N the buoyancy frequency, and / the inertial frequency. 
Waves are produced when L lies between the two scales, with rotation unimportant 
near the small-scale limit V/N (typically 1 km) and dominant at the large-scale limit 
VI f (typically 100 km). The magnitude of the effects depends on the vertical structure 
of the air, i.e., on how V and N vary with height, and on how the height of the to¬ 
pography compares with the scale U/N. When effects are large, considerable damage 
can be caused by strong winds at ground level on the lee side of the mountains, and 
the turbulence in the atmosphere above can be a severe hazard to aircraft. 

Waves in the atmosphere can travel to considerable heights, but as the atmosphere 
thins, effects of molecular viscosity and molecular diffusivity become increasingly 
important. At levels of 100 km or so, this can cause upward-propagating waves to 
dissipate rapidly, and this and other decay effects are discussed in Section 8.11. 

The next topic considered (Section 8.12) is wave propagation in a medium of 
slowly varying properties, utilizing methods originally developed by Liouville and 
Green in the 1830s. (Liouville, 1837; Green, 1838). These methods are very useful for 
dealing with situations commonly encountered in the atmosphere and ocean, and 
can be used, for instance, to find how energy is propagated from a source region such 
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as a region of large topography at the base of the atmosphere, or to find how internal 
wave energy varies with depth in the ocean. 

The internal wave field observed in practice can be described as a superposition 
of plane waves, the distribution of amplitudes forming the spectrum of the waves. 
Properties of the spectrum observed in the ocean are discussed in Section 8.14. The 
difTerent components of the spectrum do not, in reality, behave independently, as 
assumed in linear theory, but influence each other through the nonlinear terms in 
the equations that govern their behavior. Theoretical treatments of wave interactions 
are discussed in Section 8.13, but without going into details. The interactions cause a 
wave spectrum to evolve with time, the evolution being such that spectra observed in 
different parts of the ocean are remarkably similar and thus can be approximately 
described by a “universal” spectrum. 

Another property of waves is that they can cause significant effects a large distance 
from the place where they were produced. For instance, surface waves on the ocean 
can propagate from their generation region to the other side of the world and move 
some sand along the beach where their energy is dissipated. In Section 8.15 the trans¬ 
port of momentum by waves is discussed and illustrated by a simple example that 
involves vertical propagation of internal waves in a nonrotating fluid. 

Low-frequency motions have a special character because of a redundancy in the 
equations, i.e., they are geostrophic to first order, but geostrophic motion happens 
to satisfy the continuity equation exactly! Hence departures from geostrophy have 
more significance than might be expected, and the special nature of “quasi-geo- 
sirophic" motion in a uniformly rotating system is discussed in the final section. 


8.2 Effect of Rotation on Surface Gravity Waves: Poincar^ Waves 


Gravity waves in a homogeneous fluid of uniform depth H and in the absence of 
rotation were considered in Section 5,3. It is not very difficult mathematically to 
generalize this work to the case of a fluid rotating with uniform angular velocity 
5 / about a vertical axis. In particular, it may be shown that the dispersion relation 
(5.3.8) that connects frequency to with wavenumber is modified by rotation to 
become 


03^ = gX tanh XH, (8.2.1) 

where g is the acceleration due to gravity and X is related to wavenumber k:„ by 

K^ = X^ - a-^XH coth XH, ( 8 . 2 . 2 ) 

where a is the Rossby radius of deformation defined by 

2 = gH/f\ (8.2.3) 

Although this exact result can be obtained, there is not much point in using it in 
such a general form because in applications to the ocean and lakes, H is so much 
smaller (by a factor of at least several hundred) than the Rossby radius that it is a 
very good approximation to replace ( 8 . 2 . 1 ) by one of its limiting forms for « a 
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or jch ^ » H, For this reason, detailed derivation of (8.2.1) is left as an exercise for the 
reader and the two limiting forms are discussed instead. 

The first limiting form, which applies when the horizontal scale is small 
compared with the Rossby radius a, corresponds to the case in which rotation effects 
are weak. Equation (8.2.2) gives X K^^ and therefore (8.2,1) reduces to the non¬ 
rotating dispersion relation (5.3.8). This limit has already been discussed in Chapter 
5 and will not be considered further. 

Rotation has significant effects only on waves with horizontal scale large 
compared with the depth H. In other words, rotation effects need be studied only in 
the context of shallow-water waves for which the hydrostatic approximation applies. 
The free waves in this limit are the “Poincare waves” found in Chapter 7. Since XH 
is small in this limit, ( 8 . 2 . 2 ) is approximated by 

X^ fa kIi + a~^, (8.2.4) 


and so ( 8 . 2 . 1 ) reduces to the dispersion relation (7.3.4) for Poincare waves. These 
waves were somewhat incidental to the discussion of Chapter 7 and will now be 
treated more fully. 

Before discussing the properties of these “surface” or “barotropic” (see Section 
6 . 2 ) waves, it should be borne in mind that the discussion will apply equally to 
“internal” or “baroclinic” modes because of the existence of separable solutions for 
the stratified-iiuid equations when the horizontal scale is large compared with the 
vertical scale, as found in Chapter 6 . Thus when reference is made to surface elevation 
rj and to horizontal velocity components (m, v) for barotropic motion in a fluid of 
depth H, the same discussion can be applied to internal motions whose properties 
can be described (see Sections 6.11, 6.14, and 6.17) in terms of equivalent shallow- 
water variables fjix, y, f), u(x, y, f), and v(x, y, f) and an equivalent depth . 

Now consider the properties of a progressive shallow-water wave, i.e., one for 
which rj, u, and v are proportional to 


exp i(kx + ly — cot). (8.15) 

[In this book, all waves with dispersion relation (7,3.4) are referred to as Poincare 
waves, although the name is sometimes reserved for the subset that satisfies the 
boundary conditions for a channel. The plane wave, given by (8.2.5), is sometimes 
given the special name of Sverdrup wave (see Platzman, 1971).] The polarization 
relations, i.e., the relations between amplitudes and phases of rj, u, and v, are obtained 
by substituting this form of dependence on (x, y, t) in the governing equations (7.2.1)- 
(7.2.3). This gives 

— icou — fv = — ikgrj, 

— icov ■+ fu = —ilgr}, (8,2.6) 

— icon + iH(ku + Iv) = 0. 

I - - X f 


These equations have a nonzero solution only when the dispersion relation (7.3.4) 
is satisfied, i.e.. 


(o^ = + K^gH, 


(8.2.7) 
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where is the magnitude of the horizontal wavenumber vector 

~ (^1 Oj 
i.e., 

K^ = k^ + /2. (8.2.8) 

Equations (8.2.6) also yield the following relations for u and v in terms of rj: 

u = (koj + ilf)r}/K^H, v = (Ico — ikf)rj/K^H. (8.2.9) 

For internal modes, H is replaced by the equivalent depth H^. If f is zero, (8.2.9) 
gives the relation between acceleration and pressure gradient that applies in the 
nonrotating limit. If co is zero, (8.2.9) is equivalent to the geostrophic relation (7.2.14). 

In addition, the potential vorticity equation (7.2.8) shows that the fluid acquires 
cyclonic vorticity when the surface is elevated and anticyclonic vorticity when the 
surface is depressed, i.e., 

C// = Kkv - lu)lf = t]lH. (8.2.10) 

The fact that the perturbation potential vorticity is zero for a Poincare wave follows 
from (7.2.8) and the assumed form of time dependence, i.e., proportionality with 
exp(— icot). 

For discussing the properties of a progressive Poincare wave, it is convenient to 
choose the x axis in the direction of the wavenumber vector, so that / = 0. Then the 
solution obtained, using the convention that the physical solution is the real part of 
the complex expression for the wave and using (8.2.9), is 

ri = rjo cos(/cx — wt), (8.2.11) 

u = (corjo/kH) cos(kx — cot), v = (frjo/kH) sin(kx — cot). (8.2.12) 

This solution is depicted in Fig. 8.1. The trajectories of fluid particles are, from 


Direction of propogotion 



O O Q O O 

(b) 

Fig. B.1. A Poincar^ wave progressing from left to right, (a) The surface elevation and (b) the particle trajectories 
in plan, these being ellipses with major axis in the direction of propagation (i.e., the x axis), and minor axis f/cD 
times the major axis. Particles move around these trajectories in an anticyclonic sense. The arrows mark the jjosi- 
tion of the particle when the surface elevation is as shown, and show the direction of motion for the northern 
hemisphere. 
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(8.2.12), ellipses with major axes in the direction of the wavenumber vector. The ratio 
of the lengths of the axes is co //.* The velocity vector rotates anticyclonically with time 
so the particles move around their elliptical orbits in an anticyclonic sense. 

An example of an internal Poincare wave observed in Lake Michigan is shown 
in Fig. 8.2. The thermocline motion, represented by the shaded region, is not a simple 
sinusoid because more than one wave is present, but a wave with a period of about 
17 hr appears to dominate. The vertical variation of velocity is rather like that in a 
two-layer fluid (see Section 6.2), i.e., the velocity in the thicker layer below the ther¬ 
mocline is smaller than that in the layer above the thermocline, and is in the opposite 
direction. This indicates that the first baroclinic mode is dominant. The anticyclonic 
rotation of the velocity vector can be seen both above and below the thermocline. 

Now consider the two limiting forms of Poincare wave. Short Poincare waves 
(i.e., « a) have high frequency, i.e., o)// is large and therefore the elliptical tra¬ 

jectories are long and thin. In the limit they become the rectilinear paths associated 
with ordinary gravity waves in the absence of rotation. Long Poincare waves (jCu ^ » a) 
have 0} only slightly greater than /, so the particle paths are almost circular. In this 
limit the restoring force of gravity is relatively weak, so the path is the natural one 
followed by a particle in the absence of forces (or, more precisely, when the sum of the 
acceleration relative to the rotating frame and the Coriolis acceleration is zero). 
This is called inertial motion, the paths are called inertial circles, and the frequency f 
of rotation around these orbits is called the inertial frequency. The speed U is con¬ 
stant by (8.2.12), so the radius R of the circle is U/f. This is, in fact, the same result as 
that given by (7.10.26) for steady motion in the absence of forces. 

In the ocean, energy tends to be concentrated in the lower frequencies and, in 
particular, Poincar6 wave energy tends to be concentrated near the lowest possible 
frequency for such waves, namely, the inertial frequency. Such waves can be recognized 
by the nearly circular anticyclonic orbits and the near-inertial frequency. The first 
clear example of such motion to be observed in the ocean was reported by Gustafson 
and Kullenberg( 1936), and a discussion was presented by Defant(1961, Vol. l,p. 447). 
The observations were made in the Baltic (57.8°N, 17.8°E, depth 100 m) and Fig. 8.3 
shows a progressive vector diagram of the currents measured above the pycnocline at 
a nominal depth of 14 m. Such a diagram shows the displacement a particle would 
have if it had the velocity observed at the fixed position of the current meter at all 
times. (For infinitesimal motion, this coincides with the particle trajectory, but for 
finite disturbances it need not be the same.) One can see the anticyclonic motion 
superimposed on a slow drift to the west of north. The period of rotation differed 
by only about 1% from the inertial period. The Poincare wave depicted in Fig. 8.2 
also has near-inertial frequency. 

Other wave forms can be found by superposition of plane progressive waves, 
e.g., a combination of the form (7.3.10), representing two oppositely directed progres¬ 
sive waves of equal amplitude, gives rise to the standing-wave solution (7.3.12) for 
which the wave crests remain stationary but the surface moves up and down with 
frequency co. At the crests, the motion is purely vertical as for the nonrotating case 


* When dealing with ratios and inequalities, the expressions for (u and/positive will often be used for 
convenience. 



8.2 Effect of Rotation on Surface Gravity Waves ‘ PoincarS Waves 


253 




Fig. 8.2. Observations of currents and thermal structure in the upper 30 m of Lake Michigan, August 3-5,1963. 
The arrows indicate direction and speed in accordance with the current rose, and the shaded portion indicates the 
thermocline as denoted by the 10“ and 15“ isotherms. The two diagrams, which are overlapping in time, are sep- 
arated by 17 hr, which is the dominant period. The local inertial period is 17.5 hr. Note the approximate two-layer 
structure in both temperature and velocity, and the anticyclonic rotation with time of velocity vectors. [From 
Mortimer (1971, Fig. 85),I 
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Fig. 8.3. The historic current measurements in the Baltic by Gustafson and Kullenberg (1936), showing oscilla¬ 
tions of near-inertial period. The plot is a progressive vector diagram, showing the displacement a particle would 
have, given the velocity observed at the current meter. The inertial period is 14 hr, and marks are shown 1 day 
apart. Note the anticyclonic sense of rotation. 


depicted in Fig. 5.6b. At the nodes, the motion is purely horizontal, as in the non¬ 
rotating case, but now the paths are elliptical. As for the progressive wave, the particles 
move around their orbits in an anticyclonic sense, and the ratio of the lengths of the 
axes of the ellipse is co //. 

The fact that the particle trajectories are not linear, as in the nonrotating case, 
has an important consequence that was pointed out by Kelvin (Thomson, 1879), 
namely, that the boundary condition of no normal motion at a plane boundary 
cannot be satisfied by a single plane progressive wave. The ramifications of this fact 
will be explored in Chapter 10, 


8.3 Dispersion Properties and Energetics of Poincar^ Waves 


The dispersive properties of Poincare waves follow from the dispersion relation 
(8.2,7), depicted in Fig. 7,2, and have already been the subject of some discussion in 
Section 7.3, Poincare waves have the property that the frequency to depends only on 
the magnitude fc^ of the wavenumber vector, and therefore the group velocity Cg is 
in the direction of Kh. The magnitude Cg of the group velocity is equal to the slope of 
the dispersion curve in Fig, 7.2, and its ratio to the phase velocity oj/kh is given by 
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[cf. (7.3.8)] 

Vh _ "'H <>01 KigH 
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which follows from the dispersion relation (8.2.7) and the definition (8.2.3) of the 
Rossby radius a. As for surface waves in water of finite depth, this ratio is always less 
than unity, the extreme values being zero in the long-wave limit (kuO « 1) and unity 
in the short-wave limit. For instance, Figs. 5.7 and 6.8a,c could depict a group of 
Poincare waves with KhO = 1, for then the group velocity is half the phase velocity 
just as it is for deep-water surface waves. 

The dispersion properties of Poincare waves are nicely illustrated by the exact 
solution (7.3.14). In fact, because of this exact solution, Poincare waves can be taken 
as the most convenient example of how waves disperse when the group velocity is a 
maximum for short waves and a minimum (zero) for long waves. This solution is 

illustrated in Fies. 7.3b and 7.4. The imoortant orooerties are fi) the front movine out 

-- — - -^ ^ ^ ^ 

at the maximum group velocity this front becoming thinner through dis¬ 

persion as time goes on, and (ii) the near-inertial period waves left behind, these having 
only very small group velocity. [It should be remembered that the wave properties 
are based on the shallow-water approximation, and that in practice waves with 
horizontal scale comparable with depth would satisfy the dispersion equation (5.3.8), 
so very short waves would have group velocity less than Thus if one looked 

at fine detail of the front, one would see fine-scale short-period oscillations similar to 
those discussed in Section 6.16. These are effectively smoothed or “filtered” out by 
making the hydrostatic approximation.] 

The energy equations for shallow-water motion with rotation are exactly the same 
as in Section 5.7 since the Coriolis term does zero work, i.e., when the momentum 
equations (7.2.1) and (7.2.2) are multiplied by pHu and pHv, respectively, and added, 
the Coriolis terms are eliminated. The total energy equation is (5.7.4), i.e., 

^|ip//(u^ -I- v^) -t- + ~(pgHur]) + ^(pgHvt^) = 0. (8.3.2) 

For a progressive Poincare wave, it is convenient to average over a wavelength. 
Denoting this average by an overbar, the mean kinetic energy per unit area is given by 

yH(u^ + v^) = ipico^ -I- p)r\llK^H = ((oj^ -I- P)l{co^ - P))lpgr]l, (8.3.3) 
and the mean potential energy per unit area is given by 


\pgr}^ = Ipgnl’ (8.3.4) 

These results follow from (8.2,11), (8,2.12), and the dispersion relation (8.2.7). The 
total wavenumber Kh is used rather than k in (8.3,3) to make the resulting expression 
independent of the choice of axes. Note that the energy is not partitioned equally 
between the kinetic and potential forms, the kinetic energy always being greater by 
a factor 


KE _ co^ + p _ 2p 
PE co^ — ^ K^gH 
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(8.3.5) 
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The second and third expressions for the ratio are obtained from the first by the use 
of the dispersion relation (8,2.7) and the definition (8.2.3) of the Rossby radius. 

The total energy per unit area can be obtained by adding (8,3.3) and (8.3.4) to give 


I CO- 2 

energy per unit area = - Z T fi P^^o = > 


(8.3.6) 
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short waves (kh ^ « a), the ratio (8.3,5) is close to unity and the energy is almost equally 
divided between the kinetic and potential forms. For long waves (jch ^ » a), however, 
nearly all of the energy is in the kinetic form. This implies that the waves of near- 
inertial frequency that are associated with motion in nearly circular orbits are more 
likely to be distinguishable from other waves in velocity observations than they are 
in observations of surface elevation. 

The mean energy flux of a progressive Poincare wave can be calculated from 

/O'! 1 1 \ J /O 1 '1\ 

11 j axiu 1 wiiicxx give 


pgH(ut}, vtj) = jpgKft ^cofi^kn. (8.3.7) 

This is equal to the energy density, as given by (8.3.6), times the group velocity, whose 
magnitude is given by (8,3,1), An important factor in the Rossby adjustment problem 
discussed in Sections 7.2 and 7,3 was radiation of energy in the form of Poincare 
waves—in fact, two-thirds of the potential energy released was lost by radiation. The 
radiative loss can be calculated from (8.3,7) by summing the contributions from differ¬ 
ent wavenumbers, the amount lost per unit length being pgtjia. 

Further discussions of Poincare waves may be found in the works by Proudman 
(1953), Platzman (1971), and LeBlond and Mysak (1978), The first two authors, 
however, use the term Poincare wave in a more restricted sense than in that used here. 
The waves referred to as plane progressive Poincare waves in this book are called 
waves with horizontal crests by Proudman (1953, Section 132) and are called Sverdrup 
waves by Platzman (1971). The question of terminology is discussed more fully in 
Chapter 10. 


8.4 Vertically Propagating Internal Waves in a Rotating Fluid 


Consider the adjustment under gravity of small disturbances to a continuously 
stratified incompressible fluid, as begun in Section 6.4, but now with rotation effects 
added. Because of the separation of variables that can be made when the hydrostatic 
approximation is valid, the previous discussion of Poincare waves may be applied to 
stratified fluids as well. However, discussion in those terms has thus far emphasized 
horizontal propagation characteristics. Now vertical propagation characteristics will 
also be discussed. It turns out that much of the discussion is only slightly more com¬ 
plicated when the hydrostatic approximation is not made, so this restriction will be 
lifted for the time being. 

The basic equations are therefore the same as those in Section 6.4 except for the 
addition of the Coriolis acceleration. In particular, the incompressibility condition 
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(6.4.3), Eq. (6.4.6) that expresses conservation of density by a material particle, and 
the vertical component (6.4.5) of the momentum equation remain unaltered. The 
equations that are affected are the horizontal momentum equations (6.4.4), which now 
become (7.12.1) and (7.12.2), i.e., 

du/dt - fv= -po ' dp'/dx, (8.4.1) 

dv/dt + /m = -po ’ dp'/8y. (8.4.2) 


Sometimes the equations obtained by eliminating u or n from this pair of equations 
are useful. The variable v can be eliminated by adding the time derivative of (8.4.1) to 


f Lillies (8^4,2) and u Can be eliiiiiiiated in a Similar manner, 


The resulting equations are 


d^u/dt^ + f^u = —Po* d^p'/dxdt - (8.4.3) 

+ pv = —Po* d'^p'ldydt + TPo* ^p’l^x. (8.4.4) 

Now consider how the number of equations can be reduced to two by eliminating 
all variables other than w and p'. The procedure adopted in Section 6.4 was to take 
the divergence of the horizontal components of the momentum equations [which 

corresnonds to addin? the x derivative nf fS 4 It to the v derivative of ^84 21. and the 

- - - ^ - -- - - - — \ - ^ ----- 

use of the incompressibility condition (6.4.3) to eliminate the horizontal divergence 
of velocity.] However, with rotation effects included, the result of this procedure 
[cf. (7.2.4)] is 

d^w/dzdt + fC = + d^p'/8y^), (8.4.5) 

so a term involving the vertical vorticity component ( has appeared. Another equation 
for ( is obtained by taking the curl of (8.4.1), and (8.4.2), which gives (7.12.4), i.e.. 


8Udt - f 8w/8z = 0. 


(8.4.6) 


Now either 8w/8z or ( can be eliminated from (8.4.5) and (8.4.6). If the time derivative 
of (8.4.6) is added to / times (8.4.5), the result is a relation between vorticity and 
pressure perturbation, namely. 
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This could also be obtained by taking the curl of (8.4.3) and (8.4.4). Similarly, the 
equation relating the horizontal divergence 8ul8x + 8vl8y = —8w/8z with per¬ 
turbation pressure is 


i!. + pA — = 

8t^ ) 8z pQ8t\8x^ 8y^) 


(8.4.8) 


which reduces to (6.4.7) in the absence of rotation. Note that this equation, which can 
be regarded as one relating the horizontal motion (as expressed by the horizontal 
divergence) to the perturbation pressure, involves the^inertial frequency / but not 
the buoyancy frequency N. 

Another equation relating w and p' is required, and this is provided by (6.4.8), 
which is unaltered by rotation effects. This equation, namely, 

8^wf8t^ -I- N^w = —Po * 8^p'/8z8t, 


(8.4.9) 
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can be regarded as one that relates the vertical motion (as expressed by w) to the 
perturbation pressure p'. Note that it involves the buoyancy frequency N but not the 
inertial frequency /. 

Elimination of p' between (8.4.8) and (8.4.9) gives an equation for w alone, namely, 






= 0 . 


(8.4.10) 


When / = 0, this reduces to its nonrotating equivalent (6.4.10). If the vertical scale 
of the waves is small compared with the scale height, which is necessary if the medium 
is to be regarded as incompressible, then the Boussinesq approximation (6.4.11) can 
be made and (8.4.10) becomes 


/d^w d^w d^w 
dt^\dx^ ^ dy^ ^ dz^ 




d^w d^w 


= 0 . 


(8.4.11) 


With this approximation, the equation for p' has the same form. 

The dispersion relation for internal gravity waves in a rotating fluid with uniform 
buoyancy frequency N is obtained by substituting the wave form of solution 

w = Wfl exp{i(itx + ly + mz — ojt)} (8.4.12) 

in (8.4.11), giving 

co^ + l^))/(k^ + + m^). (8.4.13) 

Taking account of the definition (6,5,2) of the wavenumber vector and the fact that 
rotation is about a vertical axis with angular velocity = {f, this relation can also 
be written 


K^o)^ = (2Jl-k)^ + N^K^f, (8.4.14) 

a form that is in fact valid whatever the orientation of the rotation vector il relative 
to the gravity vector g. Another form of (8.4.13) is obtained when the wavenumber is 
given in polar coordinates as defined by (6.5.4), this form being a very concise one, 
namely, 

co^ = sin^ <p' + cos^ q>\ (8.4.15) 

Other forms of this equation which are very useful are 

— (o^ = (JV^ — /^) sin^ (p\ = (N^ — p) cos^ </>', (8.4.16) 

Because the frequency oj is a function only of the angle tp' that the wavenumber vector 
makes with the horizontal and not of its magnitude, the dispersion surfaces co = const 
in wavenumber space are cones, just as in the nonrotating case (see Fig. 6.7). However, 
the dependence of to on tp' depends very much on the relative values of the two fre¬ 
quencies / and N, between which co must lie by (8.4.15). One extreme occurs when the 
fluid is homogeneous (as in some laboratory experiments, for instance) and therefore 
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N = 0. Then co is equal to /sin cp' and thus lies between 0 and /. The corresponding 
waves are called inertial waves, which are discussed further by Greenspan (1968). 

In the atmosphere and ocean, however, N usually exceeds f by a large factor, so 
it is more appropriate to think of the waves as internal gravity (or buoyancy) waves 
whose behavior is influenced by rotation. Typically, N/f is of order 100, so that oj 
is within 1 % of the value (6.5.5) obtained in the absence of rotation until the horizontal 
scale Kh ^ exceeds the vertical scale ^ by a factor of 14. For such a large-scale ratio, 
the hydrostatic approximation is a very good one, so there is little need to discuss 
rotation effects except in the context of the hydrostatic approximation; hence 
the emphasis on the shallow-water equations that follow from the hydrostatic 
approximation. 

If N/f is 100, the dispersion curves shown in Fig. 6.7 will not look any different 
because of rotation, except that the vertical axis would have to be labeled qj/JV = 0.01 
instead of zero. The group velocity Cg is, by the definition (5.4.11), the gradient of co 
in wavenumber space and is therefore normal to the conical surfaces of constant co. 
From (8.4.13) and (5.4.11), one obtains [cf (6.6.1)] 

Cg = ((N^ — P)1(ok) cos <p' sin (p'(sin cp' cos A', sin cp' sin A', -cos <p'), (8.4.17) 

i.e., the group velocity has magnitude (N^ — /^) cos cp' sin cp'IcoK and is directed at 
an angle cp' to the vertical. 

For some purposes, it is useful to use the aspect ratio a defined by 


crnlf» tr.. 

Of = ^ = cot <p’ 

horizontal scale m 


(8.4.18) 


rather than the angle cp'. As can be seen from the ratio of the two expressions of 
(8.4.16), Of is uniquely related to frequency co by 

0(2 = (0,2 _ y2)/(^2 _ 0,2) (8.4.19) 

When N/f is large, as is usually the case in the atmosphere and ocean, the wave 
regime f < co < N can be subdivided into the following three parts for which 
different approximations apply: 

(a) The nonhydrostatic wave regi me (defined as the range of frequencies for which 
CO is of order N but co < N). By (8.4.19) this is equivalent to the range for which the 
aspect ratio is not small (i.e., is of order unity or larger). In this range, the dispersion 
relation (8.4.13) is approximated by 

co^ » N\k^ -I- l^yik^ + y + m^) = cos^ cp' = N^of^/(l -l- a^), (8.4.20) 

which is the relation obtained when rotation effects are ignored. This regime has been 
thoroughly explored in Chapter 6. 

(b) The hydrostatic '"nonrotating" wave regime (defined as the range of fre¬ 
quencies for which / « to « N). By (8.4.19) this is equivalent to the range of aspect 
ratios a given by 


f /N « a « 1. 


( 8 . 4 . 21 ) 
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In this range, the dispersion relation (8.4.13) is approximated by 

Qj^ X N\k^ + = N^a.^. (8.4.22) 

Rotation effects do not appear to this order of approximation, which is the reason 
for calling this a “nonrotating” regime, although it must be remembered that rotation 
does have an effect at the next order of approximation, and it is sometimes important 
to consider this. The approximate equation (8.4.22) is merely the long-wave or hydro¬ 
static approximation to the nonrotating dispersion relation, so again this is a regime 
that has been studied in Chapter 6. 

(c) The rotating wave regime (defined as the range of frequencies for which (o is 
of order / but a> ^ /). By (8.4.19) this is equivalent to the range for which the 
aspect ratio is of order / /N or is small compared with //N. Since / /N is small, a is 
small and the hydrostatic approximation applies. The approximate form of the dis¬ 
persion relation (8.4.13) is 

(o^ X -I- l^)/m^ = + N^ot\ (8.4.23) 


which is effectively the dispersion equation (8.2.7) for Poincare waves. 


The approximations to which these three regimes correspond are used over and 
over again in this and other chapters, so names for the different regimes are useful. 
The details of the approximations are listed in Table 8.1, which summarizes many 
of the most important and basic results of this chapter. 

Another topic considered in Section 6.6 is the propagation characteristic of waves 

rir ir^rtir»o1 ic lir\%l/ 

TT AAWSS fcXAW XIWX lArfW A* bU A WX VWXkIWUX dWUXW X kJ XX/«WU> XXkJIUWX XXWTT XWXKiXbXWXX MXXWWVkJ 


the picture. The horizontal propagation characteristics of a wave of fixed vertical scale 
are given by (8.4.13) with m regarded as given. The horizontal part (Cg^^, Cg,) of the 
group velocity is given by (8.4.17) and has magnitude which, after use of (6.5.4), 
(8.4.13), and (8.4.18), can be written 


_ (JV^ — f^)m^(k^ -H 

_ (N^ - p)ot 

m(l -H -h N^ot^Y '^' 


(8.4.24) 


At zero horizontal wavenumber (a = 0), the frequency is / and the group velocity 
is zero. As increases, the frequency increases and follows the Poincare wave dis¬ 
persion curve shown in Fig. 7.2 for as long as the hydrostatic approximation (kh « m 
or a « 1) remains valid. The group velocity is given by (8.3.1) or the approximate form 
of (8.4.24) for a small, namely. 


c,H » N^ot/mif^ -I- N^cc^Y'\ 


(8.4.25) 


and thus increases toward the value N/m as % increases through the “rotating range,” 
where it is of order mfjN. Then follows a large range of wavenumbers (mf/N « 
Kn « m, i.e., the hydrostatic nonrotating range), where there is very little dispersion 
and the group velocity remains close to N/m. There is, in fact, a weak maximum (still 
close to N/m) when * m^f/2>^‘^N and co » Nn^/m. For high wavenumbers (kh 



TABLE 8.1 

Different Regimes of Approximation to the Equations for Small Perturbations to a Rotating Stratified Fluid with f « N* 


Frequency to 
(relative to flow) 

0 . 1 / 

1 

/ 

, 1 


10/ = O.IA' 

1 

/V 

1 


lOA' 

1 

Period (lypical value) 

1 week 

1 day 

6 hr 

1 

1 hr 

i 

10 min 


♦ 

1 min 

Regime 

Quasi’geofitrophic flow 

Rotating 

1 


Hydrostatic nonrotating 

Nonhydros talic 


Potential flow 

Vertical structure 

Evanescent 

Evanescent | Wave 

Wave 

Wave [ Evanescent 

Evanescent 

w equation 

dP / 



a' a'w ...ra'w „ 

St' (sjt' Sj' j “ “ 

^ S?] ^ 

d^w\ 


u equation (u similar) 

f 

(du \ dp' 


du dp' 

~ si 

du dp' 

“ ~Bx 


du dp' 

Horizontal divergence 
equation 



dy‘) 

O — - 4. 

'siSi 

d‘w /S'p S’p'N 

VSr* Sy'j 


S'w _ JS’p- 8'p'\ 
®9f9z ySx* dy^J 

Vertical motion 
equation 


-re 


'"''■“--Is 



d*v dp' 

'’"sT” ~'S 

Dispersion equation 

mV' + “ 0 

(u' - 


£D*fn* = 

tj>*(m* + kJ) = 


+ kI =0 

Horizontal group 


W'ic„ Mm' - 

- /')■" 

N 

JVm* (N* - 



velocity 


m{j‘m~ + A**^)*'- (am 

m 

(jc^ + nrr‘‘~ /v’m 



Vertical group 


/V*Kh (w*-/*)*'* 

NXf, <tP 

A^PChW £|)*(/V* — tu*)*/* 



velocity cp 



cuNkh 

nr A/ic„ 

(.a + ra')’" JV'pCh 



PEKPE + KE) 

0.499 0.49 

0.4 0 

0.4 

0.49 0.499 

0.5 

0.1 

0.01 

Aspect ratio |3| 

0.00999 0.0099 

0.009 0 0.01 

0.03 

0.1 

1 III 

0.3 1 CD 1.5 

1.1 

I.OI 

Typical scale Ufai 
for atmosphere 

1000 km 

100 km 


10 km 

1 km 


lOOm 

Special phenomena 


Wave absorption 


Partial reflection/resonance 

Wave refleclion 




*' The lop line shows a logarithmic frequency scale for the case N lOO/i r> being ihe frequency sensed by an observer moving with ihe fluid, and undernealh are shown some lypical values for the corre¬ 
sponding period. The boundaries between regimes are not. of course, as distinct as shown, each regime merging gradually into ihe nexl. The PE (PE + KE) ratio is given by (8.6.6) in the wave regime. The aspect 
ratio 9 is the vertical scale divided by the horizontal scale, and is given by (R.4.19). The typical “scale" shown refers to topographically generated wavc.s in Ihe atmosphere. The equations for this problem are ob 
lained from (hose shown by replacing with U i,r.\. Typical scales for the ocean are about 1.100 oflhis scale. It will be shown in Chapter 12 that the quasi-geoslrophic equations have an additional term (the 
beta term) for scales L of order [U.ff)' ^ or about 500 km for the atmosphere and 50 km for the ocean. Thus in practice an additional regime (Ihc beta regime) must be added to the left-hand side of the table. 
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of order m, i.e., the nonhydrostatic range), the dispersion curves are similar to the 
curves shown in Fig. 6.13a and the frequency approaches JV as jch -** oo. The horizontal 
group velocity tends to zero in this limit. 

The vertical propagation characteristics of a wave with fixed horizontal wave- 
number Kh can also be obtained from (8.4.13). The vertical component Cg^ of the group 
velocity can be calculated from this equation, or by using (8.4.17), (6.5.4), and (8.4.18) 
as well, to give 


_ —(N^ — + l^)m 

^ (fc 2 + /2 + ^ ^ 2(^2 + 1/2 

_ -(N^ - /V 

Kh( 1 + a^)^^^(/^ + ’ 


(8.4.26) 


At zero vertical wavenumber m = 0 (ot = oo), the frequency has its maximum value 
of N and Cg^ is zero. As m increases, the behavior is as described in Section 6.6 for the 
nonrotating case, with a maximum group velocity of 2N/3^^^Kh for propagation at 
35“ to the vertical (m = As m increases further, the group velocity decreases, 

and in the hydrostatic nonrotating range (kh « m « NK»/f), it is given approxi¬ 
mately by 


Cgj » —NK„{m^ = —Ncl^Ik^. 


(8.4.27) 


For m comparable to or large compared with Nk^// (the rotating wave regime), 
Cg 2 is given approximately by 


Cg^ « 


-N\i 


-nv 


Kh(/^ + ’ 


(8.4.28) 


so Cgj-► 0 as m-► 00 and (o-*- f. For example, if N is 10'^ s"^ and is 30 km, 
waves with comparable vertical scale would transmit energy vertically at velocities 
of around 100 m s~^ (compressibility effects would need to be considered to obtain 
an accurate value). However, waves with m“^ = 1 km would have a group velocity 
of only 0.3 m s"^ (30 km per day), whereas waves with m~^ = 100 m would have a 
frequency only 5% above inertial and a vertical group velocity of only 1 mm s“^ 
(100 m per day). 


8.5 Polarization Relations 


To be able to identify internal waves in the ocean and atmosphere, it is necessary 
to know how the velocity components and pressure perturbation vary in space and 
time, and how the different variables are related to each other. For plane progressive 
waves, these relationships (the polarization relations) are found by substituting the 
wave form (8.4.12) of solution in the relevant equations. 

An important property of plane waves follows directly from the incompressibility 
condition (6.4.3), which gives 


k'U = 0, 


( 8 . 5 . 1 ) 
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i.e., the motion is confined to the plane perpendicular to the wavenumber vector. The 
relation between w and p' follows from (8.4.9), which gives 


-mco p' —K(o p' 

- (o^ pQ (N^ -/^)sin (p'po’ 


(8.5.2) 


where use has been made of (8.4.16). The relations between the horizontal velocity 
components follow from (8.4.3) and (8.4.4), which give [cf. (8.2.9)] 


_k(o + ilf p' 1(0 — ikf p' 

- P Po' - P Po' 


(8.5.3) 


If the X axis is chosen to be in the direction of the horizontal component of the wave- 
number vector, these equations, after use of (8.4.16), give 


and 


K(0 p' 

(N^ - p) cos (/)' Po 

-i^f P’ 

(N^ - p) cos <p’ Po 


— tan <p'w 


- ifu if , 

= — tan (p w. 


CO (O 


(8.5.4) 

(8.5.5) 


The expressions in terms of w follow from (8.5.2). The perturbation density p' is 
related to w by (6.4.6) and (6.4.9), which give 

P'/Po = (iN^lgco)w. (8.5.6) 


A sketch showing the properties of a plane progressive internal wave in a rotating 
fluid is shown in Fig. 8.4a, which is similar to the nonrotating case (Fig. 6.6) apart 
from the motion into and out of the page. It can be seen that the velocity vector 
rotates anticyclonically with time as already found for Poincare waves. (Another way 
of expressing this is to say that the velocity vector moves cum sole, i.e., rotates in the 
same sense as a vector that points toward the sun.) It follows that the velocity vector 
also rotates anticyclonically in space as one moves in a direction opposite to the phase 
velocity. This property is useful because the distinction can be made between upward- 
and downward-propagating waves by analyzing a vertical sounding or profile of 
velocity. Leaman and Sanford (1975) have utilized this idea in examining velocity 
profiles in the ocean. By comparing drops made an inertial period apart, it was shown 
that much of the energy was at near-inertial period (Sanford, 1975). A spectral analysis 
technique was used to compute the contributions of different vertical wavenumbers 
to both veering (clockwise rotating) and backing components of velocity. The com¬ 
ponent that rotated anticyclonically with depth was found to have, for a range of 
wavenumbers {m~^ of order 100 m), three times the energy of the component that 
rotated cyclonically with depth, indicating a predominance of waves with downward 
group velocity. 

A similar result was obtained by Sawyer (1961) from velocity soundings in the 
stratosphere. Figure 8.5a shows a hodograph of wind velocity for one such sounding, 
and the veering or anticyclonic rotation with height is evident. This corresponds to 
downward phase propagation and hence to an upward component of group velocity. 
Figure 8.5b shows movement of phase lines from soundings made a few days earlier. 
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Fig. 8.4. (a) Phase relationships for a progressive internal wave with downward phase velocity (this implies 
upward group velocity). The solid lines mark lines of maximum (high) and minimum (low) perturbation pressure, 
which are also lines of maxima and minima in the component of velocity in the plane of the page. The direction 
of this velocity component is shown by the arrows. The dashed lines mark the positions of maximum (heavy) and 
minimum (light) density perturbations, and maxima and minima in the component of velocity normal to the page. 
The directions of this component for the northern hemisphere are given, and should be reversed for the southern 
hemisphere. The velocity vector veers (rotates anticyclonically) with time, and hence also in space as one moves 
in the direction opposite to the phase velocity. If the direction of phase propagation is reversed, the only change 
needed in the diagram is to reverse the directions of all the arrows, (b) Motion of a particle in the plane perpen¬ 
dicular to the wavenumber vector. The particle is subject to a restoring force per unit mass of magnitude (N cos^')^|d| 
directed toward the line cf = 0, and the Coriolis acceleration can be considered as equivalent to a Coriolis force 
per unit mass of magnitude |/sin ip'\ times the velocity directed at right angles to the velocity and such that there 
is always a component toward the inside of the orbit. The resultant of the two forces is always toward the center, 
y = d = 0, and the resulting motion is in an elliptic orbit with major axis along the line of maximum slope and 
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be reversed for the southern hemisphere. 
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Fig. 8.5. Wind soundings at heights of 10-20 km. (a) A hodograph of the sounding made at 1700 GMT on 
24 March 1959, each point representing the velocity observed at the height indicated. The velocity vector, relative 
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a predominance of waves with upward energy propagation. (This sounding can be compared with an oceanic 
velocity sounding shown in Fig. 8.19.) (b) Heights of maxima and minima of wind velocity and extremes of wind 
direction on five successive soundings on 19 March 1959. Maxima are indicated by solid circles and joined by con¬ 
tinuous lines where appropriate; minima are indicated by crosses and joined by dashed lines. These lines indicate 
downward phase propagation and hence upward energy propagation. (From Sawyer (1961, Figs. 4 and 5).) 
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and the downward phase propagation is evident. The vertical wavelength is about 
1.5 km (m~^ ~ 250 m) and the period is about 6 hr (o) 2.5/). Similar soundings 

have been reported by Newell et al. (1966) and Thompson (1978). 

By (8.5.1), the motion is entirely in a plane perpendicular to the wavenumber 
vector, and it is instructive to consider the forces on a fluid particle as it moves in this 
plane. The gravitational restoring force per unit mass can be found as explained in 
Section 6.5. The force is due entirely to the component g cos tp' of gravity parallel to 
the plane, and it is also proportional to the density change cos (p' dp/dz per unit 
displacement. Thus if d is the upslope displacement, the upslope force per unit mass 
is (cf. Section 6.5) 

— p~^g cos (p' cos (p' dpjdz d = —(N cos tp'^'d. 


The fluid particle is also subject to a Coriolis acceleration associated with the com¬ 
ponent sin tp' of rotation perpendicular to the plane of motion. If y represents 
along-slope displacement of a fluid particle, then the equations of motion are 


(J + / sin <p' y = -(N cos (p')^d, y - f s\n tp'd = 0, 


(8.5.7) 


where the overdots denote time derivatives. The solution for the particle orbit is 


elementary and is given by 

d = do cos (tit, y = 0 )“’/ sin (p' do sin cut. 


(8.5.8) 


which represents an ellipse with upslope (major) axis ou/ f sin cp' times the along-slope 
(minor) axis, ou being given by (8.4.15). The elliptical orbit is shown in Fig. 8.4b, the 
motion around the orbit being in an anticyclonic sense because of the action of the 
Coriolis force. 


8.6 Energetics 


Since the Coriolis acceleration does not contribute to the energy equation, this 
has the same form (6.7.1) as that in a nonrotating fluid. Confirmation of this result 
may be obtained by multiplying (8.4.1) by PqU, (8.4.2) by PqV, (6.4.5) by w, (6.4.6) by 
g^p'IPoN^t and adding the results. The mean perturbation energy E per unit volume 
is still given by (6.7.6), i.V, 

^ + w^) -I- Wp'^IPqN^, (8.6.1) 

where each overbar denotes the mean over one wavelength. 

The value of E in terms of Wq can be obtained by using the polarization relations 
given in the last section. Choosing the x axis to be in the direction of the horizontal 
component of the wavenumber vector (so that I = 0), choosing Wq to be real, and 
taking real parts of complex expressions, (8.4.12) gives 

w = Wq cos(kx + mz — cot). 


( 8 . 6 . 2 ) 
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and combined with (8.5.4) and (8.5.5), it gives 

u = —tan (p' Wo cos(fcx + mz — cot), ^ 

V = -if jca) tan <jo' Wq sin(fcx + mz - cot). 

Similarly, (8.5.6) gives 

p' — —iN^/cog)pQWQ sin(fcx + mz — cot). (8.6.4) 

Substituting these expressions in (8.6.1) results in the same formula (6.7.7) as that 
obtained for the nonrotating case, namely, 

^ = ipo(wo/cos cp')^. (8.6.5) 


However, the energy is not equally partitioned between the kinetic and potential 
forms as in the nonrotating case. Since cu, which appears in the denominator of 
(8.6.4), is increased by the addition of the rotation term in (8.4.15), the proportion of 
potential energy is decreased by rotation. In fact, direct calculation of the individual 
terms in (8.6.1) gives the ratio 


KE _co^ + sin^ cp' 
PE co^ - p sin^ cp' 


1 + 




tan^ cp'. 


( 8 . 6 . 6 ) 


use having been made of the dispersion equation (8.4.15). Since N/f is large in the 
atmosphere and ocean, rotation effects are important only when <p' is near njl, and 
in that case the result (8.6.6) is approximately that obtained already, namely, (8.3.5), 
using the hydrostatic approximation. 

The other quantity that appears in the energy equation is the energy flux density 
vector F' defined by (6.7.8), i.e., by 


F' = p'u. (8.6.7) 

This can be evaluated using (8.6.2), (8.6.3), and the expression for p' in terms of Wg, 
which follows from (8.6.2) and (8.5.4), namely, 

pIPo = -(>cw)“HA^^ - P) sin cp' Wg cos(kx + mz — cot). (8.6.8) 

The result can be expressed in the form (6.7.9), namely, 

F' - £cg, (8.6.9) 

with E given by (8.6.5), but c, now given by (8.4.17). In particular, the vertical com- 

nnn<»nt rtf fliiv ic Kv 

F' = —(2K:a))"^(N^ - /^) sin tp'pgWg, (8.6.10) 

which follows directly from the definition (8.6.7) and the expressions (8.6.2) and (8.6.8) 
for w and p'. The horizontal component is given by 

F; = -tan (p'F;, (8.6.11) 

which follows from (8.6.3). 

Note that, provided that / < N, F^ has the opposite sign from that of the vertical 
component cojm = co/k sin cp' of the phase velocity, which (see Section 6.7) is indica- 
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live of the property that energy is transferred upward when the phase propagation 
is downward, and vice versa. This is the result already found in the nonrotating 
case / = 0. 


8.7 Waves Generated at a Horizontal Boundary 


The subject of waves generated at a horizontal boundary was initiated in Section 
6.8. Although the methods have applicability to waves generated by a variety of 
mechanisms, the discussion was in terms of the particular case of waves generated by 
flow over small-amplitude topography, and the same procedure will be adopted here. 
Since any topography can be represented as a superposition of waves each of fixed 
wavenumber and since the problem is linear, the effect of each wavenumber can be 
examined in turn. This leads to the study of flow over a sinusoidal range of hills. The 
X axis is chosen to be perpendicular to the crests of the hills and axes are chosen to be 
fixed relative to the mean motion of the air, which is assumed to have uniform velocity 
U in the x direction. In this frame, the hills aonear to move with velocitv — U in the 

- - 7 A 4. ^ 

X direction, i.e., to be given by 

h=hoS\n{k{x+ Ut)). (8.7.1) 


The method of calculating the effects of the topography is the same as that in the 
nonrotating case, the effects of rotation appearing as modifications of the dispersion 
relation and of the polarization relations already studied. This section will concentrate 
on those aspects of the problem that are significantly affected by rotation, and it will 
be assumed that N/f is large, as is normally found to be the case in the atmosphere 
and ocean. The fluid is assumed to be incompressible and to have constant buoyancy 
frequency N, 

For hills of small horizontal scale the behavior was found in Section 6.8 to 
depend on the nondimensional number 


L., I\T 

|U/ /n 


TTh/\7 

»./ fv/ J T , 


which is the ratio of the frequency 


03= -Uk 


/Q n 


(8.7.3) 


of encounter of fluid particles with crests to the buoyancy frequency N. When |a)|/N 
is of order unity, rotation effects are unimportant and the analysis of Chapter 6 
applies. Thus for fc"* < U/N (about 1 km for the atmosphere and 300 m for the ocean 
floor) the waves are evanescent in character, i.e., they decay exponentially with height, 
and the flow (see Fig. 6.10a) is rather like potential flow (which it is in the limit as 

“►O). For > U/N, propagating waves are generated (see Fig. 6.10b) and 
these can transfer wave energy to some remote level where the wave energy is 
absorbed. 

Rotation effects become important when o) is comparable with /, i.e., when the 
horizontal scale fc“Ms of order U/f. This is typically some 100 times larger than U/N 
in the atmosphere, so there is a considerable range of wavenumbers for which 
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U/N « « U/f, where the hydrostatic approximation applies (because the hori¬ 

zontal scale is large compared with the vertical scale) and rotation effects are small. 
This will be called the hydrostatic nonrotating range (see Section 8.4 and Table 8,1). 
The scale lJj\f \ for which rotation effects become an essential part of the behavior 
is typically around 100 km for the atmosphere and about 3 km for the ocean floor. 

When considering rotation effects, it should be remembered that the wind (or 
current), which is assumed to be blowing steadily in a fixed direction, must be in 
geostrophic equilibrium with a pressure gradient, so in the absence of the hills the 
pressure P at the ground will satisfy 

Poj u = -orjoy, 

i.e., for an observer with his back to the wind, low pressure will be found to the left 
in the northern hemisphere and to the right in the southern hemisphere. 

Now consider the flow over hills of the form (8.7.1) when k~^ is in the range 
U/N < k~^ < U/f. Then the solution to the wavelike form is given by (6.8.4) and 
(6.8.5), namely, 

w = Ukhft cos{kx + mz — cot), (8.7.5) 

where, by the dispersion relation (8,4.13), the vertical wavenumber component m 
is given by 

= k\N^ - ft)2)/(a)2 - p) = k^{N^ - U^k})/{U^e - p). (8.7.6) 

The positive root is chosen in order to ensure upward group propagation, which 
implies downward phase propagation (to/m = — Uk/m < 0). The perturbation hori¬ 
zontal velocity components are, by (8.5.4) and (8,5.5), 

u = - Umho cos(kx + mz - cot), ^ 

V = k~^fmho sm(fcx + mz — cot). 

The particle trajectories relative to an observer moving with the wind at speed U 
are elliptical as shown in Fig. 8.4, so in the northern hemisphere particles have a 
velocity component to the left at the crests. In other words, by (8.7.4), they move 
toward low pressure at the crests whatever the sign of /. The maximum displacement 
of the path toward low pressure is situated at the node that is immediately in the 
lee of a crest. 

The pressure perturbation is given by (8.5.2), i.e,, after using (6,8.4) and (6.8,5), by 

P'/Po = m"‘(N^ — U^k^)ho cos(kx + mz — cot). (8.7,8) 

High pressure is found on the windward side and low pressure on the leeward side, 
giving a net force on the hills in the direction of the wind. The net drag force t per unit 
area can be calculated as follows. Consider a small element of hillside, as shown in 
Fig. 8.6, with horizontal dimensions and Sy and height increment dh. If Ss is the 
width of the element as measured along the slope, the force due to the pressure has 
magnitude p Ss Sy and is directed normal to the surface. The horizontal component 
of this force has magnitude p Ss Sy times Sh/Ss, i,e., 

pSh Sy = p(dh/dx) Sx Sy 
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Fi^ A small element of hillside of area SsSy, Sy being measured along slope and Ss along upslope. is 
the horizontal pro/ection of 5$ and Sh is the increment in height. The force due to the pressure p acting on area 
is p5s5y. The horizontal component is obtained by multiplying by dh/Ss, \ e.,pSh Sy, or pdh/dx times SxSy. 


and is directed along the line of maximum slope, i.e., in the direction of Vh. In other 
words, the horizontal component of the force is the vector 

p \h 3x Sy. 

Averaging over a wavelength gives the drag t per unit area as 


t = p Vh = p' Vh. 


(8.7.9) 


The pressure p can be replaced by the perturbatiun pressure p' (see Section 4.5.4) since 
the pressure associated with the undisturbed state does not exert a horizontal force. 
The magnitude t of t can be calculated from (8.7.1), (8.7,8), and (8.7.6), which give 


T = - u^k^)(u^k^ - 


(8.7.10) 


This is related to the vertical component F' of the energy flux density vector defined 
by (6.7,8), the relationship following directly from the definitions and the relation 
w = U dhjdx between w and h. Thus 


F; = p'w = tL/ = ipo{(N' - U^k^){U^k^ - (8.7.11) 


As pointed out in Section 6.8 and further illustrated in Section 8.15, the waves can 
transmit horizontal stresses from the ground up to considerable heights, depending 
on the levels at which the waves are absorbed. The rate of transfer vanishes at both 


ends 


uf the regime 


In whieh witVeai ean eXlai, l.e, 

= l7/(/(. There are, however, some singular features of the solution when 
is exactly equal to U/\f\, for a resonance occurs when the encounter frequency 
to = —Uk IS exactly equal to the inertial frequency. For this case (8.7.6) shows that m 
is infinite (i.e., very short vertical wavelength) and hence the perturbation velocity 
given by (8.7.7) is also infinite. In practice, the large value of m indicates that friction 
would tend to remove this wave component and/or nonlinear effects would become 
important. 

The group velocity relative to the air is given by (8.4.17), This can be expressed 
in terms of k by using (8.7.3), (8.7,6), and the fact that m/k = tan (p\ The components 


when 


i.-i 
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and when 
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(horizontal) and (vertical) obtained in this way are 

_ -(N^ - U^k^){U^k^ - p) ,, , p 
(N^-p)UP ^ 

(iV2 _ U2f^2y,2f^jj2i^2 _ pyi2 ^ ^y2j^2 _ py,2 

(N^ - p)ue ^ NUk^ 


(8.7.12) 

(8.7.13) 


the approximate expressions being the values obtained when the hydrostatic approxi¬ 
mation is made. The group velocity relative to the air is directed upward into the 
wind at angle njl — q>' to the horizontal. The group velocity relative to the ground, 
on the other hand, is directed upward and downwind at an angle with the horizontal 
whose tangent is equal to 


U + c^ 


{N^ - U^kyi\U^k^ - 

(U^k^ - pf + p{N^ - p) 


n[ p 


3/2 


9 


(8.7.14) 


the approximate expression being the one obtained in the hydrostatic limit. This 
angle is shown as a function of wavenumber k by the solid line in Fig. 8.7 for the special 
case N = 100/. The maximum value of the angle is approximately 

tan-‘(3^/M-'(N//)*/^) when Vk = 

or about 80° for the case N = 100/. For comparison. Fig. 8.7 shows the values ob¬ 
tained when various approximations are made that correspond to the different regions 
in Table 8.1. 

An example of the flow patterns found in cases for which rotation is important 


Uk/N 



Fff B.7. The angle made with the horizontal by the group velocity relative to the ground, shown (solid line) 
as a function of the horizontal wavenumber k of the topography for the case N/f = 100. If rotation Is ignored 
(/ = 0), the curve is modified at low wavenumbers to the one shown by large dashes. If the hydrostatic approxima¬ 
tion is made, the curve is modified at high wavenumbers to the one shown by small dashes. If rotation is ignored 
and the hydrostatic approximation is made, the angle is 90° for all k. 
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is shown in Fig. 8.8a, which is for the case kU = 1.25/, i.e., that for which the horizontal 
scale is 20% less than the value U/ f, where vertical propagation ceases. The 
vertical wavenumber m in this case is approximately 5N/3U and is of the same order 
as that in the nonrotating case illustrated in Fig. 6.10b(where m = 3N/5U). However, 
the horizontal scale is bigger by the large factor 0.64Njf, so the diagram is drawn 
with the vertical scale exaggerated relative to the horizontal by the factor N //. 

If the horizontal scale k~^ is larger than C//|/|, the waves become evanescent, i.e., 
the amplitude decays exponentially with height. The vertical displacement h of fluid 
particles now has the form 

h = sin{kx — cat), (8.7.15) 

where the decay rate y is given by 

- U^k^), (8.7.16) 


assuming that the hydrostatic approximation can be made, y is the positive root, so 
the evanescent solutions are obtained by replacing m by iy in the previous formulas. 
The solution (8.7.15) is given in the frame of reference moving with the air. The solution 
relative to the ground is obtained by removing the —cat term inside the brackets, 
i.e., by replacing sin(kx — cat) with sin kx. 

The formulas for u, v, p', etc., are again derived from Section 8.5, putting I = 0, 
m = iy, using the hydrostatic approximation (k « m or Uk « N), and using the ex¬ 
pressions (6.8.8) and (6.8.4) for w. In particular, (8.5.2) gives 
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showing that high perturbation pressure is found on the crests and low perturbation 
pressure in the valleys (the sign opposite to that found in potential flow!). The per¬ 
turbation velocity u in the flow direction is, from (8.5.4), 


u = ^^2 j ^ sin(kx - oat), (8.7.18) 

giving, as expected from the continuity equation, faster flow over the crests. Also, 
because of the constriction of flow over the crests, vortex lines are diminished in 
length, causing acquisition of anticyclonic relative vorticity C From (8.4.6) or (7.12.5), 
the value of C is given by 


The associated lateral velocity v and lateral displacement y are given by 

V = cos(/cx - cot) (8.7.20) 

and 

The lateral displacement is toward low pressure over the crests, i.e., to the left in 
the northern hemisphere and to the right in the southern hemisphere. 
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(b)(n 



Fig. B.B, The motion produced by uniform flow of a stratified fluid over sinusoidal topography of small ampli¬ 
tude. The format is the same as that in Fig. 6.10, but the horizontal scale is much larger and the vertical scale is 
exaggerated relative to the horizontal by a factor of N/l. (a) The case of the smaller-wavelength topography, the 
wavenumber k being given by k — ‘i.25f/U (a typical value of U/i for the atmosphere is 100 km). The displacement 
of isopycnals is uniform with height, but the wave crests move upstream with height, i.e., the phase lines are lilted 
as shown. The group velocity relative to the air is along these phase lines, but the group velocity relative to the 
ground is directed upward at a shallow angle in the downstream direction as shown. High and low pressures are 
at the nodes, so there is a net force on the topography in the direction of flow. The directions shown for the com¬ 
ponent of flow normal to the page are for the northern hemisphere, and should be reversed for the southern 
hemisphere, (b) The response for larger-wavelength topography, the wavenumber fc in this case being equal to 
Q.8I/U. (i) A vertical cross section showing how the amplitude decays with height. The phase lines in this case are 
vertical, lii) A plan view, the solid lines with the arrows being particle trajectories and the dashed lines isobars. 
Particles are displaced toward low pressure over the crests and toward high pressure over the valleys. The speed 
is greater over the hills, so pressure on a streamline is lower by Bernoulli's theorem. However, on a line y - const, 
the pressure is actually higher over the hills as can be seen in (ii), and as is shown in (i). 
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The fact that the pressure perturbation is high over the crests where the flow 
speed is also high seems contrary to Bernoulli's theorem. This is not so, however, 
because streamlines deviate laterally more than isobars do, so that on a streamline 
the pressure is actually lower over the crests. This can be seen in Fig. 8.8b, which is 
drawn for the special case Uk = 0.8/ with the same vertical exaggeration N/f and 
same longitudinal scale as in Fig. 8.8a. The lower part shows the plan view, and it will 
be noticed that on a straight line y = const, pressure is high over crests, whereas on 
a streamline, pressure is low over crests. 

The limit of very wide topographic features (k~^ » U/\f\) is also of some interest, 
especially for the deep ocean, where typical values of Vj\f\ are a few kilometers. 
(t//|/l is of order 100 km in the atmosphere, so the effects of the earth’s curvature 
need to be considered for scales large compared with this.) The formula (8.7.16) for 
the trapping scale shows that as increases, so does which becomes propor¬ 
tional to in the limit. It is convenient to call the limiting value 

y-' = \f\jNk i%.1.22) 

the Rossby height since the quantity (modified by allowing for compressibility of the 
atmosphere) was introduced by Rossby in a paper on temperature changes in the 
stratosphere (Rossby, 1938b). The name is also convenient because of the relationship 
between Rossby height and Rossby radius. In situations like the one considered in 
this section, where a horizontal scale k~Ms given, there is a natural height scale, the 
Rossby height, equal to |/|/JV times the horizontal scale. On the other hand, when a 
height (or depth) scale is given, there is a natural length scale, the Rossby radius, 
proportional to N/\f\ times the height scale. 

The polarization relations show that in the limit of very wide topopaphy the 
V component of perturbation- velocity is very much greater then the u component, 
and has amplitude equal to Nho, i.e., the limiting form of (8.7.20) is 

V = NhQe~^^ cos(fcx — cot). (8.7.23) 

Another feature of this limit is that streamlines become almost coincidental with 
isobars, the horizontal amplitude of their deviations [see (8.7.21)] being Nha/Uk. 
This implies that the flow is close to being in geostrophic equilibrium, so the range 
in which | Uk\ = |a)| « |/| will be called the quasi-geostrophic range (see Table 8.1). 


8.6 Mountain Waves 


Localized strong winds in the vicinity of mountains and hills have attracted 
attention in the past because of damage to crops and buildings etc. An example is 
the Helm wind [a number of early reports are reprinted in Brunskill (1884)], which 
occurs on the west side of the Pennines in England. For instance, in a report to the 
British Association, Watson (1839, pp. 33-34) records: 

Sometimes, when the atmosphere is quite settled, not a breath of wind stirring, 
and hardly a cloud to be seen, a small but well-known cloud appears on the 
summit, extends itself to the north and south—the “Helm is on,” and in a few 
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minutes blowing furiously, sufficient to break trees, overthrow stacks of grain, 
throw a person from his horse, or overturn a horse and cart.... When heard or 
felt for the first time it does not seem to very extraordinary; but when we find 
it blowing morning, noon and night, for days together, it makes a strong impres¬ 
sion on the mind, and we are compelled to acknowledge that it is one of the 
most singular phenomena of meteorology. 

In the 1920s and 1930s, a great deal was learned about mountain waves from 
observations, using balloons and gliders. In fact, the heights reached (11,400 m) by 
gliders in the 1930s were viewed with astonishment, particularly as they were achieved 
on the leeward rather than windward side of the mountains [see Alaka (I960)]. A 
detailed description of the observed phenomenon, as obtained from such information, 
was civen bv Kuettner ( 1939a.bi. and Manlev (19451 eave similar details for the “Helm 

W ^ r f r - - ^ \ ~ r ^ 

wind” mentioned above, his conclusions being based on observations from the 
ground. (The paper was submitted in 1940 but “withheld from publication during 
wartime for reasons of national security.”) Summaries of these and other studies are 
given by Alaka (1960), Nicholls (1973), Queney (1977), and R. B. Smith (1979), and a 
descriptive picture was given by Scorer (1972, Section 5.3). 

The first theoretical studies were for flow with uniform velocity 1/ of a fluid with 
uniform buoyancy frequency JV over topography of infinitesimal amplitude. In 
particular. Lvra 11940. 19431 found solutions for flow over a sten nrofile and over 

^ J 0 ■*. M f m. m. 

rectangular mountains, whereas Queney (1948) found solutions for flow over “bell¬ 
shaped” ridges of the form 


\x = hji\ -h (x/L)^) = h^L 



e cos kx dk. 


( 8 . 8 . 1 ) 


The response to flow over hills of any shape can be found by representing the topog¬ 
raphy as a Fourier synthesis of sinusoidal waves, then taking the appropriate com¬ 
bination of the solutions for sinusoidal topography that were found in the previous 
section. The bell-shaped ridge (8.8.1) is convenient for study because of the simple 
form of its Fourier transform. The results obtained by Queney by such a Fourier 
synthesis will be summarized in what follows. 

The character of the response depends on the width L of the mountain. As L 
increases, the type of response varies in the same way as does that found for sinusoidal 
topography as the horizontal scale increases. The change in type of response 
also corresponds to changes of the time LjU taken by an air particle to pass the hill 
since in a frame of reference moving with the flow the response is forced by the hill, 
moving relative to the air at velocity —UAiN is large compared with the Coriolis 
parameter /, as is normally the case, five regimes can be distinguished [cf. Queney 
(1948) and the summary in Table 8.1]. 

(i) Potential-Flow Regime (L « U/N), Typical values of U/N are 1 km for the 
atmosphere and 50 m for the ocean floor, but it should be remembered that consider¬ 
able departures from these values are possible. This limit applies to such small 
features that effects associated with the turbulent boundary layer are quite important. 
[A theory incorporating these effects is given by Jackson and Hunt (1975), also see 
P. A. Taylor and Gent (1980).] However, the ideal flow solution is given for complete- 
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ness since it has a simple form for the bell-shaped ridge, namely, 

/i = (1 -h z/L)-^hJ(] + (x/(L -h z)n 


( 8 . 8 . 2 ) 


The amplitude of the vertical displacement of fluid particles falls off with height in a 
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crest, where the flow is more restricted, and so the pressure is lower by Bernoulli’s 


theorem. 

(ii) Nonhydrostatic Wave Regime {L U/N). The general solution for the bell¬ 
shaped mountain has the form 


h = h^L 



exp( —fcL -I- ikx -I- imz)dk, 


(8.8.3) 


the physical solution corresponding, as usual, to taking the real part. The vertical 
component m of the wavenumber is given by the dispersion equation. When L is 
comparable with U/N, rotation effects are usually small, so that the value of m is 
given by (6.8.6), i.e., 

m = dN/uy - (8.8.4) 


Figure 8.9a shows a typical solution that is drawn for the case 


L = U/N = 1 km 


(8.8.5) 


and is due to Queney (1948). The scale L, that is shown in the figure is the wavelength 
associated with the scale U/N, namely. 


L, = InU/N. 


( 8 . 8 . 6 ) 


V ^ I* « ^ A .A 111 n «■ A ^ MS • A ^ li»« • t / % Am ■ a ^ O 

1 ui iiiia auiuiiuii ai& ujacuaa&u \jy v^u&ii&jr yiy/j), na luuiiu iii 

6.8, the group velocity relative to the ground for a single wave component is upward 
and downwind in the direction of the wavenumber vector and varies between the 
vertical direction (k = 0) and the horizontal downwind direction (fc = U/N). The 
figure shows that wave energy is confined mainly to this quadrant as expected. The 
vertical scale of the waves is of the same order as the horizontal scale L. The ground- 
level wind and pressure variations are also shown in the figure, these being related by 
Bernoulli’s theorem [see (4.8.3) and (7.10.22)], which in its linearized form gives 

p'/po = -Uu (8.8.7) 


on a streamline. The wind is a maximum at the crest of the hill where there is a mini¬ 
mum pressure. 

The pressure is higher on the upwind side of the hill than on the leeward side, 
indicating a net force on the hill. The hnri7ontal force ner unit snan fi.e.. ner unit 

-^ G —----- ---— ■■ " Mr - - ~ r ' - ■ 

distance in the y direction) is given by [see Section 8.7 and Eq. (8.7.9)] 



'qd 

p'{dh/dx) dx. 

J -00 


( 8 . 8 . 8 ) 


An alternative formula for the drag force is obtained by using (8.8.7) to substitute for 
p' in (8.8.8) and using the relation between w and h, i.e., w = Dh/Dt. In a frame of 
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reference fixed to the ground, the linearized form of this is 


and so (8.8.8) gives 


w = U dh/dx. 




(8.8.9) 

( 8 . 8 . 10 ) 


i.e., the force is equal to the rate at which momentum is transferred vertically by the 
waves. When the topography is given as a Fourier synthesis of sinusoidal waves, 



(a) 


Fig- 8.9. Waves generated by flow with uniform velocity (U = 10 m s ') of a uniformly stratified (N = 0,01 s ') 
fluid over bell-shaped ridges of various widths L (from Queney (1948)). The mountain profile is given by (8.8,1) and 
the solutions are based on linear theory. Case (a) is for L = UIN = 1 km and typifies the nonhydrostatic wave 
regime. Case (b) is for i = 10 km and typifies the hydrostatic wave regime in which rotation is not important. Case 
(c) is for L = L/ff = 100 km and typifies the wave regime in which rotation effects are important. The upper part of each 
diagram shows the vertical displacements of air particles, i.e., their trajectories in the vertical plane normal to the 
ridge. The dashed lines show where the vertical displacement is zero. The scale L, is defined by 1, = 2nUIN and is 
a good measure of the vertical wavelength found in all three cases. The scale L( is defined by = 27rLI/|f|, where 
I is the Coriolis parameter, which is given the value 10”^ s”'. The lower panels of (a) and (b) show the ground-level 
pressure and wind variations associated with the waves. The lower panel of (c) shows a plan view of the particle 
trajectory and of an isobar at ground level. Amplitudes are based on a maximum height h„ of the ridge of 1 km. 
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namely, 

h = j" J^(k)e‘'‘‘dk ( 8 . 8 . 11 ) 


(the real part being understood), then the drag force can also be expressed as an 
integral of the contributions (6.8.11) of each Fourier component. Such contributions 
come only from wavenumbers k < NjU for which waves are generated, and the result 
of combining (8.8.10) and (6.8.11) is [see Blumen (1965b) for a detailed derivation] 





k(iN/Uf - k^'^ dk. 


( 8 . 8 . 12 ) 


The particular case of the bell-shaped mountain (8.8.1) was treated by Sawyer (1959), 
and the result can be given in terms of special functions (Blumen, 1965a). This result 
is depicted in the left-hand part of Fig. 8.10, which shows the drag per unit span as a 
function of width L. The drag increases as L increases up to a limiting value njA that 
is appropriate to the hydrostatic regime as discussed below. 

(iii) Hydrostatic Nonrotating Wave Regime. This regime can be defined if N/f 
is large enough. For the atmosphere, a typical value of N// is 100, but for the deep 
ocean a value near 10 is more appropriate. Topographic waves in the atmosphere are 
generated by the regions in which there is a slope, and for the large mountain chains, 
which produce the strongest effects, the region in which the slope is maintained at a 
large value of one sign is typically about 10-km wide. For this scale, the hydrostatic 
approximation is quite a good one, yet the scale is not large enough for rotation 
effects to be large. Thus many of the calculations of mountain wave effects have been 
for this regime. 


LIfl/U 



Fig. 8.10. Force per unit span due to wave drag on a bell-shaped ridge of the form h = h„/(1 + (x/L)^). The 
buoyancy' frequency N and flow speed U are uniform and the Coriolis parameter I is chosen to have a value of 
0.01 N. The curve for LN/U < 4 is based on that given by Blumen (1965a. Fig. 1), whereas that for large width L is 
based on (8.8.23). 
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The general equation for lee waves in uniform flow, including nonhydrostatic 
and rotation effects, is, in a frame of reference moving with the air, (8.4.11). The same 
equation is satisfied by the vertical particle displacement h since w = dh/dt and (8.4.11) 
can be integrated with respect to t. In a frame of reference fixed relative to the ground, 
the operator d/dt is replaced by the operator V d/dx so (8.4.11) becomes 


^ dy^ ^ dz^ ^ 




( 


d^h W 
dx^ dy^ 


= 0. (8.8.13) 


When there is no rotation (/ = 0) and there is no y dependence, the equation can be 
integrated twice with respect to x to give (assuming no disturbance at x = ± oo) 

d^h/dx^ + d^h/dz^ + (N/U)^h = 0, (8.8.14) 

which is the equation for the nonhydrostatic regime. If now the hydrostatic ap¬ 
proximation is made (which is equivalent to assuming d/dx « d/dz), this becomes 

d^h/dz^ +(N/V)^h = Q. (8.8.15) 

This very simple equation has the solution 

h = h,(x)e‘^^/^, (8.8.16) 

where is a complex function of x whose real part defines the surface topography. 
The solution must satisfy the condition of upward group propagation, which in this 
case means vertically upward. For the bell-shaped mountain [cf. Queney (1948)], the 
solution that satisfies this condition is 


h = - ix/L). 


(8.8.17) 


\^Note: The condition on h, is that the singularities in the complex x plane are in the 
negative half-plane. An equivalent formulation in terms of Hilbert transforms is 
given by Miles and Huppert (1969), Baines (1971), and Drazin and Su (1975). The 
solution (8.8.17) can be used to develop solutions for other topographies by taking a 
sum or integral over poles in the complex x plane.] 

Figure 8.9b shows the solution (8.8.17). Waves are found only above the mountain 
because the group propagation is vertical. The associated pressure perturbation p' 
can be calculated from (6.4.7), which, after putting w = dh/dt, replacing d/dt by 
U d/dx, and integrating twice with respect to x, yields 


p' = PqU^ dh/dz. 


(8.8.18) 


For the bell-shaped mountain, substitution from (8.8.18) gives at the ground z = 0 

p' = -poNUhJx/L)/(\ + {x/L)\ (8.8.19) 


and this curve is shown in the lower panel of Fig. 8.9b. Since pressure is high on the 
windward side and low on the leeward side, there is a net force on the hill whose value 
per unit span is given by 
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which is the value obtained for the nonhydrostatic case in the limit as NL/U —*■ oo, 
as can be seen in Fig. 8.10. The integration on the right-hand side of (8.8.20) is readily 
obtained by elementary means (substitute x = L tan 6) after (8.8.1) and (8.8.19) have 
been used to substitute for h and p'. 

(iv) Rotating Wave Regime (L ~ V/\f\)* In this regime, the solution for the 
bell-shaped mountain is given by (8.8.3), but the appropriate approximation for m 
is, from (8.7.6) with » U/N, 

m = kN(U^k^ - (8.8.21) 

As an example, Fig. 8.9c shows the solution for L = t//|/|, as obtained by Queney 
(1948). The wave energy (see Section 8.7, Fig. 8.7) is propagated upward and down¬ 
wind at an angle that for individual wave components varies between 0° (for 
/c■ * = U/\ f\) and 90° (for /c -► oo). Thus the disturbance shown in the figure is con¬ 
fined largely to this quadrant. The vertical scale is of order U/N just as in cases (ii) and 
(iii), but the horizontal scale is now much larger. The diagram is drawn with a very 
much reduced horizontal scale (or, in other words, with a greatly exaggerated vertical 
scale). Most of the waves appear in the diagram to be in a wedge of angle between 
60° and 90° to the horizontal, but when allowance is made for vertical exaggeration, 
this corresponds to an actual range of angles between 1 ° and 90° to the horizontal. 

The lower panel of Fig. 8.9c shows a plan view for the northern hemisphere 
situation of a streamline and an isobar. The particle is seen to deviate toward low 
pressure (i.e., to the left), reaching a maximum displacement just past the crest of the 
hill. The pressure on a section normal to the hill is also given by the “isobar” curve and 
is a maximum on the windward side, indicating a net drag. The general formula for 
drag, taking account of both rotation and nonhydrostatic effects, is an integral with 
respect to wavenumber k of the drag t for an individual wave, given by (8.7.10), the 
generalization of (8.8.12) being [cf. Bretherton (1969)] 

rNiv 

^ = npo\ \jfik)\^{(N^ - U^k^)(U^k^ - / 2)}‘^2 (8 8 22 ) 


contributions coming only from the range of wavenumbers for which vertically propa¬ 
gating (as opposed to evanescent) wave solutions are obtained. If the hydrostatic 
approximation is made, i.e., Uk « N, and the value Jif = h^Le~^^ appropriate to the 
bell-shaped mountain [compare (8.8.1) and (8.8.11)] is substituted, (8.8,22) gives 


^ = npoNhlL^ (* 


(U^k^ — dk 


Jl/l/u 

= \np,hiL\f\NK,{2L\f\IU), 


(8.8.23) 


the value of the integral being taken from Gradshteyn and Ryzhik (1980, formula 
3.3873). The drag given by this formula is shown as a function of L in the right-hand 


* Typical values of t//|/| arc 100 km for the atmosphere and 3 km for the ocean floor, but it should 
be remembered that for light winds or small currents, the value can be considerably smaller, whereas in 
tropical regions, where/is small, values can be much larger. 
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part of Fig. 8.10. For small f, the value asymptotically approaches the nonrotating 
hydrostatic value given by (8.8.20). 

(v) Quasi-Geostrophic Flow Regime (L » Vj\f\), In this regime, solutions are 
again evanescent in character, so waves are not produced. The solutions are of interest 
for the ocean, for which a typical value of Vl\f\ is about 3 km, but not for the 
atmosphere because effects of the earth’s curvature must also be considered when 
L » Vl\f\. The approximation to (8.8.13) for this regime is simply 



which reduces to the equation for potential flow if a stretched vertical coordinate 

A^C. _1 U,. 

uciiucu uy 


= iVz/|/|. 


(8.8.25) 


is used in place of z. The solution is therefore of the same form as (8.8.2), namely, 


h = (l + zJL)~^hJ(l + (x/(L + z,))^). 


(8.8.26) 


Solutions decay with height over distances of the order of the Rossby height \f\L/N 

wniuii IS muLiii iurycr man me lypiuii ncigni seaie u/iv lor prupagaiing 
wave regimes and increases in proportion with the horizontal scale of the topography. 
An exact solution, such as (8.8.26), can also be found for a circular hill. (This solution 
is discussed in Section 8.16 and is illustrated in Fig. 8.20.) 

The name "quasi-geostrophic" is used for this regime because of a peculiar property 
of the equations. It is simplest to consider the equations in a frame of reference moving 
with the fluid, for then they take the form given in Section 8.4. (For a frame at rest 
relative to the topography, dfdt is replaced in the equation by V d/dx.) The regime is 


U-. ijya* _ tt a/a.. 




/O A %\ 


uciiiicu uy me uuiiuiiiuii u/ui = u vjvA> ^ y, su me iiiuiiiciiiuiu cquaiiuns anu 

(8.4.2) are approximated by the geostrophic balance equations 


-fv = -po ‘ dp’/dx, fu= -po ‘ 5p'/ay. (8.8.27) 

However, these equations, with / constant, imply zero horizontal divergence and 
hence no vertical motion, yet it is the balance between forcing of vertical motion by 
the topography and gravitational restoring forces that determines the flow! Therefore 
it is essential to calculate the horizontal divergence, even though it is small, and the 
appropriate expression comes from the vorticity equation (8.4.6). This shows that the 
divergence - dw/dz is weak, being smaller than the vorticity C by a factor of order 
co/f. Note that (8.4.6) can be deduced from the momentum equations only if the 
(small) acceleration terms are retained. This is the reason for using the name “quasi- 
geostrophic” rather than geostrophic, i.e., although to a first approximation the flow 
is geostrophic, the motion cannot be determined without considering the departure 
from a geostrophic balance. 

If now (8.8.27) is used to obtain an expression for the vorticity 


fC = Po \d^p'ldx^ + d^p'ldy% 


(8.8.28) 
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and this is substituted in (8.4.6), the result is an approximate form of (8.4.8), namely, 


2 5w _ 1 d /d^p' d^p' 
dz po 5t I ^ dy^ 


(8.8.29) 


An equation for w of the same form as (8.8.24) is now obtained if dp'/dt is eliminated 
between (8.8.29) and (6.11.4), which relates vertical motion to buoyancy-restoring 
forces. A peculiar feature is that although the result is an equation not involving time, 
it requires elimination of the pressure time derivative (or pressure tendency) dp'/dt\ 
A summary of the properties of the five regimes is given in Table 8.1. The frequency 
(i) is to be interpreted as the frequency sensed by an observer moving with the medium, 
and so is equal to co for a medium at rest (Section 8.4) and to o; — Uk for flow at 
velocity U over topography (Section 8.7). In general, if co is the frequency for an 
observer at rest and the medium is moving with uniform velocity U, then 


d) = ft) - U 'k. 


(8.8.30) 


These solutions for the bell-shaped mountain range illustrate the effects that are 
generally found. Solutions for other topographies have been studied. For example, 
Blumen (1965b) has discussed the effects of more than one range; Gjevik and Marthin- 
sen (1978) and R. B. Smith (1980) have treated three-dimensional flows, and the ideas 
have been applied to Martian lee waves by Pickersgill and Hunt (1981); Bretherton 

M Kqc HAtailArl ndlmilotinnc r%f AVArf^H Kv cr^mA r^cil t/^nrk<TrQt%Viv 


(the hills of North Wales—see Section 6.8), and Klemp and Lilly (1980) have reviewed 
momentum flux effects; Bell (1975) has estimated that the drag on the ocean floor 
due to the generation of topographic waves is typically of order of 0.05 N m“^ 
(0.5 dyn cm'^); similar calculations for fluctuating flow of fixed frequency can be 
made, and Bell (1975) has calculated the loss of energy from tidal currents due to 
internal wave generation at the bottom to be about 0.001 W m~^ (1 erg cm“^ s~*); 
spectacular lee waves, generated by tides crossing a sill, have been reported by Farmer 
and Smith (1980); transient solutions have also been studied, and are reviewed by 
Alaka (i960) for the case in which vertically propagating waves are generated; 
Huppert and Bryan (1976) have investigated transient solutions in the quasi-geo- 
strophic regime, showing that isolated topographic features can cause eddies to be 
generated when the flow is suddenly changed; Baines and Davies (1980) have reviewed 
laboratory experiments. 


B.9 Effects of Variation of Properties with Height 


In practice, the fluid velocity U and buoyancy frequency N are not constants, but 
vary with height, and these variations can have significant effects on the waves as 
already discussed in Section 6.9 for the case of uniform U but variable N and in the 
absence of rotation. In particular, waves with certain values of k can be reflected in 
such a way that they reinforce themselves and so such scales are emphasized. Further¬ 
more, waves can be trapped near the ground if there is a region above in which 
propagation is not possible, i.e., a region in which becomes negative. For the range 
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in which rotation is not important, this can only happen when the horizontal scale 
is of order U/N, i.e., in the nonhydrostatic range. 


8.9.1. Total Reflection and Downstream Trains 
of Waves (Nonhydrostatic Regime) 

The models discussed in Section 6.9 have been generalized by Scorer (1949) to 
include the effect of shear. If density p and velocity U are functions only of z in the 
undisturbed state, then for an incompressible nonrotating fluid, the equations satis¬ 
fied by a small stationary disturbance are the momentum equations 

. , di/j dp' 

. .. Sp' 

which are the linearized form of (4.5.20), the continuity equation [cf. (6.4.3)] 

dujdx + dw/dz = 0, 

and the linearized form of (6,4,2), namely. 


/o n I \ 
Vo,7.i; 


/o n 


(8.9.3) 


(8,9.4) 


These equations can be treated in the same way as in Section 6,4. To begin with, 
the X derivative of (8.9,1), after substitution for du/dx from (8,9,3), gives 

ey 


{{d rr ^ ^ 

^ dxj dz dz dx\ 


dx^ ’ 


(8.9,5) 


Elimination of p' from (8,9,2) and (8.9,4) gives another equation relating to w 
and p' namely. 


Po 




Finally, if the Boussinesq approximation is utilized, elimination of p' from (8.9,5) 
and (8,9.6) gives 


vdt ^ dx] ^ . 


d^w d^U d 
dz^ 


w + + C/^)^ = 0. (8.9.7) 


5x 


5 '\ 5w 
dx) dx 


For steady disturbances, this can be integrated twice with respect to x to give 


d^w d^w 


1 d^V\ 

_ VV = 0, 


(8.9.8) 


dx^ ' dz^ ' \V^ U dz ^, 
which differs from the equation obtained in the absence of shear only in the replace- 
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ment of (NIV)^ by a new function of z that is determined by the mean flow, namely, 

(NIU)^ - U-^ d^Uldz\ (8.9,9) 

Scorer (1949) has considered a model for which this parameter is piecewise con¬ 
stant, having a large value of 2.12 km~^ in a lower layer of thickness 2.7 km and a 
small value of 0.33 km“^ in the upper layer. This is very similar to the model con¬ 
sidered in Section 6.9.4 with £ = 0.4 and the resonance condition (6.9.16) is satisfied 
for /c“* = 0.9 km, i.e., for a horizontal wavelength Inlk of 5.5 km. Figure 8.11 shows 
that the solution, as modified by Gossard and Hooke (1975), satisfies the correct 
radiation condition for a bell-shaped mountain of width L = 1 km. The difference 
between this solution and the one for uniform V and JV shown in Fig. 8.9a is that the 
amplitude of the waves found on the lee side does not diminish with distance from the 
mountain. In other words, the wave energy is channeled into the waveguide instead 
of propagating upward. These waves have the resonant wavelength. Another differ¬ 
ence is the attenuation with height of all but the longest waves in the upper layer. 
Corby and Wallington (1956) have studied the way in which the amplitude of the 
resonant wave depends on the width L of the mountain. The maximum amplitude is 
obtained when is equal to the resonant wavenumber^—a condition which was 
nearly satisfied in Scorer’s example (/c“^ = 0.9 km, L = 1 km). Other analytic models 
of this type and more general numerical solutions of (8.9.8) are reviewed by Alaka 
(1960), Nicholls(1973), and Gossard and Hooke (1975). 


Ht (hm) 



Fig. 8 .11. Air flow over a bell-shaped mountain of width L - t km when the wind and temperature structure 
is as shown in the left panel. The result is that of Scorer (1949) as corrected by Gossard and Hooke (1975, Fig. 57-1). 
The vertical structure is such that it strongly emphasizes waves with a horizontal wavelength of 5.5 km, and a 
regular train of these waves can be seen in the lee of the mountain. 
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The resonance effect is necessary to produce a regular series of waves in the lee 
of an obstacle. The waves are striking because of their regular spacing, which corre¬ 
sponds to the wavelength of the resonant wave, typically about 10 km, and an 
example is shown in Fig. 6.12. Such waves are often made visible by clouds and can 
be seen in satellite pictures, many examples of which have been given by Cruette (1976). 


8.9,2 Ray-Tracing Techniques 


The effect of variation of properties with height can be studied by ray-tracing 
techniques when the variations with height are slow enough, i.e., are such that the 
fractional changes over the vertical scale of a wave are small. Then the so-called 
WKBJ or Liouville-Green approximation can be made (see Section 8.12). In this 
approximation, wave properties (such as the vertical component m of the wave- 
number) are assumed to depend only on the local properties U and N of the medium, 

anrl f/% /%n ff oni-l \T met oc if tKo virorA ^Via i-lAv%Anr1 A«nr»A 

UAJW WAl w/ UXAX* iW MM bAlW W WX W WAJllWllAi* A AJW JXJ. WX1W W WXJ 


z arises only through the variation of U and N with z. Ray paths along which the 
wave energy travels are defined as paths such that the tangent at any one point is in 
the direction of the group velocity (relative to the ground). In the notation of Section 
8.7, where and are the horizontal and vertical components of the group velocity 
relative to the air, the ray path is therefore defined by 


dz/dx = CgJiV -T Cj^), 


(8.9.10) 


fl^A «■« otr^A in mvrAn (ft ^ Cm/«A fl^A /%«■«'*/%» t a I i«r a itAmi V^a«* 

tliw 1 glVWII f » CPAIJWW 611W XlWll^VAItCAi W CA ¥ WA J U41A i^Wl W>V/AAA~ 


ponent k must be constant on a ray and U and N vary with z in a prescribed way, 
(8.9.10) can be integrated to give the ray paths. 

In the nonhydrostatic regime (in which kU is of order N, which is large compared 
with /), (8.9.10), (8,7.14), and (6.8.6) give 


dz/dx = m/k = [(N^U^k^) - \y>^. (8.9.11) 


If U/N increases with height (which is usually the case because of the increase of 
velocity with height), m decreases with height and may eventually become zero. Wave 
propagation cannot continue above this height, and therefore the waves are reflected 
and the rays bend downward. If z = z^. is the level where m vanishes, then (8.9.11) 
can be approximated near this point by 


dz/dx = [(z — z^) d(N^/LJ^k^)/dzy^^, 

which integrates to show that ray paths are approximately parabolic near this point 
and are of the form 


z = Zc + i{d(N^/U^k^)/dz}^=^J^x - Xq)^, (8,9.12) 

where Xo is a constant. Thus ray paths starting upward at an angle to the ground bend 
over at z = z^ and travel downward again. They then reflect off the ground again and 
the cycle is repeated, so energy is carried large distances horizontally in a waveguide 
near the ground. A schematic picture of the ray paths in this case is shown in Fig. 
8.12a. Strictly speaking, the slowly varying approximation breaks down when m = 0, 
but still gives a good qualitative picture of the situation. 
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Fig. 0,12. Special types of ray paths for a medium whose properties vary slowly with vertical coordinate z. 
The paths a.''e those that would be followed by a hypothetical particle traveling at the local group velocity this 
being calculated as a function of U and N, using the formula for a uniform medium. The horizontal component 
k of the wavenumber and frequency o) are fixed for each ray. (a) Case exhibiting wave reflection. This occurs for 
nonhydroslatic waves when U/N increases with height and exceeds The waves refract as shown and become 
horizontal at the level at which Uk = N. Thus wave energy can be trapped in a layer near the ground, (b) Case 
exhibiting absorption. This occurs for hydrostatic waves with wavenumbers such that rotation effects are important 
when U decreases with height and drops to a value equal to |f|/k. Upward-propagating waves approach this level 
asymptotically. The vertical component of the wavenumber continually decreases, so friction effects cause the 
wave to dissipate. 


8.9.3 Partial Reflection and "Resonance" 

in the Hydrostatic Nonrotating Range 

It was found in Section 6.9 that if the hydrostatic approximation can be made 
(k « Njl!), then m cannot vanish anywhere (for constant U and N, m is equal to 
N/U) if the buoyancy frequency is always positive, and therefore total reflection is not 
possible. However, it was also found that partial reflection can occur at a discontinuity 
in N that can, after a second reflection from the ground, reinforce the original wave 
and give a marked increase in the amplitude of the response. This does not happen in 
a model with slowly varying U and N, in which the group velocity is always vertically 
upward if the hydrostatic approximation is made, and therefore rays cannot bend 
over. It may therefore be inferred that reflection is only possible when N and/or U 
vary sufficiently rapidly over a scale wi “ * in some region of the flow for reflection to 
take place. The effect will give an enhanced response only when the region of rapid 
change is at the right height above the topography for the reinforcement to take place. 
For example, in the case shown in Fig. 6.11, the large response at small wavenumbers 
occurs only when the inverse Froude number NiHfU is near an odd multiple of njl, 
N 1 being the buoyancy frequency in the lower layer which has height H. 

This wave reinforcement process that is due to partial reflection seems to have 
been an important factor in producing the enormous mountain waves observed near 
Boulder, Colorado on January 11, 1972. Klemp and Lilly (1975) analyzed linear 
models of the situation, utilizing three layers as a model of the observed situation. 
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In this case optimal response was obtained when each of the lower two layers was a 
quarter of a wavelength deep. The bottom layer had high stability and was about 2-km 
deep. The second layer had weak stability and was about 6-km deep (so the value of 
m was smaller by a factor e « 0.3). The third layer, representing the stratosphere, 
had vertical wavenumber only 20% greater than that of the second layer, so the 
situation was fairly close to that of the model discussed in Section 6.9.4. 

The waves observed on this occasion have been described by Lilly (1978), and 
Fig. 8.13 shows a cross section of the observed fields of potential temperature and 
velocity. Such waves represent a severe hazard to aircraft, e.g., the research aircraft 
involved in making the measurements experienced vertical velocities reaching 
30 m s“‘ and the flight recorder of a commercial Boeing 707 showed vertical acceler¬ 
ations ranging from — 1.1^ to -\-2.1g, the normal reading being + \.0g. Strong turbu¬ 
lence, resulting from the large velocity gradient, was also recorded and analyzed. 
Another hazard caused by the waves is the strong wind at ground level downstream 
of the mountain ridge, which can be very destructive. An anemometer in Boulder 
[see Klemp and Lilly (1975)] recorded gusts up to 50 m s“Ml20 mph) and damage 
from the storm in the Boulder area alone was estimated at S2,000,000. Lilly (1978) 
also estimated the force per unit span caused by the presence of waves to be about 
10^ N m~‘. This is about the value given by (8.8.20), using U = 25 m s“\ N = 10“ * 
s“^ and = 2 km. 

The solution in the hydrostatic case is easily obtained because the vertical structure 
can be determined independently of the horizontal structure. The solution, which 
has the form (8.8.16) for constant N/U, becomes 


h = fi,(x)w(z), 

where 'A satisfies (8.9.8) with the x derivates omitted, i.e., 

d^A fN^ 1 


A (N^ 


1 ^ = 0 . 


(8.9.13) 


(8.9.14) 


' \V^ V dz^ 

For example, for the case considered in Section 6.9.4 with constant velocity U and 


for z<Hi, 
[tNi for z>//i, 

maximum response is obtained when 

rriiHi = 7r/2, where nti = Ni/U, 
in which case the solution of (8.9.14) is 


(8.9.15) 

(8.9.16) 


^ ^ fcos(wiz) -h £~U sin(niiz) for z < H^, (8 9 17) 

^ exp{icnii(z — Hi)} for z > Hi. 

For the bell-shaped mountain, is given by [cf. (8.8.17)] 

h^x) = hj{\ - ix/L), (8.9.18) 

and the solution in the strongly stable layer near the ground is shown in Fig. 8.14 for 
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Fig. Particle paths for air flow over a bell-shaped mountain, obtained for the linear hydrostatic non¬ 

rotating case. The undisturbed flow has uniform velocity U, constant buoyancy frequency Nj up to height Hj, 
and constant buoyancy frequency above H,. The (partial resonance) condition for maximum response is 
satisfied, namely, SiHi/U n/2. Then a quarter of a wavelength is obtained between the ground and the discon¬ 
tinuity in buoyancy frequency, so waves reflected off the discontinuity and the ground reinforce each other. The 
resonance is only partial in the sense that only partial reflection occurs at the discontinuity. Note that the particle 
displacements at the discontinuity are significantly greater than at the ground. The pattern at higher levels is the 
same as that shown in Fig. B.9b for uniform conditions. Note that the displacements are much larger than the height 
of the mountain, whereas for constant N (Fig. 6.9b) they are comparable. 


c“ ^ =3. The solution at higher levels is the same as that shown in Fig. 8.9b. The main 
effect of the enhancement due to partial reflection is that the amplitude of the waves 
is greater than that of the mountain by a factor e~^. 


8.9.4 Wave Absorption: Hydrostatic Rotating Range 


When N and U vary slowly enough for ray tracing to be appropriate, the ray path 
equation (8.9.10), in conjunction with (8.7.14), shows that rays become horizontal 
not only when Vk = N, but also when Uk = f. The latter possibility will now be 
considered. When (7fe is comparable with /, which is assumed to be small compared 
with N, the hydrostatic approximation {Vk « N) can be made, and then (8.9.10), 
(8.7.14), and (8.7.6) give approximately 


dz N^k^ / fU^k^ 
dx N\ 


/o Q I m 


If U decreases with height, the angle of propagation decreases and the ray becomes 
horizontal at the level z = z^, where U = f/k. As this level is approached, m tends to 
infinity and (8.9.19) is approximated by 

dzjdx = = (//Ar)[(z - zj d{U^k}lp)ldzY’^. 

Integration of this equation shows that near z = the ray path has the form 


z = z^- AA ^(x - Xo) 


(8.9.20) 



(b) 


8.15. An experirnervtal demonstration of critical layer absorption of internal waves, la) The apparatus—an 
inclined tube with a corrugated floor, (b) Waves observed in an acceleratirig shear flow over a corrugated floor of 
amplitude 05 cm and waveler^h 25 cm. The tube corrtains stratified fluid with N = 2.626 s~‘ and has been tilted 
through 5.2". [From Thorpe (1961, Figs. 1 and 4^.1 


where Xq is a constant and A is given by 




Pjd/U^k^\Y 


(8.9.21) 


E>etails of the waves in the neighborhood of such a level have been studied by 
W. L. Jones (1967), following earlier work on the nonrotating case by Booker and 
Bretherton (1967). Dissipative effects become important near the so-called critical 
level z = Zf because the time taken for energy traveling along the ray at the group 
velocity to reach the critical level is infinite. Thus even effects like Newtonian cooling 
(see Section 8.11), which are not scale dependent, have time to take effect. Viscosity 
can be even more effective because its rate of damping increases as the scale decreases. 
The same effects can occur even without a critical level, provided that U falls to a 
value near enough to f/k for dissipative effects to become significant and hence for 
wave energy to be absorbed. 

Dissipation of waves also implies that the upward momentum flux is decreasing, 
and so there is an input of momentum at these levels equivalent to a body force 
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acting on the mean flow there. In other words, momentum is transferred from the 
ground to a remote level through the mean stress set up by waves. The levels to which 
the momentum is transferred are those at which the wave speed matches the flow 
speed. In the case of topographic waves, which have zero phase speed, the critical 
level is that at which the flow speed is zero. A schematic picture of ray paths for a 
case in which absorption occurs is shown in Fig. 8.12b. 

A striking experimental verification of the critical layer absorption process is 
shown in Fig. 8,15. Initially, a uniformly stratified fluid is at rest in a horizontal tube 
of rectangular cross section. The tube is then tilted as shown in Fig. 8.1Sa, leading to 
an accelerating shear flow that generates internal waves at the sinusoidal floor of the 
tube. Die lines in the fluid show the wave motion (Fig. 8.15b), and it is clear from the 
photograph that the waves do not penetrate beyond the critical layer located at the 
center of the tube. 


8.10 Finite-Amplitude Topographic Effects 


The studies of topographic effects discussed so far have assumed that the hills 
producing the effects are small enough for linear theory to be used. In practice, most 
interest in topographic effects has been in cases for which the effects are large, and 
therefore linear theory has not been strictly applicable. Because of this attempts to 
find solutions of the nonlinear equations have been made. One successful approach 
was indicated by Long (1953), who showed that there is a class of flows for which the 
equation for the vertical particle displacement h has the same form as that for linear 
theory, so naturally this class has received considerable attention. The theory ap¬ 
plies only in the nonrotating range for an incompressible frictionless fluid when the 
velocity u(z) and density p(z) profiles far upstream satisfy the conditions 

dp/dz = const, pu^ = const. (8.10.1) 

Then h satisfies the same equation as that for the linear theory, namely [cf. (8.9.8)], 


where 


d^h d^h 


+ ^h=0, 

u 


( 8 . 10 . 2 ) 


N^lu} = —(g/pu^) dp/dz = const. (8.10.3) 


The one point of difference from the linear solution is that h has a prescribed value 
(the surface elevation) not on z = 0, the mean surface level, but on z = fi, the actual 
surface level. Solutions have the same form as those discussed in earlier sections, 
but application of the boundary condition is not so straightforward. In a series of 
papers, Miles (1968a,b), Miles and Huppert (1969), and Huppert and Miles (1969) 
found solutions for some special shapes, whereas Lilly and Klemp (1979) have de¬ 
veloped an iterative technique that starts with the linear solution, their method being 
for the case in which the hydrostatic approximation applies. 

An interesting feature of the nonlinear solutions is that as the height of the 
mountain increases the maximum streamline (and hence isopycnal) slope increases 
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and eventually becomes infinite when the inverse 

F-i _ KrJ. a- 7 /fi irt/i't 

of the Froude number F, based on the mountain height, reaches a value of about 
unity [the appropriate critical value was found by Lilly and Klemp (1979) to be 0.85 
for a bell'Shaped mountain]. The solution becomes invalid at this point because any 
further lilt of the isopycnal would cause heavy fluid to overlie light fluid, thus pro¬ 
ducing rapid mixing. The drag of the mountain at the critical value of the Froude 
number is usually within a factor of two of the linear value, e.g., for the bell-shaped 
mountain it is 1.4 times greater. For larger values of a “rotor” forms behind the 
mountain, and the drag may change significantly. 

For other upstream density and velocity profiles, solutions can be obtained 
numerically, and considerable success has been achieved in simulating observed con¬ 
ditions. For example, the downslope wind storm of 11 January 1972 has been simu¬ 
lated by Klemp and Lilly (1978), using a hydrostatic model, and by Peltier and Clark 
(1979), using a nonhydrostatic model. In both models, the strong downdraught over 
the mountain (as in Fig. 8.14) is followed by a strong updraught in the lee (unlike 
Fig. 8.14 but found in the observed flow shown in Fig. 8.13), and the maximum ground- 
level wind is close to that observed. The nonhydrostatic model also exhibited wave 
breaking just above the tropopause with consequent enhancement of the response 
(shown in Fig. 8.16). This model also shows a train of lee waves, and the surface drag 
is some 20 times the value given by linear theory. 

A useful insight into the dynamics for finite-amplitude topography comes from 
the Bernoulli equation (see Section 4.8J, which requires that for steady flow 

P + + w^) = P -f- (8.10.5) 

on a streamline, the values on the right-hand side being those appropriate far up¬ 
stream. The maximum increase in pressure above the upstream value is therefore 

p — p == jpu^. (8.10.6) 



Fig. 8.16. Results of a nonlinear nonhydrostatic numerical simulation of the downslope windstorm shown in 
Fig. 8,13. (a) Potential temperature contours; (b) horizontal velocity contours (interval B m s'‘). The maximum in 
the lee of the peak is in excess of 60 m s"The vertical scale is marked in kilometers and goes from 0 to 15 km. 
IFrom Peltier and Clark (1979, Figs. 29f and 31f).) 
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A rough estimate of how far a particle need be raised to have an excess pressure of 
this magnitude is obtained by using linear theory. A particle with upward displace¬ 
ment h has an excess density of —{dp/dz)h and this gives an excess pressure of 

p - p X — ^ (8.10.7) 

Comparison of (8.10.6) and (8.10.7) gives the maximum particle displacement h to be 
approximately equal to u/N. 

The implication of the above result is that if the mountain height is in excess of 
u/N, particles more than a distance ii/N below the crest will tend to be “blocked" by 
the mountain, i.e., prevented from flowing over it. In practice these particles may And 
their way around the mountain instead of going over the top. For instance, Lilly 
(1978, p. 75), in discussing the event of 11, January 1972, reports that the air reaching 
Denver (where the standard pressure is about 830 mb) was never below 700 mb on 
the upstream side. In other words, upstream air below 700 mb was effectively blocked 
by the Colorado Rockies, but Lilly reports evidence that some of this air, at least, 
crossed the Divide in Wyoming, to the north, where the Divide drops to about the 
760 mb level (compared with about 650 mb in Colorado). An interesting consequence 
of the blocking is that the air found in the lee of the mountain tends to be very dry, 
having descended from a high level, thereby making summer conditions near the 
mountains much more comfortable than those in more distant humid areas. 

The same effect occurs on smaller scales and is of importance for pollution control. 
If effluent from a chimney has no buoyancy of its own and the chimney top is more 
than a distance u/N below the crest of a hill on the upstream side, the effluent is not 
likely to clear the hill. Instead it is likely to flow against the hill at a level within ii/N 
of the chimney height, and then move along the hill. This effect has been demonstrated 
in laboratory experiments by Brighton (1978) and by Hunt and Snyder (1980). 

Another finite-amplitude effect of importance on small scales (L < U/N) is 
boundary-layer flow separation, which produces a wake flow with a depth scale of 
the order /]„, of the height of the hill and a length scale of the order L of the width 
of the hill. The drag depends significantly on whether or not flow separation occurs 
[see the discussion by Scorer (1955), the laboratory experiments of Hunt and Snyder 
(1980), and the numerical computations of Mason and Sykes (1978)]. 


8.11 Dissipative Effects in the Upper Atmosphere 

Waves can lose energy by a variety of effects. In the troposphere and in the body 
of the ocean, the main losses are probably due to turbulence and to transfer of energy 
to other waves or to the mean flow. Waves in the ocean can also lose energy at the 
bottom by scattering into other waves produced by topographic variations. The rates 
of loss by these processes are highly variable and are not known with any precision, 
although empirical formulas are sometimes used to make estimates. 

Waves that are traveling upward in the middle atmosphere undergo changes, 
caused by the thinning of the atmosphere, that are of some interest. A summary of the 
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changes in atmospheric properties with height is given in Section 3.5 and is shown 
diagrammatically in Fig. 3.3. The pressure and density both fall off at exponential 
rates with e-folding scales that vary between 5.5 and 8.5 km. At 86 km, the pressure 
is 1/270,000 of its surface value, whereas the density is 1/180,000 of value it has at the 
surface. Likewise the mean free path, which measures the average distance between 
collisions of molecules, is 1 cm at 86 km, which is 180,000 times the surface value. 
Above 86 km, the composition of the atmosphere can no longer be regarded as 
constant, and effects of diffusive transport of individual gas species must be taken 
into account. As a result, the mean molecular weight falls off with height and its value 
at 300 km is about 60% of its value at 86 km. Also, because of the much higher tem¬ 
peratures, the pressure and density do not fall off as rapidly with height as they do at 
lower levels, and the corresponding scale heights increase substantially, being about 
50 km at an altitude of 300 km. 

The kinematic viscosity v, which is equal to ^/p by (4.5.15), and the thermal 
conductivity k, which is equal to kjpCp by (4.4.8), also undergo huge changes because 
of the variation of p. For instance, the viscosity p in the lower 86 km does not vary 
by more than 20% from a constant value of 1.5 x 10”^ N s m~^, so that v attains a 
value of 1.8 m^ s"* at 86 km, which is 120,000 times the surface value. The thermal 
diffusivity varies in a similar manner, and is 1.36 times the kinematic viscosity, 
according to the kinetic theory of gases. 

Mow consider how vertically propagating waves will be affected by the variations 
in V and k = 1.36v. If the factor of 1.36 is ignored, the only difference in the linearized 
equations (see Chapter 4) that is introduced by adding the effects of viscosity and 
thermal diffusivity is the replacement of the operator d/dt by the operator 

d/dt - V V". 

The effect on waves with vertical scale small compared with the scale height Hp, 
on which p and v vary, can be assessed quite easily. For such waves, v can be regarded 
as constant over a length m~\ and the incompressibility and Boussinesq approxi¬ 
mations are applicable. The dispersion equation is therefore obtained from (8.4.13) 
by replacing the frequency cn by 

(D -I- iVK^. 

Consider now a wave of fixed frequency to and horizontal wavenumber Kh 
propagating upward. The rate at which such a wave attenuates with height can be 
found by solving the dispersion relation for m, which will now be complex. Where 
the viscosity is small enough, m will be approximately the same as in the inviscid case, 
and will be changed only by a small amount Sm due to the small change ivK^ in a) 
introduced by viscous effects. The value of 5m is given approximately by 

5m = ivK^ l{dco/8m) = ivK^/c^^, (8.11.1) 

showing that waves with small vertical group velocity are attenuated more rapidly. 
The way the attenuation rate varies with frequency o) and vertical component m of 
the wavenumber can be found by substituting the expression for Cg^, given by (8.4.17), 
putting K = m/sin cp' from (6.5.4), and then using the expressions (8.4.16) for cos (p' 
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and sin <p'. The result is 



For waves to attenuate as oo, mo) must be negative, i.e., have downward phase 
velocity, as already deduced. If N/f is large, the least attenuated waves have 
CO ss 5 m 0.5m, and 

Sm^ySivm^/N. (8.11.3) 

The attenuation rate is proportional to J Sm dz, so (8.11.3) implies that short waves 
(m large) will be dissipated first, and therefore the scale of the predominant waves 
will increase with height. This is indeed observed (Hines, 1960, 1964; Zimmerman, 
1964); the predominant scale m~' seen in distortions of meteor trains being about 

1 km at the 90 km level, approaching 10 km at the 140 km level. Observations, using 
radar techniques, are discussed by Balsley and Gage (1980). 

For the above calculations to be valid, m~‘ must be small compared with the 
scale height. When this is not so, calculations by Yanowitch (1967) show that if the 
solution is to decay at infinity, a combination of upward- and downward-propagating 
waves is required at lower levels, implying that variable viscosity causes partial 
reflection of waves. This result may seem surprising, but it is fairly obvious for the 
extreme case of a very viscous fluid overlying an inviscid stratified fluid. 

Another effect of the falloff in density is that the velocity amplitude of waves 
increases with height in order to keep the vertical energy flux constant. This could 
lead to wave breaking before molecular effects become important, and there is 
evidence (Holton and Wehrbein, 1980) to suggest that this occurs near the mesopause. 
The wave drag associated with this has important effects on longer period motions, 
e.g., Holton and Wehrbein (1980) assume a friction coefficient giving a decay time of 

2 days at heights above 80 km as compared with 80 days at heights below 60 km. 

Another important effect for longer-period motions is that of infrared radiation, 
which tends to restore the temperature field to a radiative equilibrium and hence to 
remove perturbations. A convenient approximation to this process is in terms of a 
Newtonian cooling coefficient a, the dT'/dt term in the equation for the perturbation 
temperature T' being replaced by 


(a -H d/dt)T\ 

The temperature relaxation process is important above 25 km, where the rate can be 
affected significantly by photochemical reactions. Estimates of the rate are given by 
Dickinson (1973) and Hartmann (1978). a'* is about 20 days at 25 km, decreasing to 
a value of about 5 days at levels between 45 and 60 km. Then increases again to 
values of about 30 days between 75 and 85 km. 

Detailed calculations of dissipative effect on waves can be made numerically, e.g,, 
Lindzen (1970, 1971) and Lindzen and Blake (1971) have found solutions pertinent 
to both semidiurnal and diurnal tides and to an internal mode with a period of 3 hr 
and a vertical scale m~^ of 4.5 km. Lindzen and Blake (1972), Francis (1973), and 
Salby (1980) have calculated effects on Lamb modes, and Francis (1973) has also 
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Studied modes that are ducted in the 100-400 km height range and are associated with 
traveling ionospheric disturbances. Reviews and books on meteorology of the middle 
atmosphere have been written by Dickinson (1975), Holton (1975,1980a,b), Venkate- 
swaran and Sundararaman (1980), and Kato (1980). 


8.12 The Liouville-Green or WKBJ Approximation 


Much of the discussion of waves thus far has been based on the rather special 
conditions for which the equations have constant coefficients. For example, when a 

wavc^iiA.^^ lUiiii JO aoouiiic^ii lui vai laiiuiio wiiii lu tii& iiuii^uiiiai k«uuiuiiiai&o aiiu 


time, the resulting equation may have the form 

+ m^w = 0 . 

If m is constant, the solutions in complex form are 


( 8 . 12 . 1 ) 


w = v4 exp(±imz). 


( 8 . 12 . 2 ) 


In practice, conditions in the vertical are rarely uniform, so it is necessary to consider 
equations like (8.12.1) when m is a function of z. If m varies slowly enough, it is ex¬ 
pected that locally the solution will be similar to that of (8.12.2), with the vertical 
wavenumber m changing slowly with z. This raises the question as to whether a 
better approximation can be found, i.e., what is the generalization of (8.12.2) that has 
the widest range of validity when m varies? [More about this problem can be found 
in Lighthill(1978).] 

A problem of this type was tackled by Liouville (1837) and Green (1838) and is 
discussed in textbooks on asymptotic theory such as those of Erdelyi (1956, Chapter 
4) and Olver (1974, Chapter 6). The approximate solution is therefore called the 
Liouville-Green approximation. It was also (and still is) called the WKB or WKBJ 
approximation, based on the initials of more recent authors, until it was realized 
that the method was used much earlier by Liouville and Green. 

Basically, Liouville’s method was to introduce new coordinates 


® = J widz, W = (8.12.3) 

thereby transforming (8.12.1) into the equation 

Wld<t>^ -I- (1 -I- ^) IF = 0, (8.12.4) 

where 

5 = d\m~^‘^)jdz^. (8.12.5) 

Thus if d « 1, the approximate solution of (8.12.4) is 


W = e*'®. 


(8.12.6) 
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which is equivalent to giving the approximate solution of (8.12.1) as 


w = m 


- 1/2 



(8.12.7) 


The condition 5 « 1 means that the vertical scale of the wave is small compared 
with the scale on which m varies. More precise conditions for the validity of (8.12.7) 
are given by Olver (1974). 

An alternative way to obtain the approximate result is to look for solutions of 
(8.12.1) in the form 


w = Ae^‘^ (8.12.8) 

with amplitude A and phase <t> real. Substituting in (8.12.1) and taking real and 
imaginary parts give 







= «.2 


m'^ + — 


1 d^A 


A dz^ 


'> yi A 


dz^ dz A dz ' 


(8.12.9) 


If the term involving the second derivative of A is ignored, the solution (8.12.7) is 
obtained once again. 


8.12.1 Vertical Structure of Internal Gravity Waves 

As an application of the Liouville-Green method, consider internal gravity waves 
in an incompressible fluid when the Boussinesq approximation is applied. For small 
perturbations from a state of rest, Eq. (8.4.11) is satisfied and solutions can be found 
that are proportional to 

exp{i(kx + ly — tut)}. 

For such solutions, (8.4.11) reduces to an equation of the form (8.12.1), where 

= (k^ + - (D^)/{(o^ - p), (8.12.10) 

i.e., m is given by the dispersion equation(8.4.13), but now N is allowed to depend on 
z. If N varies sufficiently slowly, the approximate solution (8.12.7) can be used, pro¬ 
vided that is everywhere positive. The same approximation can also be used in a 
region in which the waves are evanescent, i.e., where tP is everywhere negative, but 
it breaks down in the neighborhood of levels at which changes sign. The value z 
at which this occurs is called a turning point, and a different form of approximation 
is required in this neighborhood [see Erdelyi (1956) and Olver (1974)]. This approxi¬ 
mation involves Airy functions that, from Fig. 6.19, can be seen to model a transition 
from wavelike solutions to evanescent solutions. In Section 8.9.2, the turning point 
was identified as a place at which wave reflection takes place. 



8.12 The Uouville-Green or WKBI Approximition 


299 


0.12.2 A Stretched Vertical Coordinate for Hydrostatic Waves 

For frequencies co that are everywhere small compared with N, the hydrostatic 
approximation applies and (8.12.10) gives 

m = Nlc, (8.12.11) 

where c is a constant such that 


= ( 0)2 - /2)/(/c2 + i.e., 0)2 = /2 + (fc2 + l^)cK (8.12.12) 

For slowly varying N, the phase O is given by (8.12.3), i.e., 


= c 


/v az. 


to.iz.i 


An important consequence of this result is that a modified vertical coordinate z„ 
can be introduced such that the phase O varies linearly with This is always possible 
for a given frequency disturbance, but when the hydrostatic approximation can be 
made, the required transformation does not depend on frequency. A convenient 
definition of the stretched coordinate is 




(8.12.14) 


(or N^,dz^, in the case of isobaric coordinates—Section 6.17), where is a fixed 
value, often chosen as a maximum value of the buoyancy frequency. The point of the 
change of variable is that in the new coordinates the solution (to the extent that the 
Liouville-Green or WKBJ approximation applies) is the same as that for a uniform 
medium. This is useful in analyzing measurements, e.g., the interpretation of wave- 


C... 


it -1 ic* com^ oc iKat frsr q iimfrirm 

... VWA WaiAJW W bAAW hfU&AAW %• 


fcaaw A4. 


medium. The technique has been used, for instance, by Leaman and Sanford (1975) 
(see Section 8.5) for distinguishing between upward- and downward>propagating 
waves. 

Results, found in previous sections, for hydrostatic solutions in uniform media 
can readily be modified to give solutions for slowly varying media, using the modified 
coordinate. For instance, the normal modes (see Section 6.11) between rigid bound¬ 
aries at z = 0, —H are such that the phase changes by an integral multiple of n over 


fViA Qnri tKiic 1^1 OiXJ^Q 


c 


n 



N dzinn. 


(8.12.15) 


Then for a given mode c = c„, (8.12.12) gives the dispersion relation for Poincare 
waves. 

The way wave amplitudes vary with depth can be found from (8.12.7), which 
shows that in the hydrostatic case 


w X N'‘/2e±i« 


(8.12.16) 
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and from the polarization relations (8.5.4)-(8.5.6), which for the hydrostatic case give 

Pq ^p', u, V oc Pq^p' cc (8.12.17) 

Similarly, (8.6.1) shows that all of the terms contributing to the energy vary in like 
manner with depth, so 

EazN. (8.12.18) 

Measurements of internal waves in the ocean generally support this relationship in 
that spectra of E/N from different depths are almost the same, and certainly show 
much less variation than spectra of E [see, e.g., Briscoe (1975)]. 


8.12.3 Wave Propagation in a Medium of Variable Properties 


t tr 1 


me i^iouviiie-ureen or wis.Dj meinoa, as lormuiaiea ai me oeginning oi inis 
section, gives a means of studying waves in a medium that varies in one direction 
only. It can be generalized, however, to a medium that varies slowly in all spatial 
dimensions and in time by substituting (8.12.8) in the relevant equations. If all de¬ 
rivatives higher than the first are ignored in the equivalent of the first equation of 
(8.12.9), an equation relating partial derivatives of the phase is obtained, this being 
a generalization of the eikonal equation of geometrical optics. Now, given any phase 
function O, the frequency o) and wavenumber k can be defined by 


CD = — d(I>/dt, 


VO. 


(8.12.19) 


With this definition, the generalized eikonal equation becomes a dispersion equation, 
giving o) as a function of wavenumber k, and also of the properties of the medium, 
usually through a parameter. For instance, in (8.4.13) the parameter is N, which could 
be a function of height z, say. In other cases, there is a set X of parameters such as 
N(z) and U(z), and the generalized form of the dispersion relation can be written 
(when A is a single parameter) 


aj=IV(k,A). (8.12.20) 

Some interesting results follow immediately from these definitions [cf. Lamb (1904) 
and Whitham (1974)] because there are alternative ways of expressing the mixed 
derivaties of O. For instance, 

d^O/dx dt = dk/dt = -dca/dx, (8.12.21) 

Substituting from (8.12.20) and using 

dy = dk/dy = dl/dx, d^<t>ldx dz = dkjdz = dmtdx. (8.12.22) 
there results an equation that can be written (when A is a single parameter) 

D^klDt = -{dW/dX) dXjdx, (8.12.23) 

where 


DJDt = dfdt + Cg * V, 


Cg = (dco/dk, dcD/dl, den/dm). 


(8.12.24) 
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Similar results hold for the other components, so in vector form the result is 

(DJDtjk = -(dW/dX)S^A (8.12.25) 

(with summation over all components of X. in the case for which X. is a set of param¬ 
eters). The operator D^/Dt is the derivative following a point that moves with the 
group velocity Cg of the wave and can be called simply “the derivative following the 
wave group." The value of this derivative when applied to at can be found by using 
(8.12.20) and then substituting from (8.12.25) to give 

D^o/Dt = (d WIdX) dXIdt. (8.12.26) 

Thus in a medium whose properties do not change with time, the frequency following 
a wave group (i.e., along a ray path) is constant. 

The ray path itself is defined as the path followed by a point moving with the 
group velocity Cg, i.e., the position of the point on the ray varies with time according 
to the equation 

dxjdt = c^. (8.12.27) 

It can now be seen that Eqs. (8.12.25)-(8.12.27) specify both the ray path and the way 
in which the frequency and wavenumber vary along the path. For a given time 
displacement St, (8.12.27) gives the change in coordinates following the wave, 
whereas (8.12.25) and (8.12.26) give the changes dto and dk of frequency and wave- 
number, respectively. From these, the change in group velocity can be found and 
hence the integration continued. Note that the ray-tracing technique is often a much 
more efficient way of obtaining information about waves than is solving the original 
dynamical equations. 


0.12.4 Effect of Weak Shear on the Dispersion Properties of Waves 


Suppose that there is a medium of slowly varying properties that is moving in 
such a way that the undisturbed fluid velocity U also varies slowly with position 
and, possibly, time. It is useful to give a special name to the frequency that would 
be found by an observer moving with the undisturbed fluid, i.e., d> is defined by 

d> = -(d(J>/dt -I- U-V(D). (8.12.28) 


d) is called the intrinsic frequency (intrinsic, that is, to the local disturbance dynamics). 
It is also called the Doppler-shifted /requewcy (Doppler-shifted, that is, to the particular 
observer in question). It is related to the frequency tu in a fixed frame of reference by 

= (8.12.29) 


which follows by substitution of (8.12.19) in (8.12.28). 

For an observer moving with the undisturbed fluid, the frequency dt he observes 
will be the same as if the medium were at rest, i.e., 

di=Wo(k,X), (8.12.30) 

where is the di.spersion relation for a fluid at rest. Equations for ray path, 
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etc., can be found in terms of Wq by substituting (8.12.30) in (8.12.29) to give 

CO = Wik,X) = k-U + (8.12.31) 

In particular, the group velocity is related to the value c,o it relative to the 
medium by 

c, = U + c,o. (8.12.32) 

This follows from (8.12.31) and (8.12.24). These relationships can be used, for instance 
[see, e.g., Whitham (1974) and Lighthill (1967, 1978)], to find wave patterns created 
by moving obstacles, following the classical work of Kelvin (Thomson, 1891). 

A 1^ ^ AmnlifiiHo V^iriAtinriQ ainna a Rav pA^h 

---- f - - 

The equations for the variation of frequency and wavenumber along a ray path 
follow as was seen from the definitions of the quantities involved, and they apply 
to any sort of wave in a slowly varying medium, whether moving or at rest. The way 
in which the amplitude varies along a ray path requires quite different information. 
For general waves in a slowly varying medium, this problem was solved by Whitham 
(1965), following precedents in quantum mechanics, and was brought into a very 
useful form by Bretherton and Garrett (1968), who also gave a definitive physical 
interpretation of their analysis. They found that the wave-action density j?/, defined by 

jsT = E/d), (8.12.33) 

where E is the wave-energy density and d> the intrinsic frequency, is conserved follow¬ 
ing a wave, i.e., the equation satisfied is 

dj^/dt -H V • (c^) = 0, D^j^/Dt = - V • c,. (8.12.34) 

A simple derivation of this result has been given bv Andrews and McIntyre (1978b) 
for much more general circumstances in which the medium is not required to have 
slowly varying properties. Note that because of the involvement of spatial derivatives 
of c,, (8.12.34) requires consideration of a bundle of neighboring rays [see Hayes 
(1970) and Lighthill (1978)]. Some pictures of ray bundles for sound rays in shear 
flows are given by Candel (1977). 


Sat3 Wavs jntfiractiORS 


In the analysis of waves thus far, the amplitude of the waves has (except in Section 
8.10) been assumed to be small enough for nonlinear terms (i.e., terms involving 
products of perturbation quantities) in the equations to be neglected. A criterion that 
is often sufficient for this approximation to be valid is that the perturbation velocity 
of the wave be small compared with the phase velocity of the disturbance. Such a 
criterion implies that the nonlinear terms do not substantially affect the linear 
solution over times comparable with the period of the wave. However, the criterion 
does not rule out the possibility that nonlinear terms produce small systematic 
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changes over a period, and the cumulative effect of these changes over many periods 
can be large. In practice, systematic changes are the rule rather than the exception, 
and play an important part in determining how energy is distributed between the 
various possible wavenumbers and frequencies. 

The most elementary example of nonlinear effects is provided by the case of two 
plane waves with wavenumbers and k 2 and corresponding frequencies co(ki) and 
cofkj), as given by the dispersion relation. When product terms appear in the equa- 
tions, they will have the form 

exp{i(ki -x — ct)(ki)t)} exp{i(k 2 -x — £i)(k 2 )t)) 

= exp{i(ki + k 2 )-x - i(a)(ki) + G)(k 2 ))t}, (8.13.1) 


wnere tne multiplying coemcient is assumea to oe smaii. ;:kucn terms can ne regaraea 
as providing a weak forcing for a new wave, with wavenumber kj + k 2 and frequency 
a)(kj) + Q>(k2), and the development of this new wave with time can be worked out 
from the equations. In most cases, the amplitude of the new wave is small, but if the 
frequency Q)(k i) + a)(k2) of the new wave happens to be equal to the natural fre¬ 
quency tt)(k, -I- kj) for a wave with wavenumber kj -I- k2, then resonance occurs and 
the new wave grows linearly with time, at least while the amplitude of the new wave 
remains small compared with the amplitudes of the original waves. The time for the 
new wave to reach a comparable amplitude is called the interaction time of the original 
waves, and is inversely proportional to their amplitudes. 

The condition for resonance to occur depends only on the geometry of the dis¬ 
persion surfaces in wavenumber space, and can be written in the form 

aj(ki -I- k 2 ) = o)(ki) -I- C(j(k 2 ), (8.13.2) 

where co(k) is the frequency for wavenumber k as given by the dispersion relation. 
This condition is satisfied for many pairs of internal waves, and solutions are given 
□y mciw^oraas ana nreinenon m. rniiiips yiyi ana mpa wnen 

(8.13,2) is satisfied, the original pair of waves and the new wave they generate are 
said to form a resonant triad. For some classes of waves (surface gravity waves in 
deep water are an example), no resonant triads exist, but it is possible to find sets of 
four waves that are resonant. In fact, resonant wave interactions were first discussed 
for this case by O. M. Phillips (1960), and wave interactions are discussed by O. M. 
Phillips (1977) for both surface and internal waves. Equations for the evolution of 
the amplitudes of waves in a resonant triad can be found, and solutions have been 


. - 1 r n y t ^ J \ rr a rr^t y t y\ .y y\ t f rr » 'T't- _ 

ODiamea [e.g., oaii (lyw), a. a. inorpe (lyoo), ana w. r. aimmons ^iyoy)j. me 
total energy of the triad remains constant, but the way in which it is divided among 
the three waves keeps changing. Laboratory experiments that demonstrate resonant 
interactions have been reported by Martin et al. (1972), McEwan et al. (1972), 
and others. 

In naturally occurring situations, there is usually a whole spectrum of waves, i.e., 
a superposition of waves with wavenumbers varying continuously over some range 
of values. In such cases, wave interactions occur in the same way as they do when a 
small number of waves is present, and provided that the wave amplitude is not too 
large, the transfer of energy is dominated by those waves that are associated with the 
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resonant triads (if such are present, otherwise resonant sets of four waves dominate). 
The phases of the different wavenumber components in the spectrum are often as¬ 
sumed to be distributed randomly, and this assumption can be utilize to calculate 
the evolution of the spectrum with time. The theory was developed by Hasselmann 
(1966, 1967a) following precedents in quantum mechanics, and was first applied to a 
realistic internal wave spectrum by Olbers (1976). F. P. Bretherton (unpublished 
results) has shown that the random-phase assumption is justified for propagation in 
two or three dimensions in an unbounded domain but not for propagation in one 
dimension. 

The contributions to the rate of change of amplitude at a particular wavenumber 
come from many triads. However, McComas and Bretherton (1977) showed that the 
behavior can be largely understood by considering three limiting forms of interacting 
triads. They named the mechanisms associated with those limiting forms as follows; 

(a) Induced Diffusion, This occurs when two nearly identical waves interact 
with another wave of much lower frequency and much smaller wavenumber. The 
shear of the latter wave (which is like a slowly changing large-scale flow to the small 
waves) acts to diffuse wave action (wave energy divided by frequency) among vertical 
wavenumbers. 

(b) Elastic Scattering. This occurs when two waves with wavenumbers that are 
almost mirror images in the horizontal plane interact with a wave of much lower 
frequency and double the vertical wavenumber. The latter wave acts in a way similar 
to that of the crystal lattice in Bragg scattering and tends to equalize the energy 
between upward- and downward-propagating waves. The conditions for elastic 
scattering to occur are satisfied only for waves with frequency substantially greater 
that /, so near-inertial frequency waves are little aflected. [The predominantly 
upward- or downward-propagating waves that have been observed (see Section 8.5) 
had frequencies near /.] 

(c) Parametric Subharmonic Instability. This occurs when two waves of nearly 
opposite wavenumber interact with a wave of much smaller wavenumber and of 
twice the frequency. The process transfers energy from low-wavenumber energetic 
waves to high-wavenumber waves of half frequency, and so tends to produce inertial 
frequency waves (the lowest frequency possible) with high vertical wavenumber. 

These processes have a strong influence on the internal wave spectrum in the 
ocean, and one result is that the spectrum has a shape that varies rather little from one 
part of the ocean to another. The shape of this spectrum is discussed in the next section. 

A question related to wave interactions is that of wave stability, i.e., given a 
particular form of wave, or of wave spectrum, will that form persist? The most likely 
answer is “no” because nonlinear interactions will cause the spectrum to evolve. A 
particular case is that which occurs when a single plane progressive wave is present. 
Hasselmann (1967b) has shown that this is unstable if two other members of a resonant 
triad can be found such that the original wave has the highest frequency. This implies, 
for the case / « N, that any wave with frequency greater than 2/ is unstable, for then 
two other waves with half of the frequency can always be found to make up a reso¬ 
nant triad. 
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8.14 The Internal Wave Spectrum in the Ocean 


Observations of the internal wave spectrum in the ocean indicate the remarkable 
fact that it has much the same shape wherever it is observed in the deep ocean, unless 
the observations are made close to a strong source of internal waves. An analytic form 
that approximates this spectrum was first produced by Garrett and Munk (1972), 
who later gave an improved version (Garrett and Munk, 1975). Further minor 
improvements have been put forward in the light of subsequent measurements, e.g., 
by Cairns and Williams (1976) and by Muller et al. (1978), and reviews are given by 
Garrett and Munk (1979), Munk (1981), and Olbers (1982). 

One type of measurement is of horizontal velocity and of temperature, as sensed 
by instruments on a mooring. From knowledge of the vertical gradient of temperature, 
the temperature measurements can be converted into estimates of vertical displace¬ 
ment h and hence of potential energy density [see, e.g., (6.7.3)]. Figure 8.17 shows the 
snectrum of ootential enerev densitv obtained from the IWEX (internal wave exoeri- 

m m * 



Fig. 8 . 17. Spectra of contributions to internal wave energy as obtained from IWEX (internal wave experiment) 
data by MQller, Olbers, and Willebrand, /. Ceophys. Res. 81,3100 (Fig. 4) (1978); copyright by American Geophysical 
Union. The solid line shows the spectrum of horizontal kinetic energy divided by p, the fluid density, It also shows 
the spectrum of p~' limes total kinetic energy, except at high frequencies, where the vertical kinetic energy must 
be added, If this is estimated from the vertical displacement spectrum, the dotted line is obtained for p~^ times 
the total kinetic energy. The dashed line shows times the potential energy spectrum. The spectra have been 
corrected for fine structure contamination and current noise contamination. The observations are for a depth of 
600 m, which was near the center of the main thermocline al 27°44'N, 69°5TW. The frequency marked M 2 corre¬ 
sponds to the semidiurnal tide. 
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ment) data in this way. (A spectrum shows how the quantity is distributed among 
different frequencies. The integral with respect to frequency over the sjjectrum gives 
the quantity.) It also shows the spectrum of kinetic energy density. The ratio between 
potential and kinetic energy, and between horizontal and vertical velocity components 
is close to that expected from theory [Eqs. (8.5.4), (8.6.6), and (8.4.15) show that these 
ratios are functions of frequency only]. Rotational properties of the horizontal vector 
can also be confirmed. From (8.2.5) and (8.2.9), the horizontal velocity vector at a 
given place behaves for given frequency and wavenumber and for small perturbations 
from a state of rest as 


u = ko) cos (ot + If sin cut, v = lo) cos cot — kf sin cut. (8.14.1) 


The velocity vector rotates anticyclonically around an ellipse, but with a random 
set of waves there is a random orientation of ellipses, and only one item of information 
about the relationship between u and v can be obtained. This comes from expressing 
the vector u + iu in the complex plane as the sum of an anticlockwise part [propor¬ 
tional to exp(ia)0] and a clockwise-rotating part [proportional to exp( —icot), co 
being positive]. For the particular case (8.14.1), 

u + iv = j(/c + i/){(aj — /)e'“' + (cu + /)e“‘"'}. (8.14.2) 

In this representation, the energy [cf. Fofonoff(1969)] in the anticyclonically rotating 
part exceeds that in the cyclonically rotating part by the factor 


((cu + l/DAco - |/|)}A 


This is confirmed by observation (Muller et al., 1978). Also, variation of energy levels 
with depth was found to be in accordance with (8.12.18) (Briscoe, 1975). 

It is more difficult to find the way in which energy is distributed among wave- 
numbers at each frequency. Information can be obtained from spectra obtained by 
towing instruments through the water, and from coherences between moored in¬ 
struments with known separation. This does not give complete detail, but allows 
fitting to analytic models with only a few disposable parameters. These determine 
broad features e.g., where the maximum is, how wide the peak is, and how energy 
falls off at high wavenumbers. An example of a spectrum obtained in this way is 
shown in Fig. 8.18. The vertical axis gives frequency, but with a distorted scale, which 
varies as the logarithm of the ratio a of horizontal wavenumber /c^ to vertical wave- 
number m [see (8.4.18)]. From (8.4.19), a and to are related by 


\J ' 


** /■ 




The horizontal axis gives vertical wavenumber m with respect to the modified 
vertical coordinate as given by the Liouville-Green or WKBJ theory (Section 
8.12.2), i.e., m is the rate of change of phase ® with z^. The quantity plotted is such 
that the volume under the surface whose contours are shown is equal to the total 
energy density divided by fluid density. Muller et al. (1978) made refinements by 
allowing for directionality in the spectrum and for a difference between energy propa¬ 
gating upward as opposed to downward. They found that energy was propagating 
mainly toward the equator at frequencies less than 5/, but was isotropic at higher 
frequencies. Also, about 20% more energy was found to be propagating down- 
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amE(a,m) In mVs* 



m In km"' 

Fig. 8.1B. A representation of the spectrum of total energy divided by p, the fluid density [from McComas 
(1977, Fig. 2)1 for internal waves, based on the Carrett-Munk spectrum as modified by Cairns and Williams (1976). 
The quantity plotted times the area ddogjQ a) ddogm m) gives the energy of waves within that area. The buoyancy 
frequency is assumed to be 71 times the inertial frequency /, which is assumed to have the value 7 x 10“* s"' 
appropriate to a latitude of 30°. The vertical dashed fine represents a vertical wavenumber cutoff for the spectrum, 
a is horizontal wavenumber divided by m, so lines of constant horizontal wavenumber are straight lines with 
slope ^1. The spectrum is assumed to be horizontally isotropic and vertically symmetric, i e., as much energy is 
propagating upward as downward. 


ward than upward at frequencies less than 2.5/, but symmetry was found at higher 
frequencies. 

Internal wave spectra from different parts of the ocean are surprisingly similar in 
shape, and weak nonlinear interactions play an important part in maintaining this 
shape (McComas and Muller, 1981b). McComas (1977) and McComas and Muller 
(1981a) have calculated the effect of altering the distribution of energy in the spectrum 
and find the general tendency is to quickly revert to the equilibrium shape. For 
instance, if the balance between upward- and downward-propagating waves is upset, 
claStic scattering Fcstorcs the balance at frequencies greater than about ^ in a time 
of about 5a) fora vertical scale (m~^) of 10 m and 50a) for 100 m.The mechanism 
is not effective for near-inertial waves, and this is consistent with observation (see 
Section 8.6). 

If there is symmetry between upward- and downward-propagating waves, the 
most important influence on the shape of the spectrum at low frequencies (/ to 4/) is 
parametric subharmonic instability, which transfers energy from waves of large 
vertical scale (and frequencies over 2/) to waves of small vertical scale and near- 
inertial frequency. The dominant mechanism at higher frequencies is induced diffu¬ 
sion, which also results in transfer of energy to smaller vertical scales. The weak 
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Fig. 8.19. A pair of velocity profiles taken approximately half an inertial period (i.e., 11 hr) apart in the North 
Atlantic. The "mirror imaging" in the high-wavenumber components is due to near-inertial period internal wave 
activity. [From Richardson, Mai Hard, and Sanford, Geophys. Res. 84, 7727 (1979) (Fig. 17a); copyright by the American 
Geophysical Union.) 


interaction theory cannot be applied to vertical scales of 1 m or less, for which 
mechanisms such as shear instability and overturning will remove the energy that 
comes from larger scales and dissipate it [see Garrett (1979) and Woods (1982)]. 

An important feature of the internal wave spectrum that should always be re¬ 
membered is the dominance of low frequencies in their contribution to the total 
energy. In particular, the spectrum given in Fig. 8.17 shows that half the kinetic 
energy is found in frequencies within about 30% of the inertial frequency. This fact 
shows up in velocity profiles taken approximately half an inertial period apart, like 
those shown in Fig. 8.19. The high mode number vertical structure is largely due to 
internal waves of near-inertial frequency, so an average between the two profiles 
gives a much smoother profile from which a large part of the internal wave contribu¬ 
tions has been removed. 

Not only is most of the energy in low frequencies, but also it is concentrated in 
the large vertical scales. This is presumably where sources [see, e.g., Muller (1977), 
Bell (1978), and Kase (1979)] supply the energy that is transferred to smaller scales 
by the interactions. The shear, on the other hand, is predominantly in the small 
vertical scales, and this is important for dissipative mechanisms. 
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8.15 Wave Transport and Effects on the Mean Flow 


Waves have the property that they can produce effects in regions far removed 
from their source. For instance, surface gravity waves generated in a storm may lose 
their energy on a beach on the other side of the world and, in so doing, cause signifi¬ 
cant effects, such as moving sand along the coast. In a similar fashion, waves produced 

ill liic luwc^i aiiixuapii^ic iu|jugiapii}r ui uy ^aii |jiuuul^c 

significant effects at higher levels. In particular, waves can cause changes in the winds 
by virtue of their ability to transport momentum vertically. 

A simple example [see McIntyre and Weissman (1978) and McIntyre (1980)] of 
such an effect is provided by that of the flow of a uniformly stratified (i.e., constant N) 
incompressible Boussinesq fluid over an initially plane surface. The velocity U is 
initially uniform, but at time t = 0, the surface begins to develop sinusoidal un¬ 
dulations with fixed horizontal wavenumber k < N/U. The amplitude Hq of these 
undulations increases slowly up to some fixed infinitesimal value, i.e., 


hi = Fit), 


(8.15.1) 


where F is zero for t < 0 and approaches a constant value for t large. The time T 
for this to happen is assumed to be large compared with the encounter period InjUk 
of air particles with crests e.g., F could have the form 


T?/^\ _ 

ryt) = 


fo, 

1 >- 


,-IIT 


t < 0 
t >0. 


/o t c 
yo, 1 j.Zrj 


As found in Section 6.8, the corrugations in the boundary will cause internal waves 
to be generated with vertical wavenumber m given by (6.8.6). After the corrugations 
have reached their final amplitude, the solution near the ground will be as described 
in Section 6.8, i.e., there will be waves of the form (6.8.5) that remove momentum 
from the ground at the rate t given by (6.8.11) and transport it vertically at the same 
rate. The region in which waves exist will, however, have only a finite depth of order 
c^t since the waves can propagate upward only at a finite rate Cg^, where Cg^ is the 
vertical component of the group velocity, which is given by (6.6.1). At large heights 
z > Cgjt, there will be no waves and therefore no flux of momentum, i.e., no mean 
stress. It follows that there will be a region in which the momentum flux or stress 
drops from its surface value t to zero. In this region, which will have thickness of 
order L = c^^T, a force z per unit area will be felt by the mean flow, tending to 
accelerate it. 

An explicit solution for the changes in mean flow can be obtained once the equa¬ 
tion for the mean flow is derived. Since wave transports are proportional to the square 
of the wave amplitude, which is assumed to be small, the mean flow equation must be 
correct to this order. The mean flow velocity will be denoted by u, where the overbar 
signifies an average with respect to x. In the present instance, this may be regarded 
as an average over one wavelength liz/k, so the overbar has the same meaning as that 


in Section 6.8. A prime will oe usea to aenote a perturoation irom tne mean, so tne 
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X component of velocity at any point is given by 

u = u + u'. (8.15.3) 

Since, in the situation being considered, the only variations are with z and t, 
the average of the momentum equation (4.10.11) gives 

du/dt + diu^ydz = 0. (8.15.4) 

This equation can be interpreted as saying that the rate of change of momentum of 
the mean flow is equal to minus the divergence of the mean stress set up by the waves. 
It depends on the x gradient of mean pressure vanishing [cf. Bretherton (1969)]. 
Now by (6.8.11), (6.8.6), and the fact that waves propagate upward at speed the 
mean stress is given by 

Pqu'w' = -jkmU^pc,F{t — z/c^^). (8.15.5) 

Hence the solution of (8.15.4) is 

u = U - ^c-,^kmU^F{t - z/c^,) =U - ^U'^N^Fit - z/c^,). (8.15.6) 

The second expression comes from substitution of the value U sin q)' cos <p', given 
for Cgj at the end of Section 6.8, and use of (6.5.4) and (6.8.6). For large times 

U - ^Nho)‘/U. (8.15.7) 

Thus the effect of “switching on” the corrugations is that the boundary, via the agency 
of the stress u'w' set up by the waves, removes a small fraction ^NholUy of the 
momentum from the mean flow. This fraction is half the inverse square of the Froude 
number [cf (6.9.18)] 

UINho, 

based on the amplitude of the topography. 

The above example shows how waves can transport momentum via the mean 
stress u'w' to remote parts of the flow in a time-developing situation. Similar effects 
evidently occur when u'w' varies with height because of effects of dissipation on the 
waves. A laboratory experiment that demonstrates such effects has been reported by 
Plumb and McEwan (1978). General methods for treating such problems have been 
devised by Andrews and McIntyre (1978a). 

It is worth pointing out that the energetics of such problems is dependent on the 
frame of reference used, a fact that is clearly illustrated by the above example. First, 
consider a frame of reference fixed relative to the ground. In this frame, since the 
boundary is stationary, no work is done and thus there is no input of energy from the 
ground. The loss of energy per unit mass from the mean flow is (to second order) 

(8.15.8) 

using the expression (8.15.7) for u, and this is precisely equal to the gain of energy per 
unit mass due to the presence of the wave, as given by (6.8.14). In terms of fluxes, the 
upward wave energy flux F'^ = p’w' due to the wave is balanced by a downward 
advection of kinetic energy poUu'w'. 
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Now consider the energy balance in a frame of reference moving with the original 
undisturbed mean flow. In this frame of reference, the boundary is moving at speed 
U and so does work at a rate equal to the upward flux F' = p'w' of energy in the wave. 
There is no advection (at second order) of kinetic energy in the frame of reference, and 
the upward flux is used up in the region of the wave front to give particles energy, 
which to second order is entirely in the form of wave energy. 


8.16 Quasi-geostrophic Flow (/ Plane): The Isallobaric Wind 


The way in which a rotating fluid adjusts to changes when these changes are slow 
(time scale » f~') is rather special, and it is of vital importance to understand the 
nature of such slow adjustment processes because the changes seen on a weather map 
and the changes in ocean currents from one week to the next have such a character. 
The key to understanding slow adjustment is an appreciation of the redundancy in 
the equations of geostrophic flow, already discussed in Chapter 7, i.e., the fact that 
geostrophic flow exactly satisfies the continuity equation in shallow-water flow. Thus 
three equations do not give three independent items of information, so to find the 
flow, departures from geostrophy must be considered, even though these are small. 
Tne fact that the departures are small explains the designation of such flows as 
“quasi-geostrophic. ” 

The redundancy of the equations applies not only to a shallow homogeneous 
layer, but also to each baroclinic mode and hence applies to a stratified fluid. Another 
way of deducing this is that geostrophic flow implies zero horizontal divergence and 
hence vertical motion that is independent of depth. Therefore, if a horizontal boundary 
is present, no vertical motion is possible for strictly geostrophic flow. However, it is 
essential to calculate the vertical motion in order to determine gravitational restoring 
forces, so departures from geostrophy must be considered. 

The necessity for considering departures from geostrophy for computing vertical 
motion in a slowly changing situation was recognized by Brunt and Douglas (1928) 
in a paper entitled “The modification of the strophic balance for changing pressure 
distribution, and its effect on rainfall.” Their approach was to take the horizontal 
momentum equations in the form 


Du/Dt - fv = dp/dx = -/Ug, (8.16.1) 

Dv/Dt + fu = -p“‘ dp/dy = fu^, (8.16.2) 

where (u^, Vg) is the geostrophic wind defined by (7.6.5) and 

D/Dt = djdt + u d/dx + v d/dy (8.16.3) 

is the derivative following the motion, and to find an approximate expression for 
(m, i;) in terms of (Ug, Vg) based on the requirement that the time derivation D/Dt must 
be small compared with /. There are several ways of doing this. One method begins 
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by eliminating u and v in turn from (8.16.1) and (8.16.2) to obtain 
D^u „ . DVg _ f dp 


DUg _ f dp D 


Dt 

rT. I-1 I- 

^ + /"» = S\ + / 


Dt \p dxj’ 


Dt 


1 dp^ 
p dx Dt\p dyj 


Since DjDt « /, these expressions can be approximated by 

1 Dva _ \ dp I D /\ dp'^ 

fp^y P Dt\p dx^ 

1 Du. 




y » yg + - 


1 1 

f Dt ~ fp dx p Dt \p dy. 


’i _ 


(8.16.4) 

(8.16.5) 


(8.16.6) 


These equations were obtained by Hesselberg (1915) and by Brunt and Douglas 
(1928), who also showed that the right-hand sides are the first terms in an infinite 
expansion for (u, v). In the linear case, the operators D/Dt are replaced by d/dt, the 
density p is replaced by its undisturbed value po, and p can be replaced by its pertur¬ 
bation value p', i.e., 


1 5yg _ 1 dp' 1 d^p' 

'* 1 dt ~ fpo dy ppo dtdx’ 

1 5Wg _ 1 dp' 1 d^p' 

7 dt ^ fpo dx ppo dt dy' 


(8.16.7) 


Contours of rate of change of pressure are called isallobars, so, as Brunt and 
Douglas (1928, p. 33) point out, (8.16.7) shows that “the wind is made up of the geo- 
strophic wind blowing around the isobars, with an added component blowing into the 
isallobaric low of magnitude proportional to the gradient of the isallobars.’* Thus 


the central regions of low values on the isallobaric charts must be regions of 
convergence of air, and hence must be the regions in which ascending currents 
can most readily occur. The regions of high values on the isallobaric charts, 
being regions of divergence, would appear to be the regions of subsidence of 
air.... Further, the occurrence of rain in isallobaric lows, and of fine weather 
in isallobaric highs, is regarded as evidence of convergence of winds in the one 
case, and of divergence in the other (p. 34). 


Brunt and Douglas (p. 37) also recognized that “the effect of friction at the ground and 
the turbulence which it produces, is to produce a flow of air across the isobars from 
high pressure to low pressure. This drift can play an important part in the production 
of rain, though it is not adequate to account for all the facts.” This frictional con¬ 
vergence will be considered in the next chapter. {Note : Hesselberg (1915) included 
friction effects, but was concerned with deducing pressure changes from velocity 
departures rather than the reverse.) 

Brunt and Douglas did not write down the expression for the horizontal di¬ 
vergence, which follows from (8.16.7), although they did make extensive use of the 
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idea. They stated (p. 34) that “in a system of purely geostrophic winds, there can be no 
ascending or descending motion” because “there can be no convergence or divergence 
and therefore no rainfall except such as may be produced by orography or friction. 
The occurrence of heavy rain over wider areas appears to be associated with the 
convergence of the component” Vg)/dt “i.e., to the existence of centres of 

low values on the isallobaric charts.” 

For the linear case, (8.16.7) gives for the horizontal convergence [cf. (8.8.29)j 


^ ^ _!_ ^ / d^p' dY 

dx dy f^Po dy^ 


1 d /'dVg 5Ug'\ 


(8.16.8) 


contributions coming only from the isallobaric terms. On the other hand, the isal¬ 
lobaric terms give no contribution to the vorticity, and (8.16.7) implies 

dv du 1 /dY S^P'\ nx 


The fact that the principal terms in (8.16.7) contribute to the vorticity but not to the 
divergence explains why the latter is much smaller than would be expected from 
normal scaling arguments. In fact, for motion with frequency a), (8.16.8) and (8.16.9) 
show that 


divergence ■ ^ . .. 

-r-;— IS of order oi J, 

vorticity 


(8.16.10) 


where o)// has been assumed to be small. 

These equations also show why the vorticity equation plays such an important 
role in the theory of slow motions of rotating fluids. Elimination of pressure from 
(8.16,8) and (8.16.9) gives 



(8.16.11) 


which is the same as the vorticity equation (7.2.7) deduced from the exact form of the 
linear equations. Therefore, the vorticity equation contains information about de¬ 
partures from geostrophy, and so can be used to get around the redundancy problem 
referred to at the beginning of the section. 

The reason why it is so important to calculate the horizontal divergence, though 
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vertical motion must be known if gravitational restoring forces are to be calculated. 
The equation that combines the vorticity equation with equations for the vertical 
motion is the potential vorticity equation, perturbation forms of which are discussed 
in Section 7.12. The potential vorticity equation is of central importance to the theory 
of rotating fluids, as was discovered by Rossby for the homogeneous case discussed 
in Section 7.2. In the linear case, this equation can be integrated with respect to time, 
thereby giving a connection between the initial and final states of a system. This 
solves the problem of the indeterminancy in the solution of the steady-flow equations 
by giving an additional condition that the flow must satisfy. 
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For slow motions, the approximate expression (8.16.9) for the vorticity can be 
used to obtain approximate forms for the potential vorticity equation. In the in¬ 
compressible case, for instance, the left-hand side of (8.16.8) is equal to —dw/dz, and 
w is related to gravitational restoring forces and hence to perturbation pressure 
through (6.11.4), namely, 

= -po ^ d^p'ldz dt. (8.16.12) 


Thus the combination with (8.16.8) yields 

dt\f^\dx^ dy^j dz\pQN^ dz)] 


(8.16.13) 


which is the quasi-geostrophic form of the perturbation potential vorticity equation 
for an incompressible fluid in uniform rotation (/ constant). Equation (8.8.24) is a 
special case that was discussed in connection with topographic effects. 

The quasi-geostrophic approximation is discussed in more detail in Chapter 12, 
where effects of the variation of the Coriolis parameter with latitude (the beta effect), 
nonlinear effects, and friction effects are also considered. For uniform flow with 
speed U over topography with horizontal scale L it turns out that the condition for 
neglecting beta effects is that L « so that the quasi-geostrophic regime dis¬ 
cussed in Section 8.8 covers the range U/\f\L « At 45“ latitude, this range 

extends over a factor of(700/U)‘^^ when U is in meters per second, and is therefore 
rather narrow (a factor of 8) for the atmosphere, but fairly wide (a factor of 80) for 
the ocean, encompassing scales typically between 1 and 80 km. 

The illustrative example of /-plane quasi-geostrophic flow considered previously 
(Section 8) is that of flow over a bell-shaped ridge. The ridge geometry is somewhat 
special, and so another example will be considered now, namely, that of uniform flow 
of a uniformly stratified fluid over a circular bump given by 

h = (x" (8.16.14) 

If the Boussincsq approximation is made, the potential vorticity equation (8.16.13) 
can be integrated to give (8.8.24), which reduces to Laplace’s equation if the stretched 
Vertical coordinate z,, defined by (8.8.25), is used. There is an exact solution (R. B. 
Smith, 1979) corresponding to the topography (8.16.14), namely, 

h = (1 -K zJL)h^[{\ + zJLY + (x^ y^)IL^y^>\ (8.16.15) 

The displacement of isopycnals is distributed axisymmetrically, the vertical cross 
section through the center of the hill being like that shown in Fig. 8,20a. The pertur¬ 
bation pressure p' can be obtained by integrating (8.16.12), which can be written in a 
form equivalent to (6.11.7). Relative to the field associated with the mean flow, it 
has an axisymmetric distribution with a high over the hill, but when the part as¬ 
sociated with the mean flow [calculated from (8.8.27)] is added, the result is an asym¬ 
metric distribution, namely, 

PZ'p' = -fVy + N/L/.„[(l + zJLf + (x^ + (8.16,16) 

This result applies even if the gradients associated with the topography are com- 
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Fig. 8.20. Quasi-geostrophic flow over a circular hill, (a) Vertical section through the center of the hill, showing 
displacement of isopycnals and the behavior of vortex tubes. On the Hanks of the hill they are stretched slightly, 
producing cyclonic relative vorticity, whereas the vortex tube is significantly shortened over the hill, producing 
strong anticyclonic relative vorticity. IFrom R. B. Smith (1979, Fig. 17), after Buzzi and Tibaldi (1977).] (b) The streamline 
pattern over the hill, showing the accociated relative vorticity. (From R. B. Smith (1979, Fig. 1B).| 


parable with those associated with the mean flow. Contours at a fixed level (which 
are also streamlines) are shown in Fig. 8.20b. Fluid particles are displaced to the left 
(in the northern hemisphere) over the obstacle, giving accelerated flow over the left 
flank, where the anticyclonic flow associated with the hill enhances the mean flow. 
The reason for this behavior can also be explained in terms of vorticity, for Fig. 8.20a 
shows that vortex lines are stretched slightly on the approaches to the hill and 
squashed severely over the top of the hill. Thus anticyclonic relative vorticity is 
generated over the hill and weak cyclonic vorticity away from the hill. Addition of the 
flow due to this vortex distribution to the mean flow gives the pattern shown in Fig. 
8,20b. Observations showing this type of pattern and the decay over a Rossby height 
are reported by Gould et a/. (1981) and by Owens and Hogg (1980). Reviews are given 
by R. B. Smith (1979) for the atmosphere, and by Hogg (1980) for the ocean. 



This Page Intentionally Left Blank 



Chapter Nine 


Forced Motion 


9.1 Introduction 


The atmosphere-ocean system is driven by radiation from the sun, which tends 
to make the tropics warmer than the poles and so induce motion. Thus it is important 
to understand the response of the atmosphere and ocean to forces of various kinds, 
e.g., those resulting from heating and cooling, and those due to the action of wind and 
pressure variations at the ocean surface. In this chapter, different types of forcing are 
introduced, and the response is studied for a stratified fluid rotating uniformly about a 
vertical axis. In other words, the response is examined on an /-plane rather than on 
a sphere. 

The first part of the chapter (up to Section 9.7) is about the action of a stress at a 
horizontal surface. In the first instance, this stress is due the action of the wind on the 
ocean surface. The wind stress produces a direct response called the Ekman transport, 
which is principally confined to a thin layer near the ocean surface. In fact, the Ekman 
transport is thought to be usually found within the upper mixed layer of the ocean, 
which is mostly between 10 and 100 m deep. A sudden change of wind can cause 
oscillations in the Ekman transport of inertial period, or can reduce the amplitude of 
preexisting oscillations. Simple models fit observations of velocity fluctuations in the 
mixed layer quite well. A similar oscillation can occur in the atmosphere at night 
owing to a sudden reduction in stress at nightfall. This produces a phenomenon 
called the nocturnal jet, which is discussed in Section 9.7. 

If the wind stress were spatially uniform, the ocean below the mixed layer would be 
little affected by the wind, which would produce a time-varying Ekman transport 
that is confined to the near-surface region. However, spatial variations in the wind, 
which, of course, occur, cause spatial variations in Ekman transport and hence 
convergences and divergences. In other words, the Ekman flow will cause mass to 
flow horizontally into some regions and out of others. This results in vertical motion, 
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For instance, if the horizontal flow is converging in a particular region, vertical 
motion away from the boundary is required in order to conserve mass. The vertical 
velocity just outside the boundary layer which is so produced is called the Ekman 
pumping velocity. It is this velocity in the ocean that distorts the density field of the 
ocean and thereby causes the wind-driven currents. 

From the atmospheric point of view, the stress at the underlying ocean (or land) 
surface is a frictional drag whose magnitude is dependent on the strength of the wind. 
With the stress is associated an Ekman transport in the atmosphere whose horizontal 
mass flux is equal and opposite to that in the underlying ocean. Consequently, 
variations in Ekman transport produce Ekman pumping with a vertical mass flux 
that is the same in the atmosphere as in the ocean. 

The relation between the frictional drag and the velocity near the boundary is 
discussed in Section 9.5, together with some discussion about the way in which 
velocities vary with distance from the boundary. In practice, the flow in the frictional 
layer is turbulent and the drag law is nonlinear. However, the laminar solution is 
also of some interest, and this is discussed in Section 9.6. 

The presence of friction in general tends to reduce motion and make the system 
tend toward a state of rest. This process is called “spin-down” and is discussed in 
Section 9.12. Ekman pumping plays an important role in this process. 

Another form of forcing for the ocean is the gravitational pull of the sun and moon, 
which produces tides. The discussion in Section 9.8 concerns the direct effect, which is 
barotropic, although in practice there are also baroclinic tides produced by inter- 
antinn nf barotrnnic tides with tonoeraohv This effect is oarticularlv imoortant when 

---- --X--- -- ~ X- Cf -X-■--- X- - W -X-- 

there are large changes of depth, as along the continental slopes. 

The tidal equations were derived at a very early stage in the history of fluid 
mechanics by Laplace (1778/1779), and these equations, which are a form of forced 
shallow-water equations, play a central role in geophysical fluid dynamics. In fact, 
if a shallow layer of homogeneous fluid is forced in any way, whether by wind, by 
pressure variations at the surface, by evaporation-precipitation differences, or by 
tide-producing forces, the forced shallow-water equations result. Consequently, the 
response to any one of these forms of forcing is related to the response to any of the 
other forms if made an appropriate function of position and time. Thus Laplace's 
equations apply to a wide range of problems of barotropic flow. They can, however, 
also be applied to baroclinic flow, as shown in Section 9.10, by using the technique of 
expansion in terms of normal modes. 

A particular application is to the baroclinic response of the ocean to moving 
disturbances, such as hurricanes. This is dealt with in Section 9.11. The behavior 
depends very much on whether the storm moves faster or slower than baroclinic 
waves. If slower, the equations governing the response are elliptic in character, the 
response decays with distance from the forcing, and therefore effects moving with the 
storm are confined to the neighborhood of the storm. If the storm moves faster (which 
is generally the case), the equations are hyperbolic, and a train of lee waves is found 
moving along behind the storm. Because of the Ekman pumping associated with a 
cyclone, the storm also leaves in its wake a zone of upwelled water, with the 
compensating downwelling on the flanks of the storm track. 

The prime agent that sets the atmosphere in motion is radiation from the sun. 



9.2 forcing Due to Surlace Stress: fkman Transport 


319 


which produces buoyancy forces. The equations for motion so produced are con¬ 
sidered in Section 9.13 for the case in which departures from the rest state are small. 
Particular solutions for cases in which the buoyancy forcing is stationary are con¬ 
sidered in the following sections. If the forcing is a function of height z and only one 
horizontal coordinate y, there is a particular type of solution encountered in a number 
of problems, The flow in the (y, z) plane is steady in time, being maintained by the 
steady forcing. The displacement of isopycnals, however, increases linearly with time 
and this produces motion normal to the plane that is in geostrophic equilibrium with 
the pressure field so created. This flow therefore increases linearly in time as well. The 
same is true when the forcing is a function of z and radial distance r from the storm 
center, as may be the case in a hurricane, for instance. The flow in the (r, z) plane may 
be steady, but the azimuthal flow increases linearly with time. In fact, rings of fluid 
moving inward toward the axis conserve their total angular momentum, and thereby 
acquire cyclonic relative vorticity at a uniform rate. This sort of behavior is found in 
the developing stages of hurricanes [see, e.g., the review of Gray (1979)] in which flow 
in the (r, z) plane (relative to the hurricane center) is fairly steady, but the cyclonic 
motion around the storm center continues to build up with time. Similar flows occur 
in regions of cooling in the ocean, e.g., in the region where bottom water is formed in 
the Greenland Sea. 

In practice, the buildup will not continue indefinitely because some equilibrating 
mechanism will come into play. This is usually some form of dissipative mechanism, 
and examples are considered in the last section of the chapter. One example considered 
is a model of the Antarctic Circumpolar Current for which the driving force is the 
wind and the dissipative mechanism is bottom friction. Another example is an atmo¬ 
sphere driven by buoyancy forces with “Newtonian cooling” and “Rayleigh friction” 
as the dissipative agents. This gives a model of the type of atmospheric circulation 
envisaged by Halley (1686) and Hadley (1735). 


9.2 Forcing Due to Surface Stress: Ekman Transport 


When the wind blows over the earth’s surface, a stress is exerted on the surface 
(see Chapter 2) whether the surface be solid earth or sea. This stress represents a 
retarding force of considerable importance (see, e.g., Section 2.4) for the atmosphere 
and a driving force of major importance for the ocean. In fact, the main current systems 
of the world are wind-driven. Some attention will now be given to this type of forcing. 
Surprisingly, this turns out to have features in common with the topographic forcing 
already considered! 

The horizontal stress (A', Y) at the earth’s surface is a horizontal vector 
representing the force per unit area exerted between the surface (regarded as horizon¬ 
tal) and the neighboring layer of air or water. To incorporate the effect of horizontal 
stresses into the equations of motion, it is useful to imagine the ocean or atmosphere 
divided up into a set of thin horizontal layers, rather like a piece of plywood, but with 
each layer free to move, if a stress (A', Y) is exerted at the top of a layer, it will tend 
to move and thus exert a stress on the layer underneath. If the layer has thickness 
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5z, the stress on the layer below will be approximately 

(X - Sz dX/dz, Y - 6z dY/dz). 

An equal and opposite stress will be exerted on the base of the original layer, so that 
the net force per unit area on that layer will be the difference between the stress on 
the top and the bottom, namely, 

ycA. fcz, ci icz) oz. 

Multiplying by the area 6x 6y and dividing by the mass p Sx 6y 6z of the layer, it 
follows that the force per unit mass due to the horizontal stresses is 

p-\dXldz,dYldz). 

This is an additional force per unit mass that tends to accelerate the fluid, and so it 
must be added to those already included in the horizontal momentum equations. 
For instance, the linearized equations (8.4.1) and (8.4.2) for a uniformly rotating 
fluid become, when the stress terms are added, 


dt ^ p dx ^ p dz' 

dv , \ dp' I dY 

dt p dy p dz 


(9.2.1) 


The reason for including only vertical derivatives of horizontal stresses is due to the 
fact that the vertical scale of the atmospheric and oceanic boundary layers (i.e., the 
regions adjacent to the surface where the stresses are comparable with the surface 
values) is very much smaller than that of the horizontal scale on which the stresses 
vary. Typically, the atmospheric boundary layer is 1-km thick, whereas the oceanic 
boundary layer is 10-100 m thick. In constrast, the horizontal scale of stress variations 
may be 100-1000 km. 

Detailed modeling of the boundary layers of the atmosphere and ocean is a 
complicated business [see, e.g., Lumley and Panofsky (1964), Turner (1973), Monin 
(1970),Zilitinkevich (1970), Kraus (1977), Zeman (1981)]. Not only is there turbulence 
caused by shear and wave activity, but there are important mixing processes caused 
by heating and cooling as well. However, as will be seen, quite simple models can be 
used to explore some averaged properties of the boundary layer and to calculate 
effects of the boundary layers on the remainder of the flow. 

From (9.2.1) it can be seen that there are two forces tending to accelerate the 
fluid: that due to the horizontal pressure gradient and that due to the vertical 
gradient of the stress. The velocities due to the two different forcings can be considered 
separately. The part (u^, i;^) of the velocity driven by the pressure gradient satisfies 

^Uj,/dt - fvp = -p'^ dp'/dx, dv^jdt + fu^ = -p~‘^ dp'/dy (9.2.2) 

and in the case of steady flow becomes the geostrophic velocity. The part (u^jV^) 
driven by the stress is confined to the layer in which the stress acts and will be called 
the Ekman velocity, following Ekman’s(i905) pioneering work on the boundary-layer 
problem. The layer in which the stress acts is often referred to as the Ekman layer for 
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the same reason. The Ekman velocity satisfies 

du^/dt — fv^ = dX/dz^ dv^jdt + fu^ = dY(dz. (9.2.3) 

Thus the velocity (u, v) that appears in (9.2.1) can be expressed as the sum 

M = Up + U£, p = Pp + Pg, (9.2.4) 

where (Up, Pp) satisfies (9.2.2) and (ue, i^e) satisfies (9.2.3). 

Now the stress (X, V) is zero outside the boundary layer (or Ekman layer), so 
integration of (9.2.3) with respect to z across the layer gives 

pidUvfdt — /Kp) = —X,, pidV^ jdt + /[/p) = —Y., when boundary below. 

(9.2.5) 


In this equation (X^, TJ is the value of the stress at the boundary and the vector 




J 


(Ue, v^)dz 


(U - Up,P - Pp)d2 


(9.2.6) 


is the volume transport, relative to the pressure-driven flow, of the boundary layer. 
The density is regarded as constant within the boundary layer since it is thin compared 
with the scale height. The quantity (C/^, Kg) is called the Ekman volume transport of 
the boundary layer, or sometimes just the Ekman transport. The quantity (pU^, pV^) 
is called the Ekman mass transport. 

The sign of the stress term in the integral of (9.2.3) depends on whether the 
boundary surface is above or below the layer. The result (9.2.5) applies to the atmo¬ 
spheric boundary layer or to the ocean’s bottom (or benthic) boundary layer. For the 
ocean surface boundary layer, however, the signs are reversed and the integral of 
(9.2.3) across the layer gives 

pidUJdt ~ /Ke) = X,, pidV^/dt + fU^) = Y,, when boundary above. 

(9.2.7) 


Note that since the stress acting at the ocean surface is also the stress acting at the 
bottom of the atmosphere, adding (9.2.5) and (9.2.7) shows that the sum of the atmo¬ 
spheric and oceanic Ekman mass transports is zero (assuming that the sum is zero at 
some initial time). The same is not true of the volume transports because of the large 
difference between the densities of air and water. 


In steady conditions, the Ekman transport is directed at right angles to the surface 
stress. In the atmosphere, the transport direction is backed (i.e., to the left) in the 
northern hemisphere relative to the surface stress. In the ocean, the transport is veered 
(i.e., to the right) in the northern hemisphere relative to the surface stress. 

The magnitude and direction of the Ekman transport can be obtained quite 
simply by considering the balance of forces on a horizontal slab of atmosphere or 
ocean with thickness equal to that of the boundary layer. The balance is simplest when 
the pressure gradient is zero, for then the force (X,, Y,) per unit area exerted on the 
horizontal boundary of the slab by the surface stress is balanced entirely by the 
Coriolis force (pfV^, — p/C/g) per unit area associated with the mean motion of the 
slab. Figure 9.1 shows the directions (for the northern hemisphere) of the Ekman 
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Atm. Ekmon maw tnmtport %^/t 



Fig. 9.1 The directions (for the northern hemisphere) and magnitudes of the steady Ekman mass transports 
in the atmospheric and oceanic boundary layers when the stress at the surface has the direction shown. In the 
southern hemisphere, the directions of the Ekman transports are reversed. Note that the sum of the atmospheric 
and oceanic Ekman mass transports is zero. When there is no pressure gradient, the force per unit area exerted 
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tion of the layer. The latter quantity is / times the Ekman mass transport and is directed at right angles to the stress, 
as shown. 


fluxes relative to the surface stress. For a typical value, 0.1 N of the stress in mid 
latitudes(/ = 10“s“‘), the Ekman mass transport in both layers is 1000 kg m“ * s“ ‘ 
or 1 tonne m“ * s“ ^ The theory gives larger values near the equator, where / becomes 
very small. 

Although the concept of Ekman transport is used a great deal, accurate 
observational confirmation of the relationship (9.2.5) or (9.2.7) is dimcult. This is 
largely because of difficulties in estimating the pressure gradient accurately enough 
to be able to separate the pressure-driven and Ekman parts of the velocity field. In the 
atmosphere, for instance, in reasonably steady conditions the stress can be estimated 
from the properties of the velocity profile near the ground or by direct measurements 
of stress. The difficulty is in estimating the direction of the pressure gradient because 
small errors in this lead to significant errors in estimates of the Ekman flux. 


9.3 Wind-Generated Inertial Oscillations in the Ocean Mixed Layer 


Suppose the sea is at rest and a wind stress in the x direction (i.e., a westerly wind) 
suddenly rises and is maintained at a constant value X^. How will the Ekman transport 
vary? A solution of (9.2.7) can easily be obtained by adding i times the second equation 
to the first, giving 


|-(l/e + i'I'e) + + ■^'E) = —. (9-3.1) 

at p 

which has solution [cf. Gold (1908)] 

C/e /Fe = -aXJpm - e-‘n (9.3.2) 

At first the Ekman transport is in the direction of the wind, but as time passes the 
Coriolis effect causes it to veer (in the northern hemisphere). Ultimately, the transport 
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is given by the sum of a steady Ekman transport at right angles to the wind plus an 
anticyclonic rotation with the same amplitude around inertial circles. For a particle 
moving with the average velocity for the layer, the resultant gives a cycloidal path as 
shown in Fig. 9.2a. 

When current meters are placed in the upper mixed layer of the ocean, inertial 
oscillations are commonly observed, especially in summer or autumn when the 
mixed layer is relatively thin, and therefore the currents associated with the Ekman 


Wind Wind 



Ri.9.2. (a) A progressive vector diagram for a particle in the mixed layer of the ocean when a westerly wind 
(denoted by the arrow at the top of the diagram) suddenly rises at ( = 0. The particle is assumed to move at the 
mean velocity for the layer, and marks are shown at intervals of a quarter of an inertial period. The motion is the 
sum of a steady velocity at right angles to the wind (the southward direction shown in the diagram is the one 
obtained in the northern hemisphere) and an anticyclonically rotating inertial oscillation. The resultant gives the 
cycloidal path shown, (b) The variation of Ekman transport with time is shown by the small circle with center A. 
The value of the transport represented by point A is the steady (southward) Ekman transport appropriate to the 
westerly wind imposed at ( = 0. Inertial oscillations about this value are represented by a circle with A as center, 
and this circle must pass through the origin O in order to satisfy the initial condition, (c) The progressive vector 
diagram when there is an additional change of wind to the northwest at a later time, the stress after the change 
being two times the original value. The solid line shows the result when the change occurs at li inertial periods 

after t = 0: the solid arrow shows the new stress at the time the chanee occurs. The dashed line shows what haooens 

- - - ,, 

if the change occurs J of an inertial period after t - 0 instead. The explanation of this result can be seen from the 
construction shown in (b). When the wind changes, the solution will again consist of a steady part (in this case 
represented by point B), with direction at right angles to the wind, plus an anticyclonically rotating inertial oscilla¬ 
tion, The latter is represented by the circle with center B that passes through the point representing the motion at 
the time the wind changes. For the case in which the wind changes at It = 3ji/ 2, this point coincides with B and 
thus the circle has zero radius. Consequently, the inertial oscillations are quashed. For the case in which the wind 
changes at It = 57t/2, the point representing the motion at this time is far from B, and the resultant circle has double 
the Original radius. Consequently, the amplitude of the inertial oscillation is doubled. 
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transport are reasonably large. In fact there is evidence [see, e.g., Halpem(1974,1980)] 
to indicate that, especially in conditions of strong wind mixing, the currents associated 
with the Ekman transport are fairly uniform over the mixed layer. [The same appears 
to occur in the atmosphere in suitable conditions—sec Kaimal et al. (1976).] If the 
mixed-layer depth is this corresponds to currents being given by [cf. (9.2.4) 
and (9.2.6)] 


(u -Up,v - Vp) = («£,«£) = 


for z > 


(9.3.3) 


for z < 

The stress distribution that gives rise to uniform currents in the mixed layer is one 
with linear dependence on z within the mixed layer, i.e., is given by 


(dX ^ YJH^J for 2 > - 

\ ^2 ’ 52 / [0 for 2 < - . 


This distribution has the value of being simple; it also appears to be reasonably 
realistic, and therefore is useful for modeling purposes. 

Inertial oscillations in the ocean mixed layer often grow to large amplitude when a 
storm goes by, and then slowly decay. This is the behavior expected from (9.3.2) when 
allowance is made for energy loss. However, the opposite is sometimes true, i.e., a 
storm can kill off preexisting inertial oscillations very rapidly. This seems puzzling at 
first sight, but can easily be explained from the behavior of solutions of (9.2.7). Suppose 
that there are inertial oscillations already present at time t = Iq when the wind stress 
suddenly changes to the value (X,, yj. If(l/(,, Vq) is the value of the Ekman transport 
at t = to > the solution of (9.2.7), after adding i times the second equation to the first, is 

I/e + iTe = -/(jy. + fyj/p/ + {t/o + iVo + i(X, + iYJ/pf] expf-i/ft - to)). 

(9.3.5) 


Equation (9.3.2) is the special case corresponding to to = T* = C/q = Vq = 0. The 
amplitude of the inertial oscillations is given by the factor in curly brackets in (9.3.5). 
If the wind change happens to occur at a phase of the preexisting oscillations when this 
factor happens to be small, there will be only weak oscillations after the wind change. 
If, on the other hand, the wind changes occur when the factor is large, strong 
oscillations will result. 

The dependence of the amplitude of oscillation on the time of the wind change is 
illustrated in Fig. 9.2c. At t = 0, a westerly wind rises suddenly to give a progressive 
vector diagram as in Fig. 9.2a. At a later time, the wind suddenly veers to the northwest 
and increases in strength slightly. The solid line shows the increased amplitude of 
oscillations that result if the wind change occurs when the current is in the direction 
of the wind at the time of change. The dashed line shows the result if the wind change 
takes place half an inertial period earlier. In this case, the amplitude of the oscillations 
falls to zero when the wind veers and strengthens. 

Confirmation of this general picture has been obtained by Pollard and Millard 
(1970) [see also Kundu (1976) and Kasc and Olbers (1979)], using observations of 
currents in the mixed layer and simultaneous observations of the wind. Figure 9.3c, d 
shows the observed currents and the results of a model calculation that uses (9.2.7) 
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Fig. 9.3. A model simulation of currents In the surface mixed layer, (a) Wind speed and (b) direction toward 
which the wind blows (measured clockwise from north) as measured from a buoy, (c) North-south and (d) east- 
west Components of velocity, the thin curve being that observed at a depth of 12 m and the thick curve being 
that computed from the wind by using the model described in the text, iFrom Pollard and Millard (1970. Fig, 2),1 


with one modification, namely, the introduction of an empirical decay term to allow 
for losses of energy from the surface currents. The modified equation they used is 

dUs/dt -/Ve = -rl/E + XJp, dV^/dt + /[/e = -rV^ + YJp, (9.3.6) 

where r is a decay constant, sometimes called a “Rayleigh friction” parameter. [This 
form of friction was used by Airy (1845) in his canal theory of the tides; so it was 
certainly in use before Rayleigh’s time.] The results shown in the figure are for a value 
of * =4 days, which corresponds to 5 inertial periods. Note that the larger ampli¬ 
tudes are found on 11 and 12 October when the wind is veering rapidly. The strongest 
period of prolonged winds is on October 13 and 14, but in this period the amplitude 
becomes much smaller, both in fact and in the model calculations. 

Bell (1978) has constructed a model to explain the decay of inertial oscillations in 
the mixed layer. Turbulent motions advected by the mixed-layer currents cause 
motions of the base of the mixed layer that radiate energy in the form of internal waves 
at a rate that gives r~ ^ of order 3-4 days. The layer also acts as a significant source of 
internal waves with frequencies of order N and wavenumbers of order 
UElH^ix being taken as a typical value of the current at the base of the mixed layer. 

The presence of inertial oscillations in the mixed layer of the ocean represents 
also a possible source of mechanical energy that can be used to entrain water from 
below the mixed layer into the layer. Since the inertial currents are confined mainly 
to the mixed layer, they cause a large shear at the base of the mixed layer that can 
produce turbulent mixing in the form of turbulent Kelvin-Helmholtz billows such as 
those observed in the laboratory and in a lake by Thorpe (1973, 1977). This idea is 
utilized in a model for estimating changes in the depth of the mixed layer that has 
been proposed by Pollard et al. (1973). 
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Entrainment into the mixed layer of dense water from below is one of the important 
processes that need to be considered when estimating the heat balance of the layer 
and hence the surface temperature. Radiation balances and turbulent exchange across 
the surface (see Chapter 2) must of course be calculated, and in wintertime convective 
overturning due to surface cooling is important (Gill and Turner, 1976). Methods of 
modeling the heat and salt balance of the mixed layer are discussed by Turner (1973, 
1981) and Kraus (1977). 


9.4 Ekman Pumping 


The stress on the earth’s surface varies from place to place and hence so does the 
Ekman transport. This leads to convergence of mass in some places, and hence to 

__ ^ _i__ t-* ^ 4 .\^ _ 

CApui&iiuxi ui iiuiu iiuxii ixic uuuxxuaxj^ xa^cx. xxi uixxcx pxii^cs, iiic xj^iiiaii ixaixa^uii la 

horizontally divergent, i.e., mass is being lost across the sides of a given area, so fluid 
must be “sucked” vertically into the boundary layer to replace that which is lost 
across the sides. This effect is called “Ekman pumping.” 

For instance in mid-latitudes, where westerly (eastward) winds predominate, the 
Ekman transport in the ocean boundary layer is equatorward. In the trade wind zone, 
on the other hand, the easterly component of the wind produces a poleward Ekman 
transport, so there is a convergence of mass in the ocean surface layer at latitudes in 
between. This leads to cxpulsion of uUid froxxi the boundary layer and hcnce to doWn^ 
ward motion just below. The isotherms in the ocean are pushed down in this region, 
thus creating pressure gradients that produce ocean currents. Details of this process 
will be considered in Chapter 12. 

The magnitude of the vertical velocity just outside the boundary layer that 
results from convergence or divergence of the Ekman transport can be formed by 
integrating the continuity equation. Assuming that density variations can be 
neglected, this takes the form (4.10.12), i.e., 

du/dx -f dv/dy + dw/dz = 0, 


and integration with respect to z across the layer and using the condition w = 0 at 
the boundary give 

d\J^/dx + dV^/dy — Wg = 0 when boundary above. (9 4.1) 

For the steady case, combining this with (9.2.7) gives 



/ 


^y\f 



(9.4.2) 


If the boundary is below, the minus sign in (9.4.1) becomes a plus, and combination 
with (9.2.5) leads to (9.4.2) again, so this equation applies whether the boundary is 
above or below. Usually the wind varies much more rapidly than /, so (9.4.2) gives 

thf^ nnnrnYimjit^^ pvnr^^Qsinn fnr w- F.WmJin niimnino vftInHtv 

pwe = f~^{dYJdx - dXJdy). 


(9.4.3) 
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Thus the Ekman pumping velocity is approximately (p/)“ * times the curl of the 
wind stress (if the wind is steady or varying slowly relative to the inertial time scale 
/" ‘). It has the same sign in the atmosphere as in the ocean. For instance (see Fig. 
9.4), if a cyclone is situated over the ocean, the Ekman transport in the atmospheric 
boundary layer is toward the low pressure in the center of the cyclone, i.e., it tends to 
reduce the low. Consequently, the Ekman pumping velocity outside the boundary 
layer gives ascending motion (which will tend to produce clouds). In the ocean under- 
neath, the Ekman transport is outward, away from the center of the cyclone, and so 
produces an upward Ekman pumping velocity below. The vertical mass flux 
associated with this pumping is, by (9.4.2), the same as in the atmosphere. The effect 
in the ocean is to raise the thermocline and reduce the pressure in the ocean surface 
layers, thus imprinting a pressure pattern on the ocean that is like the one in the 
atmosphere above. 

Although Wp gives only the contribution to the vertical velocity from the Ekman 
transport terms, it is usually the dominant one, and so the effect of a stress outside 
the boundary layer can be ascertained by applying the boundary condition that w 
has a given value Wp on a horizontal surface situated just outside the boundary layer. 
This is just the condition used in Section 8.7 and following sections to study topo¬ 
graphically generated waves. It follows that similar methods can be used to study 
disturbances that are generated in the ocean by storms traveling over the surface. Since 
these have velocities relative to the ocean of the same magnitude as air velocities 
relative to topography, criteria about scale that are similar to those that were applied 
to the atmosphere can be applied to the ocean. 

The analogy with lee waves can be taken further in the case of disturbances small 
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Fig. 9.4. Section through a cyclone over the ocean showing the adjustments due to Ekman transports. The 
geostrophic wind gives, as shown, a cyclonic rotation around the low-pressure center. Consequently, the Ekman 
transport in the atmospheric boundary layer is inward, bringing mass in to "fill'' the low, and the associated vertical 
"pumping" velocity is therefore upward, The Ekman mass transport in the oceanic boundary layer is equal and 
opposite to that in the atmosphere, so there is an outward mass transport and upward pumping velocity in the 
ocean. This tends to raise the thermocline and create a low-pressure center in the ocean, 
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enough for linear theory to apply, for then an Ekman displacement can be defined by 

We = dtj^/dt. (9.4.4) 

The value of r}^ can be regarded as equivalent to a topographic elevation. For a storm 
moving at constant speed U without change of form, ri^ has a fixed spatial structure 
that moves at uniform velocity across the surface of the ocean, and has the same effect 
as pulling a fixed shape (like an inverted mountain) across the ocean. Relative to the 
storm, on the other hand, the ocean is moving with fixed speed U past the “Ekman 
topography,” so the effect is just like flow over a mountain, only turned upside down. 
Solutions for parameters appropriate to the ocean are discussed later in the chapter. 

The formula (9.4.3) is valid only for steady conditions, or when the time variations 
are sufficiently slow. It is not, however, difficult to calculate the equivalent result 
when time variations are included. If / is regarded as constant, elimination of and 
Fg in turn from (9.2.7) gives 




when boundary above. (9.4.5) 


Application of (9.4.1) then gives for the Ekman pumping velocity 



p dt\dx dy) p\dx dy)' 


(9.4.6) 


and the same formula applies when the boundary is below. In addition to the forcing 
that is proportional to the curl of the wind stress, there is now also a term proportional 
to the divergence of the surface stress. 


9.5 Bottom Friction: Velocity Structure of the Boundary Layer 


When considering wind or ocean currents as a response to driving forces, the 
stress at the lower boundary is regarded as a drag exerted by the lower surface that 
tends to reduce the wind or current and therefore is a form of friction—usually 
called bottom friction. To calculate its magnitude, the stress must be related to the 
wind or current in some way. The usual formulation is given in terms of a drag law of 
the form (2.4.1), in which the stress is related to the wind or current at some standard 
height above the bottom. For the atmosphere, this height is usually 10 m. The wind 
at this level is usually a considerable fraction of the wind outside the boundary layer 
(see, e.g., Fig. 2.4), but it is rotated cyclonically relative to the wind outside the 
boundary layer by an angle a with typical values of about 20°. Thus the stress {X^, VJ 
at the surface is related to the wind (Ug , Vg ) outside the boundary layer by a relationship 
of the form 


= Cdb/>1uJ(m, cos <x - Vg sin a), 
= CDgP|Ug|(Mg sin OL + Vg cos a), 


(9.5.1) 
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where oc has the same sign as /. Equations (9.5.1) can also be written, in an equivalent 
complex form, 

Xs + iTs = CDgPluJfUg + lUg)exp(ia). (9.5.2) 


Measurements in the atmospheric boundary layer give Cu, » 0.001 in neutral 
conditions with oc m 20°. In unstable conditions (heating at the ground) c^g is nearer 
0.002 and a is near 0. In stable conditions (cool surface) Cog may be lO"** or smaller 
and oc can be near 40°. 

The nonlinear nature of the drag law (9.5.1) needs to be kept in mind when 
comparing bottom-friction effects at different places or the contributions at a fixed 
place to bottom friction at different times. Places or times of large wind or current 
play a much more important part in the dynamics than they would with a linear drag 
law. Also, the mean stress depends not only on the mean wind or current, but also on 
the strength and character of the fluctuations. For example, tidal motions often 
dominate the velocity field at the ocean bottom, mean currents being relatively small. 
In this situation [cf. Saunders (1977)] the mean stress over a tidal cycle can be calcu¬ 
lated by assuming that the stress at any give time is given by (9.5.1) and that the current 
(Mg, Ug) outside the boundary layer follows a tidal ellipse with center corresponding 
to the mean current. When the mean current is small compared with the tides, the 
mean stress over a tidal cycle is found to be related linearly to the mean current, but 
the coefficient of proportionality and the angle between mean current and mean 
stress depend on the properties of the tidal ellipse. 

The Ekman suction velocity can be found in terms of the current by combining 
(9.4.6) and (9.5.1). The relationship is complicated and nonlinear. For a steady 
geostrophic flow (7.6.5) can be used to express in terms of the pressure. The formula 
is still very complicated, but if variations of Cq, a, and / can be neglected, it simplifies 
in the special cases for which p depends only on distance y from a line or distance r 
from a point. Then, assuming cos a » 1, 


Wt 





dp 
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P^r 
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(2‘‘‘P 


dr 

V dr^ 


1 dp 

+ -r- 

r dr 


when p = p(y), 
when p = p(r). 


(9.5.3) 


For large values, not only must the second-order expression in parentheses be large, 
but also the modulus of the pressure gradient must be large. 

In order to use (9.5.1), knowledge is required of how c^g and oc depend on the 
nondimensional parameters that characterize the boundary layer. A constraint on 
the form this dependence can take [see Kazan ski and Monin (1961), Csanady (1967) 
and Gill (1968a)] comes from consideration of the form of the velocity profile in the 
boundary layer. Near the surface, this has (see Section 2.4 and Fig. 2.4) a logarithmic 
form: 


« = (m^/k) ln(z/zo), (9.5.4) 

where k has a value of about 0.4 and is called von Karman’s constant, z is height above 
the bottom, and Zq is a property of the surface called the roughness length. (For flow 



330 


9 Forced Motion 


over a solid surface, Zq is related to the size of “roughness elements” on the surface, 
e.g., a typical value for grass is 1 cm, whereas for forest it is about 1 m.) The quantity 

is called the friction velocity and is defined as the square root of surface stress t 
divided by density p. The x axis has been chosen to be in the direction of the surface 
stress. For steady homogeneous flow, the so-called “similarity” form of the drag law 
is based on the requirement [see, e.g., Gill (1968a)] that the velocity relative to that 
outside the boundary layer is independent of Zq for z » Zq and matches smoothly 
with (9.5.4) for z « z^, where z^, is a measure of the boundary-layer thickness, which 
can be taken as 

Z, = «.// = (t/p)‘'V/. (9-5.5) 

The “similarity” law can be written, in complex form. 

Mg + ifg = (M^/K;)(ln(zi,/zo) - A - iB), (9.5.6) 

where A and B are constants. 

The reason for the form (9.5.6) can be seen from the changes produced when Zq is 
changed but m^ is held fixed. Equation (9.5.4) shows that the result is a change in 
velocity of k:“‘m^ times the change in In Zq at all levels where(9.5.4) applies, but this 
must be true at all higher levels as well because the relative velocity there does not 
change. Hence the geostrophic velocity must change by the same amount, and 
(9.5.6) expresses this fact. 

If the flow is not homogeneous or steady, it is still logarithmic near the surface, so 
(9.5.6) is still true if A and B are allowed to become functions of the additional 
parameters introduced by the lack of homogeneity or steadiness. If these parameters 
can be uniquely identified, the dependence of A and B on them can be found from 
observations. Results for dependence of A + iB on parameters that measure stability, 
degree of unsteadiness, etc., are given, for instance, by Csanady (1972a), Clarke and 
Hess (1974), Arya and Wyngaard (1975), Zilitinkevich (1975), and Yamada (1976). In 
such cases, it is no longer necessary to use (9.5.5) as a measure of the boundary-layer 
thickness, and other definitions, such as inversion height, have been found useful. 

The boundary layer at the bottom of the ocean (the benthic boundary layer) is 
much thinner than is the atmospheric boundary layer, which affects the relative 
importance of topographic effects. The main reason is the factor p‘^^ in (9.5.5), which 
tends to make the ocean boundary layer about one-thirtieth of the thickness of the 
atmospheric boundary layer, typically in the range 2-10 m. Observations and theory 
related to this boundary layer are given by Wimbush and Munk (1970), Weatherly 
(1972), Armi and Millard (1976), and Weatherly and Martin (1978). The structure of 
the boundary layer is often dominated by the variations over the tidal cycle. Harvey 
and Vincent (1977), for instance, found that the tidal ellipse rotates cyclonically as one 
goes downward, the total angle it turns through being about 14°. Another ocean 
boundary layer that occurs against a solid surface is that underneath ice. This 
boundary layer has been studied by McPhee and Smith (1976). 

Detailed modeling of the velocity (and possibly temperature) structure of the 
boundary layer is difficult because of the problem of modeling turbulence. One 
technique is to develop equations that include representations of turbulent processes 
[see, e.g., Mellor and Yamada (1974) and Zeman (1981)]. Deardorff (1970) studied a 
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three-dimensional model that was designed to include the turbulent motions 
explicitly, but such a model is too expensive to be used routinely because of the 
computer time required. 


9.6 The Laminar Ekman Layer 


The first model of the frictional boundary layer in a rotating fluid was that 
obtained by Ekman (1905) for a viscous fluid in laminar motion. In that case, the 
stress (A^, Y) is proportional to the shear, i.e., 

p-\X,Y) = vdiu,v)/dz, (9.6.1) 


where v is the kinematic viscosity of the fluid. Substitution in (9.2.3) in this case gives, 
after adding i times the second equation to the first, 


A 

^ 1(We + »^e) = ^ 


(9.6.2) 


In steady conditions the solution is 

Me + ivE = -(u, -I- /D,)exp{-(1 -I- 0(//2v)‘^^z} 


(9.6.3) 


since + We must vanish as z -► oo and must equal — (Up + iVp) at the ground. 
The subscript g has been substituted for the subscript p since in steady conditions 
(9.2.2) shows that the flow is geostrophic. Strictly speaking, (Ug + iUg) is the value of 
the geostrophic velocity at the ground. In practice, however, (Ug -I- iVg) does not vary 
much over the boundary layer, so the value just outside the boundary layer will 
do equally well. 

From (9.6.1) and (9.6.3), the surface stress can be obtained in terms of the 




= (/v/2)‘/^(Ug - Vg), = (/v/2)‘^"(ug -H Vg). (9.6.4) 


ll follows from (9.4.3) that the Ekman suction velocity is given by 


, 1/2 


Wr = 


Mr 


'dvg 

dx 




pfVf 


(9.6.5) 


the expression in terms of p making use of (9.2.2). Thus for a laminar Ekman layer, the 
Ekman pumping velocity is proportional to the vorticity outside the layer, which in 
turn is proportional to the horizontal Laplacian of the pressure. 

The fact that the laminar solution does not accord well with observations of the 
atmospheric boundary layer (because it is turbulent) caused concern from the outset. 
Taylor (1914), who derived the laminar solution independently of Ekman, suggested 
that the most appropriate solution of (9.6.2) would perhaps be the one that has the 
surface stress parallel to the surface wind. Ekman (1906) also made this suggestion, as 
he noted in a later discussion of his and Taylor’s work (Ekman, 1927). 

Although laminar Ekman layers are not found in the atmosphere and ocean, they 
are useful for modeling purposes because many phenomena are not sensitive to 
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details of boundary-layer behavior as long as Ekman pumping takes place at about 
the right rate. Thus the linear formula (9.6.4) is often substituted for the nonlinear 
equivalent, but with a value of v chosen to make Wg have, on average, the correct 
value. An approximate formula for determining the appropriate value of v is obtained 
by comparison of (9.5.3) and (9.6.5). This gives 

« 2cDgUav. (9.6.6) 

where is an average value of the velocity. For the atmosphere at midlatitudes, the 
values Uav = 10 m s“\ Cog = 0.002, and / = 10“'* s“^ might be considered appro¬ 
priate, and these give v 30 m^ s“ ^ For the ocean at a place where the average tidal 
current at the bottom is 10 cm s“ the appropriate value of v would be smaller by a 
factor of 10*, i.e., v 30 cm^ s~^ or 3 x 10“^ m^ s“‘. 


9.7 The Nocturnal Jet 


There is a feature in the atmosphere called the nocturnal jet that in its dynamics 
has features in common with the inertial oscillations studied earlier in this chapter. 
It occurs during the night in inland regions, and the basic reason for its existence was 
given by Blackadar (1957). The phenomenon tends to occur when, during the heat of 
the day, the boundary layer is deep and convectively mixed. At nighttime, the ground 
cools and a stable layer is formed near the ground. Frictional effects are confined to 
this layer, so the region above, which was in the boundary layer during the day, has 
effectively been released from frictional influence, i.e., the stress term suddenly drops 
to zero about sunset. In response, the wind begins an inertial oscillation that proceeds 
until mixing resumes the next day. 

A simple model of the process by Thorpe and Guymer (1977) uses methods 
already developed in this chapter, and Fig. 9.5 shows a comparison between the model 
and observation. During the day, there is assumed to be a well-mixed boundary layer 
of depth = 800 m at which the stress varies linearly in accord with (9.3.4). The 
stress is related to the velocity in the layer by a drag law (a linear relation was used for 
the model). Consequently, a velocity is obtained in this layer that tends with time 
toward the equilibrium value, which is rotated cyclonically relative to the geostrophic 
wind. At sunset, the mixed layer is assumed to suddenly become only 200-m thick. 
Consequently, the wind in the layer between 200 and 800 m begins to rotate anti- 
cyclonically and in the hodograph (i.e., the u, v) plane, is represented by a circle 
centered on the point that represents the geostrophic wind (see Fig. 9.5). This in¬ 
evitably leads to a supergeostrophic wind in this layer. At sunrise, mixing over the 
full 800 m is supposed to resume, so the momentum of the two layers is mixed to give a 
uniform velocity over 800 m. This wind is not in balance with the pressure gradient 
and drag, and therefore it adjusts toward equilibrium until the mixed layer suddenly 
reduces in thickness again at sunset. 
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Fig. 9.5. (a) Averaged velocities at 1-hr intervals on day 13/14 of the Wangara experiment 27/28 (July 1967). 
The values at night are averaged over 0-200 m (x) and 200-800 m (#). During the day, the values are averaged 
over 0-800 m (O) Numbers against points denote Eastern Standard Time. [From Thorpe and Cuymer (1977, Fig. 
6)-] (b) Corresponding model results. In the model, the upper layer undergoes half an inertial oscillation, repre¬ 
sented by a semicircle centered on the point u = u,, v = 0 representing the geostrophic wind. The wind vector 
rotates anticyclonically (the observations are in the southern hemisphere), giving model nighttime winds in the 
upper layer that are about SOVo greater than the geostrophic wind. (In practice the nocturnal jet was even stronger.) 
At sunrise, the two layers are assumed to have their momentums mixed together, and the wind adjusts toward a 
frictional balance. At sunset, the upper layer becomes uncoupled from frictional influence, and so begins another 
inertial oscillation. [From Thorpe and Cuymer (1977, Fig, 7)1 
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9.8 Tide-Producing Forces 


Tides have fascinated men from earliest times, and much has been written about 
them, [a detailed historical account is given, for instance, by Duhem (1954, Chapter 
13).] In fact Aristotle spent his last few months on the island of Evvoia (or Euboea), 
considering tidal conditions in the narrow straits that separate the island from the 
Greek mainland. The story has grown [see, e.g., Deacon (1971, p. 10)] that his failure 
to explain the tidal variations so frustrated him that he flung himself into the offending 
strait and was drowned! 

The modern theory of the tides is founded on Newton’s theory of gravitation, 
which allows the forces of attraction of the moon and sun to be calculated [Newton’s 
contribution to tidal theory is discussed by Proudman (1927)], and on the equations 
of fluid motion that were developed by Euler. The man who brought these elements 
together and laid the foundation for the mathematical study of tides was Laplace 
(1778/1779), whose work is basic not only to tides but also to most of the motions 
studied in this book. Laplace not only established the equations for fluid motion under 
gravity on a rotating sphere, but he also calculated the tide-producing forces in a form 
suitable for tidal calculations. The tide-producing force is defined as that part of the 
attractive force of heavenly bodies that does not affect the motion of the earth as a 
whole, i.e., it is the remainder after subtracting the value of the force at the center of 
mass of the earth. The effect is symmetrical about the line joining the earth to the 
attracting body (the moon or sun), tending to pull the ocean into an ellipsoidal shape 
with major axis along the line of attraction. This line moves relative to the earth 
because of the rotation of the earth and the movement of the moon or sun relative to 
the earth. The ocean does not take up the ellipsoidal shape that gravity tries to give 
it because its response is limited by the speed (~200 m s“ *) at which gravity waves 
can propagate. Such waves would take about 2 days to travel around the circum¬ 
ference of the earth, but in practice their course is restricted by the complicated shape 
of the ocean. Two facts—that (a) the time for waves to travel around the globe is 
comparable with the rotation period and (b) the ocean has a complicated shape— 
account for the difflculties and fascination of the subject that has occupied the minds 
of many great scientists from the time of Laplace to the present day. 

Since gravitational forces can be expressed as gradients of a potential, the 
tide-producing forces can also be represented this way. The distribution of the tide- 
producing potential over the surface of the earth can be expressed as a series 
expansion in spherical harmonics [these functions form a complete set for describing 
distributions on the surface of a sphere; the theory is described, for instance, by 
Jeffreys and Jeffreys (1956, Chapter 24) and by Morse and Feshbach (1953, Chapter 
10)]. the coefficients of which can be expanded as Fourier series with frequencies that 
are linear combinations of the basic frequencies of the solar system. The main periods 
of interest for the tides are the day (2n/Cl\ the lunar month (27i/fin, = 27.321 days), 
and the tropical year = 365.242 days). In practice the frequency 

D, = fi - -h n,, (9.8.1) 

is used in place of fi, 2n/Q, being the lunar day. Then the principal tidal component, 
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the lunar semidiurnal or M 2 tide, has frequency 2fl, and period rr/fi, = 12.4 hr. The 
eight components that contribute more than 10% to the maximum equilibrium tide 
are listed in Table 9.1. These and many other significant components have been given a 
letter and subscript designation by Darwin. A very detailed treatment that is due to 
Doodson, which involves around 390 components, includes not only the three major 
periods above, but also longer ones (27r/fl,p = 8.85 yr for the lunar perigee, 18.61 yr 
for the regression of lunar nodes, and 21,000 yr for the solar perigee). The full list is 
given, for instance, by Godin (1972). The integer coefficient (see Table 9.1) in the 
expression for the frequency of a given constituent in terms of the fundamental 
frequencies Q,, etc., comprises what is called the Doodson number for that 
constituent. Further discussion can be found in the works by Defant (1961, Vol. 2, 
Chapter 7) and by Hendershott and Munk (1970), and in other books on tides. 

The equations of motion, when the tide-producing force is included, have an 
additional force per unit mass — Vd)j on the right-hand side of the momentum 
equation (4.10.11), which becomes 

Du/Dt + inxu -Vp - g - (9.8.2) 

However, since the horizontal scale of the forcing is very large compared with the 
depth, the shallow-water approximation can be used, as it was by Laplace. Now tides 
are a global phenomenon and of global scale, so it may seem inappropriate to discuss 
them at this stage when only the “/-plane approximation” (see Section 7.4) to the 
equations has been introduced, this approximation being appropriate to motions 
with scales that are small compared with the radius of the earth. However, the semi- 

TABLE S.1 

Principal Constituents* of the Tides (Those with Amplification Factor >0.1)^ 


Classification 


Doodson 


Tidal species 

Latitude factor 

Amplitude factor 

Darwin 

'i 

'2 

<3 

'■4 

Period (hr) 

Long period 

i(l - 3 sin^ ip) 

0.156 

Mr 


2 


m 

327.84 

Diurnal 

sin (p cos <p 

0.377 

0, 

1 

-1 



25.82 



0.176 

P. 

1 

1 

-2 

0 

24.07 



0.531 

K, 

1 

1 

0 

0 

23.93 

Semidiurnal 

1 cos^ 

0.174 


2 

-1 

0 

1 

12.66 



0.906 

Ml 

2 

0 

0 

0 

12.42 



0.424 

Si 

2 

2 

-2 

0 

12.00 



0.115 

Kj 

2 

2 

0 

0 

11,97 


* These give the amplitude of contribution of each component to the equilibrium tide at latitude <p as 
the product of the latitude factor, the amplitude factor, and ti,„, the maximum amplitude of the equilibrium 
tide. The latter has a value of 54 cm if no allowance is made for movement of the solid earth, but when 
this is taken into consideration, its effective value is about 38 cm. The Doodson numbers ^,-{4 are the 

mi»fTiripnfc in ih^ i>irnri>ccmn O — i fl. J- i.O -i- X » O Tnr ihp fr«iiii»nrv 

... -- — • 'z—m ' 'j—yr • ip 

*’ Adapted from Hendershott and Munk (1970). 
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diurnal and diurnal tides have frequencies comparable with f (since all these 
frequencies are related to a rotation of the earth), and at these frequencies differences 
of scale produce differences of detail rather than differences in fundamental behavior. 
Thus much of tidal dynamics can be understood in terms of solutions of the “local” 
shallow-water equations (7.10.1) with a tidal forcing term added, namely, 


du du du . d ^ 

- 1- U -1- I)- ft) = —a -IM — »7_ 1. 

dt ' ' dx ’ ' dy ■" ^ dx" "" 

dv dv dv . d 


(9.8.3) 


where / is the Coriolis parameter defined by (7.4.1), rj is the surface elevation, and 
r/e is given by 




(9.8.4) 


It is permissible to regard r}^ as a function of horizontal position and time only since 
Oj changes very little over the depth of the ocean, rj^ is the surface elevation that the 
ocean would adopt if there were no dynamic effect (u = d = 0) and therefore it is 
called the equilibrium tide. 

The “local” form of Laplace’s tidal equations consists of (9.8.3) and the continuity 
equation (5.6.7), i.e.. 


^ + + fj)ul + fj)ijl = 0, (9.8.5) 

dt dx” ' dy ” ' " 


where H is the depth of the ocean. Note that these equations assume that the currents 
are independent of depth, i.e., that the tide is barotropic. In practice, there is not only a 
barotropic tide, but a baroclinic tide that is generated by interaction of the currents 
with bottom topography, so use of (9.8.3) and (9.8.5) assumes that the barotropic tide 
is not affected significantly by this interaction. Another effect that tends to make 
currents vary with depth is friction against the bottom, which can be particularly 
important when strong tidal currents are found in shallow seas. In most calculations, 
however, depth variations are ignored or else (9.8.5) and (9.8.4) are assumed to be 
valid for depth-averaged currents. The nonlinear terms in (9.8.3) are usually not 
important even in shallow seas, where nonlinear effects appear to arise mainly from 
friction and from the nonlinear terms in the continuity equation. 

In calculating the tides, it is important to consider also the solid earth 
(Hendershott, 1972), which responds elastically to the tide-producing forces. The 
elastic response is rapid, so the shape that the solid earth assumes is always in equi¬ 
librium with the forces concerned. The direct response of the solid earth to the tidal 
potential produces (Munk and McDonald, 1960) an elevation of h<J>jfg, where /i is a 
constant with a value of about 0.6. If this were the only effect, the surface elevation of 
the ocean relative to the solid earth would be reduced by this amount. Since rj is 
measured relative to the solid earth, it is necessary to replace rj in (9.8.5) by - h(i>j/g 
or, equivalently, to replace —rj^ by (1 — h)Q>jlg. But there is another effect that must 
be included, namely, the additional gravitational potential due to the bulge in the 
solid earth. This has a value of /c^t> where k is a constant with a value of about 0.3 
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and rj^ should be adjusted accordingly. The inclusion of these two effects does not 
alter the form of (9.8.3) if rj is regarded as the elevation relative to the solid earth, and 
is redefined by 

fJe = -(1 + » -Q.7<^j/g. (9.8.6) 

Thus the effect of the solid earth response is to reduce the tides by about 30%. The 
constants k and h in (9.8.6) are called Love numbers. (The values quoted apply only to 
the second spherical harmonic, which dominates the tides.) 

Another complication due to elastic yielding of the solid earth is that it is depressed 
when the sea level is higher. The depression is not as great as that which would be 
expected on the basis of pure elastic yielding because there is also some gravitational 
uplift from the larger water mass above. Calculation of the amount of depression, 
however, is complicated because it depends not only on the local sea level, but on a 
weighted mean of the surface elevation (Farrell, 1973), the weight decreasing with 
distance from the point in question. The effect is significant for tides (Hendershott, 
1977) and therefore will affect details of other barotropic motions as well. The effect 
is not included in any calculations made in this book but is included in tidal model 
calculations such as those of Accad and Pekeris (1978) and of Parke and Hendershott 
(1979). In practice, ocean tides are strongly affected by the disposition of the conti¬ 
nents, so boundary effects are very important. Hence the dynamics of ocean tides are 
not discussed until Chapter 10. The dynamics of atmospheric tides are quite different 
and are reviewed by Lindzen (1979) and Kato (1980). 


9.9 Effect of Atmospheric Pressure Variations and Wind 
on Barotropic Motion in the Sea: 

The Forced Shallow-Water Equation 


Variations in atmospheric pressure at the surface z = rj can cause the sea to 
move. The linearized boundary condition on perturbation pressure (5.2.11) becomes 

P' = Pa + pgh (9.9.1) 

when atmospheric pressure perturbations p' are included. This equation may also 
be written 


P' = pgri\ (9.9.2) 

where 

h' = n-n. (9.9.3) 

is called the adjusted sea level and is given by 

t/a = -P'jpg- (9.9.4) 

ri^ is called the surface elevation of an inverse barometer since it is equal to the 
depression that would be registered by a water barometer, this being approximately 
1 cm of water per millibar of pressure change. 

Changes in atmospheric pressure produce in the ocean depth-independent 
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horizontal pressure gradients that, in an ocean of uniform depth, produce depth- 
independent currents. For a shallow homogeneous ocean, the momentum equation 
(4.10.2) becomes [cf. (7.10.1)] 


du du du . 

+ - fv = 

dt dx dy 

8v dv dv . 

— + u^ + v—+fu = 
dt dx dy 


" dx 
^ dy 




dy 


(9.9.5) 


and the continuity equation is (5.6.7) as before. The equations for pressure-induced 
motion therefore have exactly the same form (9.8.3) and (9.8.5) as for the tides! 

Note that by (9.9.5) a state of rest corresponds to the adjusted sea level being 
constant. Thus frictional processes, which tend to reduce velocities to zero, tend to 
make the topography of the sea surface follow that of an inverse barometer. For this 
reason, adjustments of pressure in the ocean that keep rj' constant are called isostatic. 
Such adjustments do not affect the pressure on the sea floor because the total weight 
per unit area of the column of air and water above remains unchanged. In practice, 
the inverse barometer response of sea level to atmospheric pressure changes is found 
to be a significant part of seasonal changes at high lattitudes (Pattullo et ai, 1955 ; 
Gill and Niiler, 1973; Lisitzin, 1974). 

If the motion produced by pressure variations is small enough for linear equations 
to apply, (9.9.5) and (5.6.7) reduce to 


du/dt — fv = —gdrj'fdx, dv/dt + fu = —gdrj'/dy, (9.9.6) 

and 


dt dx dy dt 


(9.9.7) 


where H is the ocean depth. (The discussion from this point onward will be restricted 
to the linear case.) Note that the continuity equation (9.9.7) has been written in terms 
of the adjusted sea level rj', which has the effect of transferring the forcing term from 
the momentum equation to the continuity equation. 

This suggests a useful laboratory analog [cf. Gill et ai (1979) and Gill (1979b)] 
for simulating tidal and pressure forcing, for the arguments of Section 5.6 show that 
(9.9.7) is the equation for the surface elevation of a shallow homogeneous layer 
when fluid of the same density is added at a volume rate per unit area of —drj^jdt. In 
fact, the ocean experiences just such a forcing (see Section 2.5) by addition of mass due 
to precipitation or by loss due to evaporation. If this is also taken into account, 
(9.9.7) becomes 


% + = 


where ri^ is the “forcing displacement” given by 


drj^ 

dt ’ 


(9.9.8) 
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This relation makes it easy to compare pressure and precipitation effects. For 
instance, a depression of 10 mb corresponds to a positive value of equal to 10 cm. 
To cancel out this effect and make zero would require 10 cm of precipitation! 

Wind effects, it turns out, can be incorporated into this formalism as well. The 
equation for the barotropic response of the ocean to wind forcing is obtained by 
vertically averaging the momentum equation (9.2.1). In the case of a homogeneous 
ocean, in which the pressure gradient is proportional to the surface slope and 
independent of depth, the vertically averaged equation is 


du 

dt 


-fv = 


-9 ~ + (AT. - 


dv 

Tt 


f.. 


dti 

dy 


fV 

V^s 


V 


(9.9.10) 


where (u, d) now denotes the vertically averaged current, (X^, TJ denotes the surface 
stress imposed by the wind, and (A^^* ^b) denotes the bottom stress due to friction. 
Both surface and bottom stress can be estimated from formulas like (9.5.1). For a 
stratified ocean of constant depth, the same equation is also obtained for the 
barotropic mode. 

Equations (9.9.10) are the formulas used to compute storm surges in shallow seas 
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mat 


appear in (9.9.5) are often added, although this form is not justified for vertically 
averaged currents when the actual currents are not independent of depth. 

The method of converting (9.9.10) to the same form as (9.9.6) is to subdivide the 
velocity (u, y), as in Section 9.2, into an Ekman velocity, which is locally determined at 
each horizontal position, and a pressure-driven velocity (Up,Up). For a shallow 
homogeneous layer, the pressure gradient is independent of depth and so (Up, t^p) is 
independent of depth. Hence the partition (9.2.4), when expressed in terms of average 


Velocities^ bcCuiiicS 


u = u^ + UjH, v = v,+ VJH, (9.9.11) 

where 

dUp/Bt - fvp = -g Brj/Bx, Bv^/Bt + fu^ = -g Br\/By. (9.9.12) 

The forcing terms in the momentum equations have now been removed, i.e., (9.9.12) 
has the same form as (9.9.6). The continuity equation (5.6.8), however, when (9.9.11) 
is substituted, becomes 


^ + + -w„ (9.9.13) 

and so has a forcing term like that of(9.9.7). The forcing in this case is provided by the 
Ekman pumping velocity w^, defined by (9.4.1), and which can be calculated from 
(9.4.6). 

Whatever the form of forcing, the above analysis shows that a transformation can 
be made so that forcing terms appear only in the continuity equations. In particular, 
with pressure, wind, and evaporation/precipitation forcing terms all included, the 



340 


9 forced Motion 


equations are 


dUp/dt -fvp = ~gdt}'/dx, dVp/dt + fu = ~gdri'/dy, 


dn’ d d dri^ 


where 


= 1. - f (p - 


E)dt/p + fjE 


(9.9.14) 

(9.9.15) 


(9.9.16) 


and rj^ is the Ekman vertical displacement that is defined by (9.4.4). 

The incorporation of all forcing effects into one term (9.9.16) allows a comparison 
to be made among their magnitudes. Values of the Ekman pumping velocity for 
the North Atlantic Ocean are shown in Fig. 9.6. At mid-latitudes, typical Ekman 
displacements in a year (Leetma and Bunker, 1978) are around 30 m. This compares 
with evaporation/precipitation differences of order 1 m and changes in rj^ of a few 
centimeters, showing that wind-driving dominates. It is interesting to note that at one 
time it was thought that the main currents in the ocean were driven by evaporation/ 
precipitation differences, and Hough (1897) and Goldsbrough (1933) made calcula¬ 
tions of currents driven by this means. The above discussion shows that wind-driven 
currents can be calculated by similar means. 

A similar comparison can be made of the relative importance of wind and pressure 
effects for a storm of wavenumber k moving with speed U. The vertical mass flux 
pWg, which is the same (see Section 9.4) in atmosphere and ocean, can be estimated 
from (9.5.3), giving 

P.We « 2c^W/pJ\ (9.9.17) 


u/hprp n' ic tVip nttnncnhprir nrpc«nrp nprtiirKntinn n atmncnKprir* H#*ncifv anH 

Cp the drag coefficient. The water density is used on the left-hand side, making 
the Ekman pumping velocity in the water. By the definition (9.4.4), « w^jUk, 

whereas is given by (9.9.4). Using these relations along with (9.9.17) then gives 


tlE/ti, « IcoP^g^k^rjJp^Up. (9.9.18) 

For the values c^^py^lp^ « 1> k ^ ^ 100 km, V « 10 ms"*, and / = 10"^ s" *, the 
ratio is 20 when is 1 cm, and increases in proportion with Thus wind 
effects are generally dominant. 

Equations (9.9.14) and (9.9.15) can be reduced to a single equation for rj' by the 
same methods as those used in Section 7. First, the potential vorticity perturbation 
equation is obtained by taking the curl of (9.9.14) and using (9.9.15) to substitute for 
the divergence. For a constant-depth ocean (the discussion from this point onward 
will be restricted to the case of constant depth), the result is [cf. (7.2.8)] 

_ f£ _ fff \ ^ Q 
5tVdx dy H H ) 


(9.9.19) 



Fig. 9.6. (a) Annual mean vertical Ekman pumping velocity for the North Atlantic Ocean. Units are 10" 
cm s'' % 0.9 cm day"' « 3.2 m yr '. IFrom Leetmaa and Bunker (197B, Figs. 2 and S).l (b) Seasonal deviations 
from the annual mean: (A) winter; (B) spring; (O summer; (D) autumn 
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and this can be integrated to give 


dvp dup ft}' 
dx cy H 


f*f ■1 I 
—— = initial value. 

H 


(9.9.20) 


The eflect of nonzero initial values was studied in Sections 7.2 and 7.3, so it will not be 
studied here, and the initial value will be supposed to be zero. The forcing term 
appears in (9.9.20) in a way similar to that of the initial value, but can vary in time as 
well as in space. 

The equation for rj' that corresponds only to (7.2.13) is obtained by taking the 
divergence of (9.9.14), substituting for the divergence of velocity from (9.9.15) and for 
the vorticity from (9.9.20), The result can be written 


where 



(9.9.21) 


(9.9.22) 


and hence by (9.4.6) and (9.9.16), is given by 


dt gH\dt^ / \ P ) pgH dt\dx dy) pgH\dx dy) 

(9.9.23) 

Equation (9.9.21) can be called the forced shallow-water equation or the forced Klein- 
Gordon equation. It governs the behavior of small disturbances from an ocean of 
uniform depth when these disturbances are subject to forcing by one of the mechanisms 
discussed earlier. 


9.10 Baroclinic Response of the Ocean to Wind Forcing: 
Use of Normal Modes 


It was shown in Chapter 6 that the free-wave solutions for a shallow homogeneous 
sea of constant depth could also be applied to a stratified ocean of constant depth. 
This was first demonstrated for an ocean with two homogeneous layers of diflerent 
densities. In that case, following Stokes, it was shown that there exist two independent 
modes, each of which satisfies the shallow-water equations but with diflerent 
“equivalent depths.” Later the concept was extended to a continuously stratified 
ocean of constant depth for which a countable infinity of normal modes exist. For 
each of these, the shallow-water equations apply, but with a diflerent equivalent depth 
for each mode. Now it will be shown that the same technique can be used for forced 
motion, e.g., wind-driven motion. All that is required is to express the forcing function 
as an expansion in normal modes. 
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Take, for instance, Eq. (9.2.1), which can be written 

du/dt — fv = -po ^ dp'Idx + po ^ dX/dz, 

dv/dt + fu = —Po ^ Sp'Idy + po ^ bYjbz. (9.10.1) 

Each of the variables u, v, and p' can be expressed as an expansion in normal modes, 
as described in Sections 6.11 and 6.13, namely. 


00 

p' = Z y, t)P„iz), 

n = 0 
00 

(u, o) = Z y. 0. v„ix, y, t))p„iz)/pog. 

H = 0 


(9.10.2) 


This form is chosen to give the equivalent shallow-water equations for each mode. In 
the same spirit, the forcing term on the right-hand side of (9.10.1) can be written in the 


tvfiill OWW} w.g*, C4XI\1 \_.'l€4iA.W ^ i .7 / 


p \dX/dz,dY/dz) = Y, {X„{x,y,t),Y„{x,y,t))p„{z)lp^g. 

n= 0 

Then substitution of (9.10.2) and (9.10.3) in (9.10.1) gives for each mode 

-fK = -gdfijdx -I- X„, 
dvjdt +fu„ = -gdriJdy + F„, 


(9.10.3) 


(9.10.4) 


i.e., the same as (9,9.10) for a shallow homogeneous ocean, but with the forcing term 
represented in a more compact form. 

The vector quantity (X„, Y„) that appears as the forcing term in (9.10.4) can 
easily be calculated by using the orthogonality property (6.13.4) of the normal modes. 
Thus if(9.10.3) is multiplied by pj,z) and integrated over the depth, the result for X„ is 


A 1 

Pm 


dz = 


-H Po9 


\ dx ^ 

-H Po dz 


(9.10.5) 


and similarly for Y„. In particular, if the Boussinesq approximation is made so that 
Po is regarded as a constant and the approximate solution (6.11.19) that is a constant 
is used for the barotropic mode, then (9.10.5) gives 

Xo = g{X, - X,)/poH. (9.10.6) 


The quantities fj„ that appear in (9.10.2) have no particular meaning unless a 
normalization is chosen for p„, and this can be done to suit each particular case. For 
instance, if the main interest is in the surface elevation, one can normalize the p„ so that 


^„(0) = Po9 (9.10.7) 

for all n. It then follows from (9.10.2) that fi„ gives the contribution of mode n to the 
surface elevation. In particular, the forcing that gives the barotropic contribution is, 
after using the normalization (9,10,7) in (9.10.6), 

= (jr. - x^ypoH. 

This makes (9.10,4) the same as the vertically averaged equation (9.9.10). 


(9.10.8) 
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Estimation of X„ for the baroclinic modes requires knowledge of the way in 
which dX/dz varies with depth. If the formula (9,3.4) is deemed appropriate, i.e., if a 
linear variation of stress over the mixed layer is assumed, then (9.10,5) simplifies to 

. r pjdz ^ x^ 

" J-^ Pag 

and similarly for . The right-hand side involves the average of p„ over the mixed 
layer. For the first mode or two, this average is close to the surface value ^m(O), 
The expression for X„, can also be written in a style that mimics (9.10.8) in the 
absence of bottom friction, namely, 

{X., YJ = (X,. y.)/p„Wf, (9,10,10) 

where can be called the equivalent forcing depth for mode «i. For example, using 

tViA nn-wmalirmtinn (Q 10 7^ anA for iioimtorial 
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Pacific to be between 270 and 290 m. The forcing depth should not be confused with 
the ordinary equivalent depth, which is related to the wave speed by (6.11,14) and was 
found by Wunsch and Gill (1976) to be between 0.7 and 0.8 m for the first baroclinic 
mode in the equatorial Pacific. 

The equations for mode n are (9,10.4) and the continuity equation (6.11.13), namely, 




Pm dz 
Po 


(9.10.9) 


dfiJdt + H„{dujdx + dvjdy) = 0, (9.10.11) 


where H„ is the equivalent depth (not the forcing depth). This set of equations can be 
manipulated in the same fashion as that used at the end of Section 9.9 to produce the 
equivalent form of (9.9.21), namely. 


dx^ dy^ 
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(9.10.12) 


(9.10.13) 


The latter alternatives are based on (9.10.10) and (9.4.6). 

The above operations have been done for a continuously stratified fluid, but the 
same equations can be derived for the case of two superposed fluids of different 
density that was studied in Section 6.2. Making the Boussinesq approximation and 
adding wind effects as given by (9.3,4) with = Hi, the upper-layer equations 
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(6.2.3) become, in a rotating fluid, 
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(9.10.14) 

The lower-layer equations (6.2.7), with the Boussinesq approximation, are 
du 2 ldt -fv 2 = -gdt]ldx - g'dh/dx, dv 2 /dt + /uj = -gdt^ldy - g' dhidy, 

(9.10.15) 


where g' is reduced gravity (see Section 6.2), h is the upward displacement of the 
interface. Hi and //j are the undisturbed depths of the layers (subscript 1 refers to the 
upper layer and 2 to the lower layer), and («,-, 0 () are the horizontal velocity 
components in layer i. 

Subtracting (9.10.15) from (9.10.14) gives 

dQ/dt - fv = g'dh/dx + XJHi, dt/dt + fH = g'dh/dy + YJHi, (9.10.16) 
where 

(<!,£)) = (ui - Uj. t’l - Vz) (9.10.17) 


as defined by (6.3.4). These are the momentum equations for the baroclinic mode of 
the two-layer system, and they have the same form as (9.10.4). The equation equivalent 
to (9.10.11) is (6.3.5), and the result of eliminating H and v from (9.10.16) and (6.3.5) is 
[cf. (9.10.13)] 


dx^ dy^ gH^ J pg'Hi 1 dy J \ 5x 



-1 

g'Hi 



^E. 


(9.10.18) 


where the second form of the right-hand side follows from (9.4.4) and (9.4.6) and 
H^ is given by 

+ H2\ (9.10.19) 


Note that both the sign and the factor on the right-hand side of (9.10.18) are dififerent 
from those in (9.10.12) because (9.10.18) is an equation for interface displacement, 
whereas (9.10.12) gives the contribution to sea-level change (i.e., to dynamic height) 
of a given mode. 

The discrete modal analysis applied above to the two-layer system can be extended 
to a system with many homogeneous layers, an additional mode being acquired with 
the addition of each layer. The modes for a continuously stratified fluid can be 
obtained by a limiting procedure in which the depth of the layer goes to zero [see, 
e.g., Lighthill (1967)]. It is also interesting to consider the limit as 0 [cf. 

Lighthill (1967)] for the continuously stratified case, for in this limit, the condition 

w = We (9.10.20) 
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that the vertical velocity equals the Ekman pumping velocity becomes applicable at 
the surface z = 0. This is the same condition as the linearized one for topographic 
forcing, so the methods used in Chapters 6 and 8 are applicable, though they are 
rarely employed in oceanography problems. Similarly, the methods outlined in 
Yih’s (1980) book for flow over topography in stratified channel flow could be used. 


9.11 Response of the Ocean to a Moving Storm or Hurricane 


The sea is forced into motion by the atmospheric disturbances that move across it. 
For barotropic motion, effects of variation of the Coriolis parameter with latitude are 
important in the deep sea (these will be discussed later), whereas boundaries are 
important for shallow seas (their effects are discussed in Chapter 10). Hence the main 
application of the forced shallow-water equations in the absence of boundaries is to 
internal motion. For instance, Veronis (1956) and Pollard (1970) considered the 
response to disturbances of limited duration, whereas Leonov and Miropol’skiy 
(1973) considered resonantly excited waves. Reviews of mechanisms for internal wave 
generation have been given by Thorpe (1975) and Phillips (1977, Section 5.9). 

A particularly interesting case is the response of the ocean to a moving hurricane 
or depression. If this moves with fixed speed U, then ^ has the form 
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Solutions for an ocean initially at rest have been obtained by Crease (1956) for the 
case in which is a delta function of ^ and by Geisler (1970) for forcing by a hurricane 
of realistic planform. The general solution can be expressed as the sum of a particular 
solution and of transient free waves—just as in the Rossby adjustment problem 
studied in Chapter 7, The part that is peculiar to the forced problem is the particular 
solution, which can be taken as the solution for which r;' is a function of ^ and y only, 
and this section will be devoted solely to examining properties of this solution. This 
gives the form of response when transient effects have died away. 

The equation satisfied by fj„ when there is dependence only on ^ and y is, by 
(9.10.12) and (9.11.1), 







- ^ fin = ^ 


(9.11.2) 


where c„ = is the wave speed of the mode being studied. There is a different 

c„ for each mode, and hence a different equation, so evaluation of the full response 
requires solution of (9.11.2) for each mode and then summation of the contribution 
from each, as outlined in the previous section. Here, only the contribution from a 
particular mode will be considered, so the subscript n will be dropped. 

The nature of the solutions of (9.11.2) depends very much on whether the storm 
speed U exceeds the wave speed c or not. For a slow-moving disturbance (t/ < c), Eq. 
(9.11.2) is elliptic in character, whereas for a fast-moving disturbance (U > c), it is 
hyperbolic. The importance of the distinction, and the general nature of the solutions, 
can be demonstrated conveniently by considering a special case in which the wind is 
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Fig, 9.7. Response of the ocean to a moving two-dimensional storm. The wind stress V, is perpendicular to the 
path of the storm and varies with distance ^ along the storm track as shown in (b) if the vertical axis is taken as 
\l\i where Vq is the maximum value of the stress. The unit off is the Rossby radius c//, where c is the long gravity 
wave speed in the absence of rotation and I is the Coriolis parameter. The storm translates to the right at speed 
U and (a)-(c) show the response for different values of U: (a) U = (0.5)‘^^c, (b) U = c, and (c) U = (T5)*^^c. The unit 
for ri is cYoJpIgH^, where p is density, g is the acceleration due to gravity, and H^ is the equivalent forcing depth 
defined in the text. The response pattern is steady and moves with the storm. In case (a), the governing equation 
is elliptic and the response is confined to the neighborhood of the storm. In case (c), the governing equation is 
hyperbolic and lee waves appear behind the storm. Case (b) is the borderline case in which the response is the 
same as the forcing, (d) How the amplitude (same units as before) of the lee waves varies with the speed of trans¬ 
lation of the storm. Corresponding values of the ratio of wavenumber k of the forcing to the wavenumber kp of 
the free waves (and hence of the lee waves) are also shown. 


unidirectional and has the form (see Fig. 9.7b) 

a: = 0 y ^ jl"oSin/c^ if m\ < n, 
® ’ * 10 otherwise. 


(9.11.3) 


This corresponds to the wind blowing one way before the storm center has arrived, 
and blowing in the opposite direction after the storm center has passed. The forcing 
function for this case is, by (9.10.13), 

^ = \-(fyo/P 9 H^V)sink^ if |/c^| < n, ^ ^ 

|0 otherwise. 
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For slow-moving disturbances, when (9.11.2) is elliptic, the solution decays 
exponentially with distance from the disturbance, and is given by 


{ r{sin/c^ + /caFexp(-7i//Mjp)sinh{(^/ap)} if |/c^| < n, 
rkop sinh(7t//cap) exp(- \^\la^) sgn(f) otherwise, 


where 


C^Yn 


r = 


c^fYo 


pgH^fUil + k^aj) pgH^V[p + - t/^)] 

is a measure of the response amplitude, and Up, which is given by 

al = (c^ - U^)/ f\ 


(9.11.5) 


(9.11.6) 


(9.11.7) 


is a modified form of the Rossby radius. If /cap is small, i.e., if the storm is large or its 
speed is close to that of c, the solution has almost the same shape as that of the forcing 
and is given approximately by 

tj = = c^YJpgH^fU, (9.11.8) 

This effect may be seen in Fig. 9.7, which shows the response to a storm of fixed size 
(given by k = fjc) for different speeds of the storm. In case (a), = 0.5c^, which 

implies /c‘ap = 0.5, and the response looks like a “spread-out” form of the forcing. 
In case (b), U = c, i.e., the storm is moving at the long gravity wave speed (or short 
Poincare wave speed) c and the response has the same shape as that of the forcing. 

Another interesting limit is the one for which the storm speed U tends to zero. 
As U gets smaller, the shape of the response does not change much (it looks similar to 
that shown in Fig. 9.7a), but the amplitude tends to infinity as \/U. If the forcing 
is not moving ((/ = 0), a different approach is needed because Ekman pumping 
continues at a fixed rate at each place, and therefore a disturbance can build up 
linearly in time. This type of response is considered in Section 9.14. 

For the more usual situation of a fast-moving disturbance (V > c), Eq. (9.11,2) is 
hyperbolic in character, and therefore the homogeneous equation has sinusoidal 
rather than exponential solutions. The boundary condition at infinity is now a 
radiation condition, namely, that no waves appear ahead of the disturbance. This is 
because the maximum group velocity of a Poincare wave is c, so none can propagate 
ahead of the disturbance. The solution is therefore given by 


t \j lui A-i, /t, 

r{sin/c(/c~^7t - ^)-(/c//cp)sin/cp(/c~^7r - ^)} for \k^\ < n, (9.11.9) 
-2r(/c//cp)sin(7t/cp//c)cos/cp^ for k^ < — it, 

where kp is the wavenumber of the Poincare wave that has the same phase speed as 
the disturbance and is given by 

(Ukp)^ =/2 +(kpc)^ (9.11.10) 

i.e., by 

kl = pliV^ - c^l 
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The amplitude factor r is given by (9.11.6), which can also be written 

r = c^YJpgH^fUil - k^lkl), (9.11.11) 

The solution looks dramatically different from the solution for a slow-moving 
disturbance because of the train of lee waves behind. For example, for the case k = f Ic. 
Fig. 9.7c shows what the response is like when = 1.5c^. The frequency of the lee 
waves relative to a fixed observer is given by 

0)2 = ((;/cp)2 = /2(;2/((;2 _ c^) (9.11.12) 

by (9.11.10) and is close to the inertial frequency if U » c. The amplitude 
|2r(/c/kp) sin(7rkp/k)| of the lee waves is shown as a function of U/c (or k/k^) in 
Fig. 9.7d. The lee waves are insignificant if k/k^ is either small or large, but 
are prominent when k/kp is near unity. 

If the free waves have the same wavenumber as that of the storm (k = kp), then r 
is infinite by (9.11.6) and (9.11.10), i.e., there is a type of resonance. The response, 
however, is not infinite because of the finite duration of the storm, and the solution is 


V 


0 

• -(c^Yo/2pgH^/U){(k^ - n)cosk^ - sink^] 
(nc 2 Yq/ pgH^f V ) cos k^ 


for k^ > n. 

for |k^|<7r, (9.11.13) 

for k^ < —n. 


This can be obtained either by solving (9.11.2) directly or by taking the limiting form 
of (9.11.9) as kp -*■ k. For a more general forcing involving a range of wavenumbers, 
there is a tendency for the part of the solution that corresponds to k = kp to be 
prominent because of the resonance. 

The above solutions give a good idea of the baroclinic response characteristics 
that might be expected to result from the passage of a hurricane across the ocean. 
Their speed of translation is normally much greater (say three times) than that of the 
first baroclinic mode (for which c is about 2ms~'\ say), so a train of lee waves behind 
the storm would be expected. The scale k"‘ of a hurricane is normally much greater 
(say, three times) than that of the Rossby radius c/f, but the ratio 


(k/kp)^ = k2((;2 - c^)//2 « (kV/fY 


(9.11.14) 


is usually of order unity. This implies prominent lee waves with wavenumber kp near 
//[7 by (9.11.10), and frequency near inertial by (9,11.12). Such waves can be seen, for 
instance, in the numerical solution of Price (1981), shown in Fig. 9.8a. This is a 
simulation of the vertical velocity pattern associated with Hurricane Eioise (1975), 
which passed directly over a data buoy in the Gulf of Mexico, and so its structure is 
relatively well known. Figure 9.8c shows a comparison of the predicted lee-wave 
pattern (cf. Fig. 9,7c) and that which was observed at the buoy. 

There is, however, another important effect due to the component of the stress 
parallel to the storm track. This causes an Ekman transport away from the path of 
the storm center, resulting in horizontal displacements of particles in the surface 
layers that can amount to some tens of kilometers in the case of a hurricane. As a 
consequence, water near the axis of the storm is upwelled, possibly by some tens 
of meters. 
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(b) 

Fig.9A (a) Result of a numerical model calculation of the vertical pumping velocity at the base of the mixed 
layer due to the passage of Hurricane Eloise. The stress pattern was based on wind measurements at a buoy that 
the hurricane passed over, and uniform translation at a speed of B.5 m s”’ was assumed. The initial density struc¬ 
ture in the ocean was based on observations during the week preceding the storm. The contour interval is 2 x 10”^ 
m s"', negative values (dashed line contours) indicating upward motion. (From Price Fig. 18b).l (b) Comparison 
of the predicted upwelling (dashed line) with that (solid line) observed at the buoy. [From Price (1961, Fig. 22).I 


The effect of this upwelling can be calculated by techniques similar to those used 
in Chapter 7 to calculate the response at large times for the Rossby adjustment 
problem. In the present case, the task is to calculate the solution for large t, i.e., by 
(9.11.1), for large negative ^. For such values (9.10.13) implies that 




Piliy) ^ 

flj/f ey V 


as i — (9.11.15) 
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where is the total vertical Ekman displacement due to passage of the storm. The 
solution t} for ^ large and negative can be expressed as the sum of a particular solution 
'7<x>(>')t which is a function of^' only, plus lee waves. The particular solution satisfies, 
by (9.11.2), the equation 

(9.11.16) 

and since, for hurricanes, the scale is normally large compared with the Rossby radius, 
the approximate solution is 

rjao = (9.11.17) 

An example for which a solution is easily calculated is that of a circular storm with 
tangential stress t given by 

T = Tjr/L)exp{i - (9.11.18) 

r being the radial coordinate, the maximum stress, and L the radius at which the 
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Fig. 9.9. (a) Two BB' and CC, showing isopycnais as observed a few days after the passage of a hurri¬ 

cane across the Cuff of Mexico. The sectiom are approximately rwrmal to the storm track and the position where 
the eye of the hurricane crossed each section is shown. The hurricane-induced upwelling is clearly shown, (b) The 
section CC' as observed the following summer when no hurricane effect was present. IFrom Leipper (1967. Fig. Ml.l 
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Fig. 9.9. (condnued) 


maximum stress occurs. In this case, (9.11.15) can be integrated to give 




= (2ny'-{xjpj iy)(i - [y/Lri exp(i - ^Ky/Ly], 


(9.11.19) 


the maximum value being approximately AT^/pfU at y = 0. If is 3 N m'^, / is 
5 X 10"® s"‘ and [/ is 6 m s"\ a value of 40 m for the total upwelling during the 
passage of the hurricane is obtained. The corresponding value of rj^^, the change in 
dynamic height contributed by the «th mode, is times ti%, typically about 

^^/500 for the first mode. This gives 8 dynamic centimeters when is 40 m. 

Such effects were observed by Leipper (1967) soon after the passage of a hurricane. 
Sections across the path of the hurricane, shown in Fig. 9.9, indicate upwelling due to 
the hurricane by amounts of 50 m or more. The corresponding dynamic topography 
had a low near the hurricane path, as expected, with variations normal to the path of 
several tens of centimeters. This corresponded to currents of around 0.5 m s~ 
which were forcibly brought to attention during the cruise because a section across 
the storm path that was meant to be straight since it was on a fixed compass bearing, 
was found to be curved considerably because of the strong currents parallel to the 
storm path! Other examples are discussed by Price (1981). 

In practice, the linear theory described above is inadequate for calculating details 
of the effect of a hurricane for two reasons. One is that hurricane effects are so large 
that nonlinear terms cannot be ignored in the equations. The second is that thermal 
effects are important. In fact [see Gray (1979)], hurricanes are maintained by the 
energy they extract from the heat available in the ocean, so thermal effects are of great 
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importance. Not only is heat removed from the ocean by the hurricane, but it is 
redistributed within the ocean by the stirring action of the storm in addition to 
advective effects. All these processes contribute to the isopycnal field seen in Fig. 9.9. 
Price (1981) and Greatbatch(1982) have developed models that include both mechan¬ 
ical and thermal effects. These show lee waves, upwelling behind the storm, removal 
of heat from the ocean, and effects of mixed-layer deepening due to stirring by 
the storm. 


9.12 Spin-Down by Bottom Friction 


If a strongly rotating fluid is perturbed and the force causing the perturbation is 
not maintained, the fluid adjusts to a geostrophic equilibrium in which pressure 
gradients are balanced by Coriolis accelerations associated with steady flow along the 
isobars. If, however, this flow extends to the bottom, frictional stresses will be exerted 
on the bottom, Ekman layers (see Section 9.2) will be established, and energy will be 
removed from the flow. Thus a geostrophic equilibrium, unless it is forcibly main¬ 
tained, will not be of permanent duration, and the fluid will “spin down” under the 
action of bottom friction. 

The process is most easily considered in a homogeneous laminar shallow fluid 
whose motion is governed by (9.9.21). In the absence of other forcing, the right-hand 
side ^ is determined by bottom friction, the forcing displacement in (9.9.22) being 
the Ekman displacement It will be assumed that the time scale on which bottom 
friction acts is large compared with so that (9.9.22) can be approximated by 

d^/dt = -{pigH)dnjdt = -(/V0f^K, (9.12.1) 

use being made of the deflnition (9.4.4). For laminar flow, is given by (9.6.5), and 
for a shallow homogeneous fluid, the perturbation pressure is pgtj, so (9.12.1) becomes 

d^/dt = -b (9.12.2) 


Substituting in the time derivative of (9.9.21), again using the assumption that 
dpt « /, the result is 


dt\dx^ dy^ gH ^ \ \2) dy^ 


(9.12.3) 


Note that the equation involves ?/' rather than rj because the rest state corresponds to 
r]', not rj, being constant. 

For a sinusoidal disturbance of wavenumber k, this equation becomes 


iP -I- K^c^)dt]'ldt = -(jfv)^'^gPr}\ 
showing that disturbances decay with time on a time scale 

fspin=(l +/>V)//(i/v)-‘/^ 


(9.12.4) 


(9.12.5) 

.!a 1 _ _ 

/iin me 

Rossby radius a = c//, the spin-down time is independent of wavenumber and is 


called the spin-up (or spin-down) time. If the scale k * is small compared with the 
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given by 

This is the value appropriate for a homogeneous fluid with a rigid lid (making a = oo), 
which was discussed by Greenspan (1968). [Note: If the flow is turbulent, a suitable 
value of eddy viscosity can be estimated from (9.6.6), resulting in the formula 

(9.12.7) 

where Cu, is the drag coefficient and u^y is an average value of the velocity outside the 
boundary layer. It should be borne in mind, however, that this is an attempt to 
estimate effects of a nonlinear process using a linear formulation. A more suitable 
formulation for this case is to use the vertically averaged equations (9.9.10) with the 
bottom stress estimated from the turbulent drag formula (9.5.1).] 

In the opposite extreme, in which the scale is large compared with the Rossby 
radius, (9.12.3) can be approximated by 

dri'/dt - K^{d\ldx^ + d^ri'ldy^) = 0, (9.12.8) 

i.e., by a diffusion equation with a diffusivity k^, due to Ekman boundary-layer 
spin-down, given by 

iCe = (9.12.9) 

In this case, the free surface moves toward equilibrium as if it were controlled by a 
diffusion process. [Note: A similar result applies to spin-down by viscous effects in 
the interior, for they act on the density field like a horizontal diffusivity of magnitude 
vjy 2 /y 2 . ggg Qjji ( 1981 ); Garrett and Loder (1981).] 

Another way of incorporating friction is through the vertically averaged equations 
(9.9.10) with the bottom stress given by (9.6.4). Using also the fact that r « /, these give 

du/dt — fv = —gdrjidx — ru, dv/dt fu = —gdrj/dy — rv, (9.12,10) 

where 

>' = (i/v)‘'VW (9.12.11) 

is the inverse of the spin-down time for scales small compared with the Rossby 
radius. If v is eliminated from (9.12.10), the result is 

(r + d/dt)^u -1- f^u = ~fgdr}/dy — (r + d/dt)g drjidx. (9.12.12) 

For slow adjustment (d/dt « f) with weak friction (r « /), the motion is quasi- 
geostrophic (see Section 8.16), i.e,, to the first approximation the flow is geostrophic, 
but to determine the vertical motion, it is necessary to consider the next approximation 
to the momentum equations. In other words, (9,12.12) is approximated by [cf. 
Hesselberg (1915)] 


u = -f~^g drj/dy - f \r + d/dt)g dtj/dx. 


«1 


v 


f ^ n ^91 V 
j a '^•11 


J V' 


''l ''-in “■!/ ''J' 


(9.12.13) 


The geostrophic term does not contribute to the divergence, which comes solely from 
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the isallobaric and the bottom friction terms, i.e., 

du/dx + dv/dy = —f'\r + djdt)g{d^r]ldx^ + d^^jdy^), (9.12.14) 

The time derivative on the right-hand side dominates if the time scale is short 
compared with the fractional time scale; otherwise the Ekman divergence term dom¬ 
inates. In other words, isallobaric terms dominate over frictional convergence if the 
time scale is short compared with the spin-down time. The reverse is true if the time 
scale is long. The importance of convergence is its connection with surface elevation 
through the continuity equation (5.6.6). If this is combined with (9.12.14), the governing 
equation (9.12.3) is recovered. 

For motion that is not barotropic, bottom friction can be calculated from bottom 
currents, as described in Sections 9.5 and 9.6, but these are no longer uniquely related 
to the currents in the rest of the fluid, except in special circumstances for which, for 
instance, nearly all of the energy might be in a particular mode. In such a case, the 
energy equation is useful for calculating the spin-down time. For an incompressible 
fluid, the quasi-geostrophic equations that govern the motion are (8.16.7) and (8.16.12). 
If the first equation of (8.16.7) is multiplied by ^p'fdx^ the second is multiplied by 
Sp'I (8.16.12) is multiplied by dp‘/dzlN^, and the results arc added, the equation 


dx 




dt 







(9.12.15) 


is obtained, use being made of the incompressibility condition (4.10.12). The 
expression on the left-hand side is the divergence of the energy flux density [given by 
(8.6.7)], whereas the expression in curly brackets is the quasi-geostrophic form 
[cf. (8.6.1)] of the energy density. 

Integrating (9.12.15) vertically over the depth and averaging horizontally over a 
wavelength, (9.12,15) becomes 


dt 


+(JT)+j' (I^Y =[«-?'] - (9-' 2-16) 


tlvA W An fl«A oii^A i^AtmAfAC fl^A iraliiA at tl^A ^\/^ttAm aI* ttiA 

WliWV lliV L/ iliw 1 OlUV kAWAlWI.W«J tliv ?»AUW UA mw wi WAXW 

region considered. This can be taken to be just outside the boundary layer, so that w,, 
is equal to the Ekman pumping velocity given by (9.6.5). Thus 


b» 


and so (9.12.16) becomes 

1 r f 








dz 


(9.12.18) 
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which is the quasi-geostrophic energy equation with bottom friction included. 
It follows from (9.12,18) that if the motion is periodic in the horizontal and has the 
separable modal form given by (6,11.5), then the spin-down time 2f.pin for energy 
(being quadratic in p', it is twice the value for p' itself) is given by 


(2t.pi„r‘ = / 




^ (9.12.19) 


where Kh is the horizontal wavenumber. For the particular case of an ocean with 
constant buoyancy frequency N, for which p is proportional to cos(n;t 2 //f), (9.12,19) 
gives 


t.pin = (9.12.20) 

where a is the Rossby radius for the first baroclinic mode. Thus if the scale is small 
compared with the baroclinic Rossby radius, the spin-down time is half that of the 
barotropic mode. If the scale is large, on the other hand, the spin-down time can be 
very much longer. 


9.13 Buoyancy Forcing 


The ocean-atmosphere system is driven by radiation from the sun (see Chapter I), 
which produces internal sources of heat within the ocean—atmosphere system. The 
problem of calculating the rate of heating can be quite involved, but a lot can be 
learned about the ejffects of this heating if the rate of heating is assumed to be known. 
The equation for changes of internal energy or of temperature produced by such a heat 
source is derived in Section 4.4 and restated in Section 4,l0. In the absence of diffusion, 
the equation for the effect of heating on density is obtained by combining (4.10.3) 
and (4.10,4) with (4.10,7), the result being 

Dp/Dt - c;^ Dp/Dt = -g-^B,, (9.13.1) 

where c, is the speed of sound, and the rate of change of buoyancy per unit volume, 
is given by 

Here Q is the rate of heating per unit volume, which can include effects of latent heat 
release [see (4.4,9)]; V • F"** is the divergence of the radiative heat flux; T is temper- 
ture; 6 is potential temperature; Cp is the specific heat calculated at the reference 
pressure used in the definition of potential temperature; and a' (see Section 3.7) is 
the expansion coefficient with respect to potential temperature. For an ideal 
atmosphere, Cp is a constant and 

a' = 0-‘. (9.13.3) 

The dynamic effects of the heating come through the effect of gravitational forces 
when there are variations in density, and this is why the equation is given in the above 
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form. The buoyancy of any given mass m of fluid can be defined as the negative of its 
weight mg. The absolute value is not of importance, but variations are. 

As an example, Fig. 9.10 shows an estimate for the atmosphere of the diabatic 
heating rate(Q — V * F“‘^)/Cp, which is proportional to It should be borne in mind 
that this heating rate is not the same as it would be in a resting atmosphere, since the 
motion produced by the heating alters the distribution of the heating, which in turn 
affects the motion, and so on. 

For small perturbations from a state of rest, the procedure outlined in Section 6.14 
may be used, the only difference being that (6.14.1) is replaced by (9.13.1), i.e., is 
modified by the addition of a forcing term. Consequently, the perturbation equation 
(6.14.3) is also modified by the addition of a forcing term, and it now takes the form 

gd{p' - c~^p')ldt - poN^w = -5', (9.13.4) 


where B' is the perturbation value of the rate of change of buoyancy per unit volume. 

When the horizontal scale iS large compared with the vertical scale^ the hydrostatic 
approximation can be used, and when the upper and lower boundary surfaces 
(if present) are horizontal, a normal-mode expansion can be used. The forcing term 
Bj can also be expanded in normal modes, so again the forced shallow-water equations 
are obtained. The details depend on whether the fluid is incompressible (as in Section 
6.11) or not; if it is compressible, the details then depend on whether height is used as 
the vertical coordinate (as in Section 6.14) or whether isobaric coordinates are used 
(as in Section 6.17). 

me iiieuiiipiesaiuic ease = uuj is me iiiusi siiai^iiiiui waiu* ii me ii^uiusiaiie 

equation (6.11.2) is used in (9.13.4), it becomes in this case 


d^p'/dz dt -t- poN^w = B;. (9.13.5) 

If the expansions (6.13.1) are now applied (for a semi-infinite atmosphere, the sums 
would be replaced by integrals), and the expansion for B' is written in the form 


PoN%(z)E„(x,y,t). (9.13.6) 

0 

The result, which takes the place of (6.11.8), is 

w„ = dm + E„ (9,13.7) 

use having been made of (6.11.7). This equation can be used in conjunction with 
(6.11.9) to give the forced shallow-water equations. Alternatively, the form (9.9.15) of 
forced equations is obtained by combining (9.13.7) with the modal form of the incom¬ 
pressibility condition (6.4.3). Substitution of the modal expansions (9.10.2) for 
(u, u) and (6.13.1) for w then gives 

w„ -H H„(dujdx + dvjdy) = 0, (9.13.8) 

which can be compared with (6.11.13). Now (9.13.7) and (9.13.8) combine to give 

dfjjdt -I- H„{dujdx -l- dv„ldy) = -drjUdt, (9.13.9) 
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i.e., equation (9.9.15) but with the forcing displacement given by 

r,:=h,dt. (9.13.10) 

The compressible case leads to exactly the same equations, and derivation is left 
to the reader. If isobaric coordinates are used, the appropriate form of expansion, or 
integral, for B ', has contributions from each mode of the form 

b ; = >.,(). (9.13.11) 

As with the wind forcing, the quantities B„ can readily be calculated by using the 
orthogonality properties of the modes. 

The description in terms of normal modes is not always the most convenient 
method of dealing with problems, and sometimes it is more useful to consider the 
full set of equations, which can be reduced to a pair of equations involving only w 
and p' (or and <!>"). In the incompressible case, the equation for the horizontal 
divergence, which can be derived from the horizontal momentum equations, is 
(8.4.8), namely, 


dt^ ^ ) dz po 5r )' 


(9.13.12) 


and this can be combined with (9.13.5) to give an equation for w or p' alone. For 
instance, the equation for the pressure perturbation is 




^ ( 1 /a2~' 

+ ^,..2 


at \po\5x^ 


/ ri2 \ n / I / ;?2 \ ;^ / O' \ 




(9.13.13) 

This equation can be compared with (8.16.13), derived for slow unforced flow. 

The equation equivalent to (9.13.12) for the compressible case is [cf. (6.17.19)] 


,ai" . 




w,. 


d 




2rf.»N 


+ 




HJ dt\dx^ dy^ 


whereas the equivalent of (9.13.5) [cf. (6.17.23)] is 

N~^ d^^vldz^dt + 

The combination of the latter two equations results in 

a ^ \ _a_ 

dt [ dx^ dy^ J dz^\ Nl dz^ j) 


(9.13.14) 


(9.13.15) 



(9.13.16) 
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9.14 Response to Stationary Forcing; A Barotropic Example 


When the forcing is stationary rather than moving, the response grows with time 
until friction or some other equilibrating mechanism comes into operation. Partic¬ 
ularly simple solutions can be found when there is a suitable symmetry, such as 
dependence only on distance r from a fixed point or dependence only on distance y 
from a fixed line. These solutions correspond to a flow that is always close to a state of 
geostrophic equilibrium, but the equilibrium keeps changing with time because of 
the forcing. This progression through a series of geostrophic equilibria is typical of 
the slower adjustment processes in the ocean and atmosphere, and therefore of 
great importance. 

An early example of this type of adjustment was the calculation by Hough (1897) 
of the barotropic response of the ocean to evaporation/precipitation differences that 
are a function of latitude only. His calculations were for motion on a sphere, but can 
be illustrated by the simple case of flow on an /-plane with forcing a function only of y. 
Then (9.9.14) and (9.9.15) have a simple solution for which the adjusted sea level tj' 
and the zonal velocity u change linearly with time, but the meridional velocity v is 
independent of time. Thus (9.9.14) and (9.9.15) reduce to 

du/dt = fv, (9.14.1) 

fu=-gdtjjBy, (9.14.2) 

drj/dt + H dv/dy = — dri^/dt = (P — E)/p. (9.14.3) 


The subscript p can be dropped because there is no wind effect and the prime can be 
dropped because there is no pressure forcing. For this solution, (9.14.2) shows that 
there is an exact geostrophic balance for the zonal-flow component, which is the 
dominant one because it continually increases with time, but the meridional 
comr>onent is not in geostronhic balance with a pressure gradient. 

If V and u are eliminated from Eq. (9.14.1)-(9.14.3) the result is 


tj - d^rjldy^ = = p ‘(F - E)t, (9.14.4) 


where a is the Rossby radius equal to Suppose, for instance, that 

evaporation occurs over a strip of ocean given by |y| < L, i.e., that 





for |y| < L, 
otherwise. 


(9.14.5) 


The solution is simply given by 

_ | —cosh y/u) for jy] < L, 

^ | —p“'£o^sinh(L/a)e“'*'^* for |y| > L, 


and is illustrated in Fig. 9.11. Where there is evaporation, the surface is lowered 
because of the removal of water, and this effect is spread out by the adjustment process 
over a distance of the order of the Rossby radius. The surface continues to fall at a 
uniform rate. A geostrophic zonal current (i.e., with low pressure to the left in the 
northern hemisphere) results, as given by (9.14.2), but there is also a meridional 
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The diagram shows the result of uniform evaporation over a strip of ocean of half-width equal to (a) j, (b) 1, and 
(c) 2 Rossby radii, the total rate of evaporation being the same in each case. The upper part of each section shows 
the negative of the evaporation rate, whereas the lower part shows the rate of change of surface elevation, which 
also represents the surface configuration at a given time. There is a current normal to the section that is in geo- 
strophic equilibrium with the surface slope and that increases in proportion with time. In addition there is an 
isallobaric current whose strength is represented by the arrows. This current does not change with time. 


current which, by (9.14.1) and (9.14.2), is given by 

V = — gf~^ d^t]l3y dt, (9.14.7) 


i.e., is an isallobaric current (see Section 8.16) flowing toward low pressure (since this 
is also a low in the rate of change of pressure). 

An interesting limiting case is that in which the strip over which the evaporation 
takes place has half-width L small compared with the Rossby radius a. If £, = 2EqL 
is the rate of evaporation per unit length of the strip, then (9.14.4) becomes, in the limit 
as Lja —► 0, 


3 

Jt 





-p ^Eid(y), 


(9.14.8) 


where 6 is the Kronecker delta function and the right-hand side has the required 

_ C /a II iQ 1 /I ifciAll* tCk m ^ 

ixiiwgiai — U] / ^ uvbi liiw wiEwiw y ix i~t.u^ iiowxi la ixiiwgxcxi.vw «xwi v^aa ixiw an 

a condition on the discontinuity [5»7/5y] in the derivative of tj results, namely, 



(9.14.9) 


since the integral of rj across the strip vanishes in the limit as Lja -► 0. Thus t] must be 
such that the left-hand side of (9.14.8) is zero away from the strip, must vanish as 
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|)'| -► 00 , and must satisfy (9.14.9). In other words, the solution is 

tj = - (9.14.10) 

and this is the limiting form of (9.14.6) as required. Note that (9.14.9) implies, by 
(9.14.2), a discontinuity in velocity across the strip. In other words, the concentrated 
sink of mass produces a worfex sheet. Figure 9.1 la shows a case that is close to this limit. 


9.15 A Forced Baroctinic Vortex 

The solution found in Section 9.14 was an example of motion produced by 
stationary forcing when only one mode, the barotropic mode, was present. These 
solutions, however, can easily be generalized to give solutions for baroclinic forced 
motion, as will be demonstrated shortly. 

The problem of slow forcing of baroclinic motion was considered by Eliassen (1952) 
in a paper entitled “Slow thermally or frictionally controlled meridional circulation 
in a circular vortex." He considered the particular case for which heat sources and 
sinks (and sources of angular momentum) are arranged symmetrically about an axis. 
He had particularly in mind the case for which this axis is the axis of the earth, so that 
the “vortex" is then a zonal flow and the rising motion due to heating generates a 
meridional circulation. The model can then be used to discuss the general circulation 
of the atmosphere. The ideas can, however, also be applied to smaller-scale 
phenomena such as hurricanelike vortices in a uniformly rotating fluid (/-plane). 

By “slow” forcing, Eliassen (1952, p. 23) had in mind the following: 

We shall simplify the problem by assuming the sources of heat and angular 
momentum to be weak, and to change so slowly with time, that resonance 
phenomena will not occur. The resulting meridional currents may then be 
considered as being so slow that the accelerations due to these currents are small 
compared to the centripetal accelerations. The vortex will be very close to the 
state of balance all the time, so that we may apply the quasi-static approximation: 
we assume the vortex to be in the state of balance at all times, and determine the 
meridional motion necessary to maintain this balance. We shall see that the 
requirement of the maintenance of the balance is sufficient to determine the 
meridional motion uniquely. 

Eliassen (1952) went on to derive the general equation for this sort of motion, and 
found particular solutions for point sources of heat (or of angular momentum). The 
theory is further discussed by Charney (1973). In this section, solutions will be con¬ 
structed for small perturbations from a state of rest of a uniformly rotating incom¬ 
pressible fluid of constant buoyancy frequency N for circumstances in which the 
Boussinesq approximation can be made. The equation to be solved is (9.13.13), and 
the method is to generalize solutions obtained in the last section to baroclinic motion 
by the device of superposition of modes, as discussed in Section 9.10. 

The example chosen is one in which the forcing is by a buoyancy force concentrated 
in a narrow region of the atmosphere. Such forcing occurs, for instance, by latent heat 
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release in the inner portion of a hurricane. This corresponds to forcing that is con¬ 
centrated around a vertical line, and consequently solutions with axial symmetry can 
be obtained. However, for illustrative purposes, it is more convenient to take the case 
with forcing concentrated at a plane y = 0 since simpler functions are involved, 
whereas the character of the solution is not very different from the axisymmetric case. 

Since N is constant, the normal modes are sinusoids (6.11.21) and their 
superposition has the form of a Fourier integral such as (6.12.4). Consequently, it is 
annrooriale to exnress the huovancv forcinc as a Fourier integral as well, and the 

—-"— — -j---^- ^ -0 —”■ ~ ---D-- -' -- 

general form, when this forcing is concentrated along a line y = 0, is 


Bg = BoCm) sin mz dm. (9.15.1) 

The corresponding form of the response [cf. (6.11.21) and (6.12.2)] is 

/•co 


p'(y, 2>t) 


; m) cos mz dm. 


(9.15.2) 


Jo 

and substitution of this in the governing equation (9.13.13) leads [cf. (9.10.12)] to the 
corresponding equation for a single mode, namely (when d/dt « /), 


d /d^fj f^m^ 

It V ~ 


Bo(m)S(y). 


(9.15.3) 


The form of forcing has been chosen deliberately to give this the same form as (9.14.8) 
and thus the solution has the same form as that of (9.14.10)! This can be substituted 
in (9.15.2), therefore, to give the general baroclinic solution for flow forced by a source 
of buoyancy concentrated along the line y = 0, namely, 


p'= —-N 'ft iiQ(m)e\p(—fm\y\/N) cos mz dm. (9.15.4) 

2 Jo 


XU 

1 iiw auiuiiL/ii la pai tiwuiai 1 j aiiii|,/iw iv/i avjiiw apwwiai M^Qyrn/ u.i 3 


[cf. (6.12.5)] 


Bo = 2fl,Dexp(-wD), (9.15.5) 

which corresponds to the case for which 

B' = d(y)2BiDzl(D^ + z"). (9.15.6) 


This has maximum buoyancy force at height z = D, and the solution (9.15.4) in this 
case is given by 


ft B,D{P ^f\y\tN) 
N(D +/|y|/N)^ -h z^ 


(9.15.7) 


The solution is illustrated in Fig. 9.12 and can be described as follows. The delta 
function in (9.15.6) can be interpreted as a concentration of the buoyancy force in a 
region of small horizontal extent, in which the vertical motion will be very large, and 



364 


9 Forced Motion 


I/D 



fig. 9.12. Solution for a buoyancy source concentrated near the y axis. The buoyancy force on the axis varies 
with height, increasing from zero at the ground to a maximum at z = D (where the dashed line labeled 0 intersects 
the z axis) and then falls off toward zero as z-^oo, The upward motion along the axis is in proportion with the 
buoyancy force. The compensating downward flow away from the axis is slow and steady and is a potential flow 
in a suitably scaled coordinate system. The descending air warms at a steady rate, causing the pressure to fall 
at a steady rate. The motion toward the axis is an isaliobaric wind in balance with the falling pressure. In flowing 
toward the axis, the fluid acquires momentum normal to the page at a steady rate, contours at a given time being 
marked by dashed lines. The minus sign corresponds to cyclonic rotation relative to the z axis. In the notation 
used in the text, the unit used for the stream function is B,/N^ and that used for the x component of velocity is 


therefore (9.13.5) is approximated by 

PoN^w = (9.15.8) 

In other words, the vertical motion is proportional to the buoyancy force, and 
therefore the vertical mass flux in the narrow region can be precisely calculated; 
consequently, the inflow necessary to maintain the given updraft is also known, and 
this sets a condition on the flow outside the narrow region in which the forcing is 
concentrated. 

In the outer domain, there is no forcing and p' is proportional to time, so (9.13.13) 
reduces to the potential flow equation 

ey/dy^ + dy/dzl = 0 (9.15.9) 

if the stretched coordinate Zg defined by (8.8.25) is used. The potential flow solution is 
uniquely determined by the requirements of given inflow along y = 0, no flow across 
2 = 0, and decay as y -► oo . The solution is the one illustrated in Fig. 9.12 and happens 
to be the same as that for a point source, but with the source located outside the region 
of physical interest. 
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The flow in the y, z plane can be represented in terms of a stream function i/r, 
whose existence follows from the incompressibility condition. The relationships 
between p' and tj/ follow from (9.13.5) and an equation equivalent to (9.14.7), namely, 


dij//dy = PqW = N — N ^ d^p'jdz dt, 
Bif//dz = —poV = d^p'ldydt. 

It follows that the solution for tj/ that corresponds to (9.15.7) is 

_ (B 1 Dz/N^) sgn y 
(D+f\y\/N)^ + z^' 


(9.15.10) 


(9.15.11) 


Thus buoyancy drives the fluid upward in the central region and produces a steady 
circulation in the y, z plane, as given by (9.15.11). This circulation displaces surfaces of 
constant potential temperature downward outside the central core, i.e., at any given 
point the air is subsiding and warming up at a constant rate. As a result of this warming 
the pressure falls at a constant rate, as given by (9.15.7). The wind toward the central 
region is an isallobaric wind, but is not caused by the dropping of the pressure. Rather, 
it is part of the circulation driven by the buoyancy force, and it is this circulation that 
causes the pressure to drop! 

Associated with the pressure gradient thus produced are winds normal to the 
plane of symmetry that, because of the form of the solutions, are always in balance 
with the pressure gradient. Thus the solution that corresponds to “slow” adjustment, 
as Eliassen envisaged, happens to be an exact solution in this case. Contours of u are 
shown by dashed lines in Fig. 9.12 and are quite like those for the swirl velocity in a 
hurricane, with values increasing toward the center and hence reaching a maximum 
just outside the core region. 

In fact, solutions for buoyancy forcing concentrated along an axis r = 0 look to be 
similar to that shown in Fig. 9.12 if the streamlines are interpreted as those for flow in 
the vertical plane through the axis and if the dashed lines are interpreted as those of 
swirl velocity (with negative values corresponding to cyclonic rotation). There is 
strong cyclonic rotation near the ground, with greatest intensity near the center of 
the storm, whereas there is a weaker anticyclonic rotation aloft. In the ax {symmetric 
case, this rotation can be explained by the conservation of angular momentum principle. 
Each ring of fluid has angular momentum even when at rest because of the rotation 
of the whole medium. If the ring contracts through motion toward the center, the 
absolute angular velocity of the ring increases in order to conserve angular mo¬ 
mentum. Thus the ring acquires cyclonic relative rotation. This can be seen in Fig. 
9.12, in which cyclonic rotation is found whenever the motion is toward the center and 
anticyclonic motion is found whenever the motion is outward. 

Information that is obtained by combining observations from large numbers of 
tropical storms and hurricanes shows many features in common with those of the 
above solution. For instance, the inflow [see Gray (1979)] toward the storm center 
proceeds at a fairly constant rate throughout the development stages of the hurricane. 
The average rate of convergence in the region up to a radius of 600 km is found to have 
a fairly uniform value of about 5x 10"^s“^uptoa level of 400 mbar. A picture of 
this circulation in the vertical plane through the storm center is given in Fig. 9.13a. 
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Fig. 9 .13. The flow in a hurricane as obtained by combining observations from a large number of them, (a) 
Streamlines of flow in the vertical plane through the axis of the hurricane. The contour interval is j Mt s”*. [Calcu¬ 
lated using Fig. 4a of Cray (1979).| (b) Contours of swirl velocity in meters per second [From Fig. 50 of Cray (1979).| 


The total mass flux involved in this circulation is about 2 Mt s" *. The swirl velocity, 
on the other hand, builds up over a period of days as the linear solution suggests. It 
does not build up without limit, however, and in the mature stage the structure is like 
that shown in Fig. 9.13b. In the very center, a complicated substructure (not shown in 
the figure) develops with a central “eye” where descending air, and hence very little 
cloud, is found. The eye has a radius of 20-80 km and is bounded by the eye wall, 
which is marked by very tall clouds. This is the region of strong upward motion, and 
the maximum swirl velocities are found close to the eye wall. Details are described by 
Shea and Gray (1973) and Gray and Shea (1973). A general discussion and description 
of tropical storms can be found in the textbook on tropical meteorology by Riehl 
(1979). A description is also given by Scorer (1972). 

Effects similar to those discussed above can also be found in regions of the ocean 
where there is concentrated sinking due to cooling. This causes inflow near the ocean 
surface and hence a cyclonic circulation. Such a circulation is found, for instance, in 
the Greenland Sea, where a large amount of sinking takes place. A simple model of 
this situation is discussed by Gill et al. (1979). 



9.76 Equilibration through Dissipative Effects 


367 


9.16 Equilibration through Dissipative Effects 


When the forcing is stationary and there are no dissipative effects, the solutions of 
Section 9.15 show that the response grows continually with time. This is an inevitable 
consequence of the equations; e.g., (9.13.13) shows that if the forcing is fixed, the 
quantity in curly brackets on the left-hand side must continually grow with time. In 
practice, effects neglected in this analysis must become important and limit the 
magnitude of the response. The nature of the response can depend strongly on what 
equilibrating mechanism is acting. 

In this section, some simple solutions will be obtained to illustrate equilibrium 
situations. They are simple because the mechanisms that limit the response are chosen 
to be linear, and for that reason may be somewhat artificial. 

The simplest examples are for barotropic flow, for which vertically averaged 
equations can be used. Consider, for instance, the flow in a model ocean confined to a 
zonal channel and driven by an eastward wind stress X. Such a situation has been 
studied as a model of the Antarctic Circumpolar Current. In the absence of friction, 
the behavior would be rather like Hough’s solution discussed in Section 9.14, with 
currents increasing linearly with time. Friction, however, can limit growth, as shown 
by Munk and Palm6n (1951), who used lateral friction, and a similar model can be 
constructed bv usine bottom friction as the eouilibratina aeent. In that case, eauilib- 
rium is reached in a time of the order of the spin-up time given by (9.12.6). The steady 
state consists of an eastward current u of such magnitude that, as the first of Eqs. 
(9.9.10) requires, the bottom stress balances the surface stress. If the laminar formula 
(9.6.4) is used to calculate the stress, then the current u is given by 

(i/v)*/2„ = Xlp. (9.16.1) 

This is a very simple solution that illustrates the principle very well, but is not, in 
practice, applicable to the Antarctic Circumpolar Current, in which other (not 
clearly identified) equilibrating processes are active. 

A baroclinic example may be constructed in a similar way by considering a 
buoyancy-driven flow in a compressible atmosphere with Newtonian cooling and 
Rayleigh friction as equilibrating agents. Newtonian cooling (see Section 8.11) is a 
linear representation of radiation effects that tend to restore equilibrium, and is 
incorporated in (9.13.15), which represents buoyancy effects by replacing the time 
derivative d/dt by the operator (d/dt -f- a), a ” ^ being the time constant of the temper¬ 
ature-equilibrating process. A similar device can be used in the momentum equations, 
in which 8/8t can be replaced by the operator ( 8/81 -f- r), where r ~' is the time 
constant of the decay process, which in this case is called Rayleigh friction. Although 
somewhat artificial, it allows the arguments of Halley (1686) and Hadley (1735) to be 
put into a simple analytical form, as shown in the following. 

Consider a small perturbation to a compressible atmosphere with constant , 
the perturbation being forced by a buoyancy term that depends only on y and . 
The steady-state equivalent of (9.13.15), with Newtonian cooling included, is then 

aN;^ 8<!>”l8z^ -f- = p; ‘ (9.16.2) 
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The steady-state form of the momentum equations in the absence of x dependence is 


_ /I. n 

ru - ju = u, 


/n 1 ^ \ 




rv+/u - d<t>ydy, (9.16,4) 

whereas the continuity equation (6.17.11) allows the introduction of a stream function 
tj/ defined by 


PrOw^ = dtf/jdy, UsPi^ ~ dtj/lda 
when the a coordinate is defined [see (6.17.8)] by 

a = p/p^ = 

If these equations are reduced to a single equation for i/r, the result is 

, NlHl r i (dih B',\ ^ 

da^ (/^ + r^)a5yV5y N^J 


(9.16.5) 

(9.16.6) 


(9.16.7) 


The effects of horizontal variations in heating rate can be modeled by assuming 
that the diabatic heating (which is proportional to B'/a) varies sinusoidally with y, 
whereas the vertical variations can be modeled by assuming that B'Ja varies as 
ct((t — 1). This gives a maximum in the diabatic heating rate near a = 7(500 mbar) as 
observed (see Fig. 9.10). In other words, the forcing is assumed to be of the form 

fl' X a\a - 1) cos ly. (9.16.8) 


The solution of (9.16.7) in this case has the form 


tj/ cc 


6 — y(y + 1) 2 — 7(7 + 1) 7 + 


+ 7 Tt| 


sin [y. 


(9.16.9) 


where 


7(7 + 1) = NlHlHP + r^)-*ra-‘ (9.16.10) 

and A is determined by the boundary condition at the ground (ct = 1). The linear 
bottom friction condition (9.6.5) in this case can be written 


which, by (9.16.5), implies that 


t{/ =f-^pXyl2fy^^ d(t>"Jdy at tr = 1. (9.16.11) 


If this condition is applied, the resulting formula for the coefficient A is 


. ^_ 6 c + 7(7 + 1)(4 + e) 

(e + 7)[6 - 7(y + l )][2 - 7(7 + 1 )]’ 

where 

c = NlHJ^a-^f-\v/2fy/^ 


(9.16.12) 

(9.16.13) 


is a parameter that measures the importance of bottom friction. 

Solutions are shown in Fig. 9.14 for a small value (0.2) of 7 , this being thought 
reasonable for the large-scale atmospheric circulation. Although the primary balance 
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in (9.16.2) is between Newtonian cooling and the heating term, it is still true, as Halley 
(1686) stated, that the air that is being heated becomes “less ponderous” and rises. 
Being a linear system, the reverse is true when the air is being cooled. The “meridional” 
circulation (i.e., that in the vertical plane along the y axis) that results in the absence of 
bottom friction is shown in Fig. 9.14a. If bottom friction is added (Fig, 9.14b), part of 
this circulation is taken up by the boundary layer. 

The other aspect of the solution is the tendency to conserve angular momentum, 
which Hadley (1735) drew attention to. This is reflected in the solution in that wherever 
the flow is equatorward [see (9.16.3)], easterly winds are produced, and thus easterly 
“trade” winds (with an equatorward component added) are found in the lower 
troposphere. Conversely, westerlies are found aloft, where the flow is poleward. In 
the case for which bottom friction is present, the easterlies near the ground are 

rpHiiopH in nn!ianitiiHf> anH u/octorlipc tpnH trt HnminntA tViA nir'tiirp 

Although the solution (9.16.9) does not allow for the variation of the Coriolis 
parameter with latitude, it gives a reasonable simulation of what is now known as the 
Hadley circulation. If the equilibrating agents in the atmosphere were linear, as in the 
above solution, this Hadley cell would cover the whole globe, i.e., the left-hand side of 




Fiit. 9.14. The solution (or large-scale buovancv-driven flow (Hadlev cell) in the atmosohere. The diabatic 

CT ^11 t ’ I 

heating rate varies parabolically with pressure, being zero at the ground and at p = 0 and a maximum at 500 mb. 
The variation with y is sinusoidal, and the figures show half a wavelength with heating rate a maximum on the 
left and cooling rate a maximum on the right. Equilibration is by Newtonian cooling and Rayleigh friction, the 
parameter y (see text) being given a value of 0.2. In case (a) there is no bottom friction, whereas in case (b) the 
bottom friction parameterf (see text) is 0,3. The solid lines are contours of the stream function with contour interval 
a quarter of the maximum value. The dashed lines are contours of the x component of velocity (normal to the 
page) with contour interval a quarter of the maximum speed. The horizontal dashed line corresponds to this com¬ 
ponent being zero. 
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the figure would represent the equator and the right-hand side the pole. The wind in 
the lower troposphere at all levels would be a steady easterly wind. [Laboratory 
simulations of this type of circulation go back to Vettin (1857) and are reviewed by 
Fultz et al. (1959).] In reality, of course, the circulation is not like this because other 
equilibrating agents are at work. In particular, the above solution has large north- 
south temperature gradients at mid-latitudes. As shall be seen later, this situation is 
not a stable one, and therefore small disturbances at mid-latitudes grow and develop 
into the familiar pattern of cyclones and anticyclones. These disturbances completely 
alter the meridional circulation in mid-latitudes, and in practice the Hadley cell is 
found only in the tropics (see Fig. 1.7). 



Chapter Ten 

Effects 

of Side Boundaries 


10.1 Introduction 


Rotation effects have thus far been studied in the absence of boundaries at the 
sides. A key feature of rotating-fluid behavior is the geostrophic adjustment process 
in which pressure and velocity fields adjust to each other in order to reach a geo¬ 
strophic balance. When the balance is achieved, the flow at any level is along the 
isobars. If now a boundary is inserted that crosses the isobars, further adjustment 
would have to take place because no flow is possible across the boundary. This indi¬ 
cates that the adjustment process is strongly affected by the presence of boundaries— 
at least in the neighborhood of those boundaries. 

In fact, the presence of a boundary implies that the longshore component of the 
Coriolis acceleration vanishes at the boundary so that the mutual adjustment of the 

rtulifi T%f^cciir^ ^Alrl ol/^nrr tViA ic IiIta tViQt 

W TWAWWl^^ lAWAU UAAU fcAAW ^AWkJhJWAW lAWlU UAWAA^ VAAW ■ kJ AJAViTAW AmW 

in a nonrotating fluid than like that in a rotating one. This is certainly true in the 
extreme case (studied in Section 10.2) in which there are two boundaries close to¬ 
gether, as in a narrow gulf or estuary. The rotation effects can be neglected at the 
first approximation because the motion is mainly along the gulf and the component 
of Coriolis acceleration in this direction is negligible. At the next order of approxima¬ 
tion, rotation modifies the flow in two ways. One is to give a cross-channel pressure 
gradient in order to geostrophically balance the longshore flow, just as concluded by 

A 4 t n £«t An tn AAni~lAm«l •■Atof'l An 

iWJiuwiAi^ tliC' uiswuaaiiyFii lii tii^ a iwiiwii r-awauwiiijr au/v/ui 

effects on river flow (see Section 7.6). The other is to produce a shear whenever the 
surface elevation departs from its equilibrium level, this being required in order that 
potential vorticity be conserved. The narrow-channel approximation can be applied 
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with success to studies of tides and seiches in gulfs, estuaries, and lakes, and even to 
tides in the Atlantic Ocean. 

When the two sides of a channel are not close together, the question arises as to 
how far from the shore the longshore component of the Coriolis force can be neglected. 
The answer is a distance of the order of the Rossby radius of deformation, so channels 
must have width small compared with this scale for the narrow-channel approxima¬ 
tion to be valid. For wide channels, there is a special form of adjustment near the 
boundary by means of a wave whose amplitude is only significant within a distance 
of the order of the Rossby radius from the boundary. This is called a Kelvin wave, 
and its properties are studied in Section 10.4. A peculiarity of this wave is that it can 
travel along the coast in one direction only, i.e., with the coast on the right in the 
northern hemisphere and on the left in the southern hemisphere. The reason is that 
the longshore component of flow is in geostrophic balance with the pressure field, 
and this can only decay with distance from the shore when the wave propagation is 

in the annrnnriate direction. 

---- — _ 

The presence of boundaries also affects the Poincare waves, and solutions for a 
channel are studied in Sections 10.3 and 10.5. If the channel is wide compared with 
the Rossby radius, effects of the end of the channel can be quite difficult to work out, 
and these are discussed in Section 10.6. Of particular interest is the behavior of a 
Kelvin wave at the channel end, and this problem was studied by Taylor (1921) in 
connection with seiches and tides in the North Sea. A convenient way of describing 
the solution is in terms of a single Kelvin wave that propagates around the corners 
at the; end of the channel without loss of enerpv. hut with adinstments in nhase nro- 

- ----,---,—----- ^ ----j-^ 

duced by the process of turning the corner. This idea is used later (Section 10.10) in 
the study of storm surges. 

The adjustment to equilibrium in a channel has some interesting features which are 
discussed in Section 10.7. In particular, for a wide channel with an initial discontinuity 
in level, the adjustment away from the boundaries is not influenced by the boundaries 
very much. However, Kelvin waves carry the effects of the discontinuity along the 
boundaries, but only on one side (the right side, traveling with the wave in the northern 
hemisphere). Thus when the adjustment is completed, the current that is set up 
along the line of the initial discontinuity deflects to the left when it reaches the bound¬ 
ary and then continues as a current along the boundary. Upstream of the original dis¬ 
continuity, the current travels along the opposite bank of the channel. 

The dynamics of tides are discussed briefly in Section 10.8. An equilibrium theory 
is not appropriate to the diurnal and semidiurnal constituents because the speed 
with which the equilibrium tide moves around the earth happens to be similar in 
magnitude to the speed of long gravity waves. Details are strongly influenced by the 
complicated shape of the world's ocean, and there is evidence that the semidiurnal 
tide has period close to that of natural modes of oscillation of the ocean. This means 
that free waves play an important part in any local description of the tides. In the 
Pacific Ocean, for instance, Kelvin waves are a major element. The North Atlantic, 
on the other hand, is thin enough for it to be marginally valid to use the narrow- 
channel approximation. 

The wind produces some very important effects at boundaries. In particular, the 
longshore component of the wind stress causes an Ekman flow toward or away from 
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the coast. In shallow seas, flow toward the coast causes piling up of water there and 
hence abnormally high sea levels. This phenomenon is called a storm surge, and 
severe cases in the past have led to over a million lives being lost, caused great destruc¬ 
tion of property, and played a major part in determining the shape of many coastal 
features. The process by which these surges are formed and sample solutions are 
discussed in Sections 10.9 and 10.10. 

The response to Ekman flow normal to the coast in the deep ocean also has im¬ 
portant consequences, especially when the Ekman flow is away from the coast. 
The water carried seaward is light surface water and this is replaced near the shore 
by upwelling of dense cold nutrient-rich water from lower levels. When the nutrients 
are brought into the sunlit zone near the surface, rapid growth of microorganisms 
occurs, and this leads to such areas being important fisheries. In fact, half of the 
world’s fisheries are located in such regions, which occupy only a tiny fraction of the 
ocean. The subject of upwelling is introduced in Section 10.11. 

Upwelling is not a purely local response to the wind, however, because “coastally 
trapped waves” that are confined to the near-shore region carry information along the 
coast. A peculiarity of long waves of this type is that they propagate only in one direc¬ 
tion, i.e., poleward on eastern boundaries and equatorward on western boundaries. 
The response of the coastal region to the wind can be calculated by resolving the 
driving force into a sum of such waves, then solving a simple equation for the ampli¬ 
tude of each wave and resynthesizing, in practice this has been done in a crude way 
by assuming that a single wave dominates the response. This matter, and the wave 
properties, is discussed in Sections 10.12 and 10.13. 

The final section is about the boundary currents found on the eastern edges of 
the Atlantic and Pacific Oceans. These are of some interest, particularly through 
their relationship with upwelling, which can vary a great deal throughout the year. 
A comprehensive theory is not given, but various processes that are pertinent to their 
behavior are discussed. 


10.2 Effects of Rotation on Seiches and Tides 
in Narrow Channels and Gulfs 

Seiches and tides in sufficiently narrow channels and gulfs were discussed in 
Section 5.8, the narrowness being sufficient for rotation effects to be ignored. The 
solutions were found on the assumption that the motion is everywhere parallel to the 
axis of the channel. Such solutions have been found to give good approximations to 
the behavior of seiches and tides in many channels, gulfs, estuaries, and lakes. Suppose 
that this solution has the form 

u = u„Xx, 0, = HncCx, t), (10.2.1) 

where the subscript nr stands for nonrotating. 

Now consider what effects rotation will have when these effects are small. First 
of all, there will be a Coriolis acceleration directed across the channel, which 
must be balanced by a small surface slope, i.e., the approximate form of the y 
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component of the momentum equation is 

/u = —gdri/dy. (10.2.2) 

Choosing the origin of y suitably (somewhere near the center of the channel—the 
exact position might have to be determined in retrospect), this integrates to give 

n ^ 0 - t)y (10.2.3) 

for the corrected surface elevation. The condition for the correction term to be small 
relative to is, using the fact [see, e.g., (5.8.6)] that is of order times 

7 /„r, that 

g~^j{glH)^'^W « 1, i.e., Wja « 1, (10.2.4) 

where H is the water depth, W the channel width, and a the Rossby radius defined 
by (8.2,3). In other words, the condition for rotation effects to be small is that the 
width of the channel be small compared with the Rossby radius. 

A second effect of rotation comes from potential vorticity equation (7.2.8), 
which shows that vorticity 

C = -(fiH)r, (10.2.5) 

is created whenever the surface is elevated or depressed. This requires some cross¬ 
channel shear, i.e., (10.2.5) becomes 

dujdy=frijH, (10.2.6) 

which integrates to give 


.. _ .. 1 r J..IIW 

W = “nrV^i T 1) \ UyifJ. 


/ m 'i 

/) 


Again, the correction term is relatively small if (10.2.4) is satisfied, provided that the 
channel has vertical sides so that the depth H is not small anywhere, i.e., the depth 
is everywhere of the same order as that of the value used in (10.2.4) to compute the 
Rossby radius. 

If necessary, further corrections can be found by developing the solution as an 
expansion in powers of the small ratio W/a. However, the main interest is in the first 
correction, and particularly in the form (10.2.3) for the corrected surface elevation. 
This can give a considerable improvement over the nonrotating solution with little 
increase in effort. The technique was used very successfully by Sterneck (1919) to 
calculate the tides of the Adriatic, which was divided into 40 sections for the purpose. 
There is little to distinguish the calculated results from observation. [Sterneck's 
results are reproduced by Defant (1961, Vol. 2) in his Fig. 169, which shows 
and Fig. 170, which shows the fundamental seiche, which he found to be 23 hr.] 
Calculations for many other special cases are reported in Chapter 12 of Defant 
(1961, Vol. 2). 

The interesting new feature added by rotation is that the crest of the tide, as given 


oy uu..^.J), now moves cyciomcaiiy arouna tne oasin. i nis is conveniently iiiustratea 


by an analytic solution that gives a fair approximation to the northern end of the 
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(a) 

Fig. 10.1. (a) Co-tidal lines for the northern Adriatic. [After Polli (1960); from Hendershott and Speranza (1971, 
Fig. 7).I (b) Co-tidal lines for a simple model with depth increasing quadratically with distance from the end. The 
phase difference between the solid lines is 30°. The phase on the broken lines differs by 10° from that on the axis. 

Adriatic, namely, a channel of uniform width = 135 km and depth H that increases 
with distance x along the channel according to the formula 

H = (10.2.8) 

where y = 6.5 x 10" m" ^ The end of the channel (Venice) is situated at x = Xq = 
150 km, and the model Adriatic occupies the region jc > jcq. A median value of the 
Rossby radius is 250 km, so the ratio Wja is about 0.5, The solutions of (5.8.4) for 
this geometry and fixed frequency oi have the form of complex powers of x, giving 
rise to the physical solution 

= (jfo/x)‘^^r?o{/? cos(/J ln(x/x:o)) + \ sin(j3 ln(x:/x:o))} cos wt, 

M„r = sin(/? ln(x/x:o)) sin m/, 


(10.2.9) 
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where 


^ = oj^/gy. 

Verification of his result is left as an exercise for the reader. Since ( 0 = 1.4 x 10 s“ ‘ 
and g = 10 m s“ ^, /? = 1.67 in this case. 

The usual method of displaying tidal variations is in terms of the amplitude A 
and phase 3, i.e., tj is expressed in the form 

ij = A sin(a>r — S). (10.2,10) 

Contours of A are called co-range lines, on which the range 2A is given, say, in meters. 
Contours of S are called co-tidal lines and the phase is given either in degrees or as the 
time of high water in hours. For instance. Fig, 10,1a shows the observed co-tidal lines 
for the northern Adriatic. Figure 10,1b shows the corresponding diagram from the 
model, the equation for the co-tidal lines being, by (10,2,3) and (10.2.9), 

sin 5 = {p cot(/J ln(x/x:o)) + 6. (10,2.11) 

The more detailed calculation of Stemeck (1919) gives much better agreement, 
of course, but the simple analytical model illustrates the main features very well. 
Further discussion of this particular case may be found in Hendershott and Speranza 
(1971). 

The seiches in the Adriatic are of importance because they are responsible for the 
flooding of Venice (Robinson et ai, 1973). The fundamental seiche has a period of 
22 hr, rather than Sterneck's value of 23 hr, according to more recent calculations, 
and this seiche is stimulated at times of strong winds. The effect on Venice depends 
a great deal on whether or not the times of maximum seiche are close to the times of 
high tide. A model of a wind-produced seiche can be constructed by using the forced 
shallow-water equations introduced in Chapter 9. 


10.3 Poincar^ Waves in a Uniform Channel of Arbitrary Width 


Although, as Kelvin remarked, the wave referred to in Section 8.2 as a plane 
progressive Poincare wave cannot satisfy the boundary conditions at a coast, com¬ 
binations of such waves can. In particular, this is true of two obliquely directed waves 
[cf. (5.3.9)] of equal amplitude tjq, which could result, for instance, from reflection 
of a plane wave at a straight boundary. It is convenient to choose the x axis in the 
direction of the bisector of the angle between the two wavenumber vectors, and to 
choose the origin of>' as a line of symmetry for t', i.e., a line on which dvjdy vanishes. 
The combination of the two waves of the form (8.2.11) can be constructed as in (5.3.9), 
but with a shift in origin of y so that dv/dy will vanish at y = 0. Then the solution is 

rf = {2r}QjK(j)^){kf cos ly + oil sin ly) cos(kjc — at), 

« = 0.gr)QjKaXkl sm ly 4- iafjgH) cos ly) cos{kx - at), 

i; = {2a^riojKH) cos ly sin(kx — at). 


(10.3.1) 
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where is a frequency defined by 

=/" + (10.3.2) 

and hence the dispersion relation (8.2.7) can be written 

o)^ = ojj + k^gH. (10.3.3) 

It follows that oi^ is the minimum frequency a wave with given / can have. 

Such a wave (Poincar6, 1910) can satisfy the boundary conditions of no normal 
flow in a channel of uniform width W provided that / is an integer multiple of nj W, i.e., 

l=nnjW, «=1,2,3, .... (10.3.4) 

For each n, there is a minimum frequency that is necessary for propagation, 

where, from (10.3.2) and (10.3.4), 

oii = P + n^n^gHjW^ (10.3.5) 

This minimum frequency increases with «, so the smallest value isajj^. From (10.3.3), 
the dispersion characteristics for propagation along the channel have the same char¬ 
acter as that for a plane Poincare wave, i.e., tu varies with k as shown in Fig. 7.2, but 
with ojj replacing/. Thus if k~ ‘ the waves are only weakly dispersive 

and propagate along the channel at speed close to (phase velocity slightly 

more; group velocity slightly less). If k~'^ » {gHy'^jto^, the waves have relatively 
small group velocity and the frequency is close to . When /: = 0, the wave does not 
propagate, but is a standing wave spanning the channel. 

Figure 10.2 shows an example of a progressive wave of the form (10.3.1). In the 
northern hemisphere (/ > 0), the amplitude tends to be higher on the left side of the 
channel (for an observer moving in the direction of the wave), and the particle tra¬ 
jectories are ellipses. The orbital motion is anticyclonic except for a region near the 
right bank that occupies a fraction of the channel width that is always less than a half. 



Fig. 10.2. The progressive Poincar^wave in a channel of width n times the Rossby radius c/I. The cross-channel 
scale r ' is equal to the Rossby radius, so the minimum frequency 0)^ is /2/. The scale in the direction of 
propagation is Rossby radii, so o) Is /f/and oil ” 2ki. The signs are those for the northern hemisphere, so the 

greatest elevations are found on the left side of the channel (facing in the direction of propagation), where particles 
move anticyclonically. The nodal line is about 65% of the way across the channel. Contours are of surface elevation, 
and arrows indicate currents. 
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10.4 Kelvin Waves 


In the limit of no rotation (/ = 0), (10.3.1) does not give solutions like those dis¬ 
cussed in Section 5.8, but gives what are called “cross-wave” modes, which vary 
sinusoidally across the channel. Such modes are sometimes found to be of significant 
amplitudes in lakes and gulfs, but are not usually as important as the “lower modes,” 
i.e., modes that in the nonrotating limit correspond to motion with no cross-channel 
variations. How do these modes change when rotation is introduced? In Section 10.2, 
it was found that rotation causes u and rj to vary with y, but this variation is not 
sinusoidal. Instead, solutions of the form discussed in Section 8.2 must be considered 
that have negative instead of positive. Of such solutions, only one is compatible 
with the condition of no normal motion across a straight boundary. This is the wave 
discovered by Kelvin (Thomson, 1879) and named the “Kelvin wave” in his honor. 

Now consider the properties of a Kelvin wave. The variation with y is exponential 
since if r vanishes on one line y = const (the boundary), it must vanish for other 
values of y as well. Hence the Kelvin wave solution can be found by putting v = 0 
in the equations. In particular, (7.2.1) and (7.2.3) give 

dujdt = —gdTjjdx, (10.4.1) 

rviii^t 4- H^jI^y = n tin4.2t 

w. y- J 

These determine rf and u variations on any line y = const, and contain no Coriolis 
terms, i.e., are identical with the equations (5.6.4) and (5.6.6) for nonrotating shallow- 
water motion when r = 0. Thus in the vertical plane of the bounding wall, and in 
any parallel vertical plane, the motion is exactly the same as that in a nonrotating 
system, i.e., a shallow-water gravity wave. 

The general solution of (10.4.1) and (10.4.2) consists of the sum of two non- 
dispersive waves traveling in opposite directions, namely, 

ri = F{x + ct, y) + G'(x - ct, y), (10 4 3) 

M = -igim^’^Fix -f- ct,y) - G'ix - ct,y)}, 

where F and G' are functions with properties to be determined and c = as 

given by (7.2.5). The way the functions F and G' vary with y can be found from the 
one remaining equation, namely, (7.2.2), which for r = 0 becomes 

Ju=-gdrijdy, (10.4.4) 

i.e., this component of motion is in geostrophic balance. Substitution from (10.4.3) 
gives 

dFIdy = AgH) ‘^^F, dG'jdy = -RgM)-^>^G\ (10.4.5) 

showing that one wave (the one represented by G' if/> 0) decays exponentially in 
the positive y direction, whereas the other decays exponentially in the negative y 
direction. This exponential behavior is very similar to that of the Lamb wave studied 
in Section 6.14, and so the Kelvin wave is also among the class of waves called bound¬ 
ary waves, edge waves, trapped waves, or surface waves. 

If /is positive (northern hemisphere), the solution that decays in the positive y 
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direction is the one that travels in the positive x direction, i.e., the one that from 
(10.4.5) is given by 

F = 0, G' = e-^'“G{x - Cl), (10.4.6) 

where G is an arbitrary function. As Kelvin (Thomson, 1879, p. 97) remarked, “the 
velocity of propagation is the same" as for the non-rotating case, and “the influence 
of rotation is confined to the factor” exp(—y/a). “Many interesting results follow from 
the interpretation of this factor." The important property of this factor is, of course, the 
scale a, which is now called the Rossby radius of deformation (see Section 7.5), a 
being so defined by (7.2.23) or (8.2.3). Typical values of a (see Section 7.5) for baro- 
tropic Kelvin waves (which are important, for instance, in the description of tides) 
are 2000 km for the deep sea and about 200 km for coastal waters and shallow seas. 
Typical values of a for baroclinic Kelvin waves (which are of significance in the 
description of coastal upwelling) are about 30 km. It has also been suggested (Gill, 
1977b) that “coastal lows” observed in the atmosphere are a form of Kelvin wave 
with a value of a of about 300 km. 

The complete Kelvin-wave solution, obtained by substitution of (10.4.6) in 
(10.4.3), is 

I] = e~^’‘'G(x - ct), u = (glHy‘^e~''"G{x - ci). (10.4.7) 

In particular, when G is sinusoidal in character, this takes the form 

n = ' ^os{kx — col), u = cos{kx - oji), (10.4.8) 

where the dispersion relation between oj and k is 

o) = kc. (10.4.9) 


This solution is shown in Fig. 10.3. 

For an observer traveling with the wave, the coastal boundary (where the wave 
has maximum amplitude) is always on the right in the northern hemisphere and on 
the left in the southern hemisphere. Another way of expressing this fact is to say that 
the wave moves equatorward on a western boundary and moves poleward on an 
eastern boundary, or that it moves cyclonically around a basin. Also, it is possible 
to express the Kelvin-wave solution [which has the form (10.4.7) in the northern 
hemisphere] in a form that is independent of the sign of/, namely, 

= e~^^‘'Gix — aft), u = {gjaf)e~ -^"Gix — aft). (10.4.10) 

The wave velocity is af and therefore it changes sign with./ as required {a was defined 
to be positive), and u follows from (10.4.1). 

Now consider the energetics of a Kelvin wave of the form (10.4.8). If the coast is 
pul at y = 0, then ijo is the amplitude of the wave at the coast. Since the solution for a 
fixed value of y is as in the nonrotating case, the energy of a Kelvin wave is parti¬ 
tioned equally between the kinetic and potential forms. The mean value (denoted by 
overbar) per unit length of coast is given by 


dy = 


1 — 1 
2 P9n^ ^ s ■ 


0 


0 


(10.4.11) 
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Fig. 10.3. Northern hemisphere Kelvin waves on opposite sides of a channel that is wide compared with the 
Rossby radius. In each vertical plane parallel to the coast, the currents (shown by arrows) are entirely within the 
plane and are exactly the same as those for a long gravity wave in a nonrotating channel. However, the surface 
elevation varies exponentially with distance from the coast in order to give a geosirophic balance. This means 
Kelvin waves move with the coast on their right in the northern hemisphere and on their left in the southern hemi¬ 
sphere. Ifrom Mortimer (1977).| 


The mean value of the energy flux along the coast is equal to 

= ( 10 . 4 . 12 ) 

This formula is of interest when a Kelvin wave moves through a region in which H 
or / varies slowly; for the energy flux remains constant, and therefore the amplitude 
t]o varies in proportion with (|/|///)'^^. In particular, large amplitudes are produced 
where the Kelvin wave moves into shallow water, e.g., for the Kelvin-wave component 
of the tide entering the North Sea and then moving down the west side into even 
shallower water in the southern bight. 


10.5 The Full Set of Modes for an Infinite Channel of Unifonn Width 


The possible propagating modes for a channel of width IV are the Poincar^ 
modes, given by (10.3.1) and (10.3.4), and the two Kelvin waves associated with the 
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two sides of the channel. The dispersion curves for these modes are shown in Fig. 
10.4. When the channel is not too wide (fV/a « n) as in case (a), the picture is not too 
different from that for the limit of no rotation. However, as the width of the channel 
increases, the critical frequencies for propagation of the Poincare modes all 
approach/, and so the picture becomes more like that of case (b). 

Kelvin’s discussion of waves in a channel was confined to the modes that now 
bear his name. [His discussion of sinusoidal waves was confined to the plane progres¬ 
sive wave given by (8.2.11) and (8.2.12).] He noted (p. 97), for instance, that 

the more approximately nodal character of the tides on the north coast of the 
English Channel than on the south or French coast... is probably to be accounted 
for on the principle represented by this factor [i.e., taken into account 

along with frictional resistance, in virtue of which the tides of the English Channel 
may be roughly represented by more powerful waves travelling from west to 
east, combined with less powerful waves travelling from east to west. 

That this gives a reasonable description of the tides in the English Channel can be 
seen from Fig. 10.5, in which the observed tides are shown. The situation is discussed 
in more detail by Proudman (1953, Section 131). 

Kelvin also noted (p. 97) that “the problem of standing oscillations in an endless 
rotating canal is solved by the following equations." He then gave the solution for 



Fig. 10.4. Dispersion curves for a channel of uniform width W, k being the wavenumber component parallel 
to the sides of the channel. In case (a), the width is only a small fraction (0.3) of the Rossby radius and the dis¬ 
persion relation, given by (10.3.2)-(10.3.4), becomes (tuW/c)^ = 0.09 + (kW)^ + (na)^. Rotation effects which are 
represented by the constant term 0.09, are barely discernible. In case (b), the width-to-Rossby-radius ratio W/a 
is large (271) and the dispersion relation is (to/ir = 1 + ikar + 4 / 7 ’, if the width is increased further, the coefficient 
of becomes smaller, so the curves move downward on the diagram and become more densely packed. The 
limiting curve for a Poincare mode in an infinitely wide channel is the one shown in Fig. 7.2, 
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f'v lOJi. Co-tidal lines (solid) with time in lunar hours, and co-range lines (dotted with values in meters) for 
the English Channel. [From Proudman (1953, p. 262); after Doodson and Corkan (1931)1 


two Kelvin waves of equal amplitude traveling in opposite directions, i.e,, 
rf — Hie"cos(/cx — cot) — cos(kx + o)/)}, 
u = cos(kx — cot) + cosikx + w/)}, (10,5,1) 

f = 0. 

Kelvin also noted (p, 98) that “if we give ends to the canal we fall upon the unsolved 
problem referred to above of tesseral oscillations,” 

When Poincare (1910) discussed waves in an infinite canal, he added the solutions 
(10.3.1) to his discussion. For that reason, some authors restrict the name “Poincare 
wave” to these solutions. However, that usage has led to many types of waves being 
distinguished by different scientists’ names, where for nonrotating waves the dis¬ 
tinction is made merely by a descriptive term like “progressive” or “standing” or 
“cross” wave, Use of a descriptive terminology is much to be preferred, so in this 
book only the names of Kelvin and Poincare are used. Kelvin waves are the boundary 
waves just introduced, and all classes of non boundary waves are called Poincare 
waves. There seems to be no point to giving a separate name to the plane progressive 
wave (8.2.11), which is, after all, the limiting form of a wave (10.3.1) in a canal when 
the canal width goes to infinity. 


10.6 End Effects; Seiches and Tides in a Gulf That Is Not Narrow 


The addition of the Poincare wave does not, however, help with the problem of 
finding the solution in a channel with an end, for as Poincare (1910, Section 68) 

_u _ r_/IA *1 1 \ 44_4._I__ 1 __n ^ 

5ciiu, me weive ui me luuii ^miui uiiucigu leguicii iciieeiiuii uewaua>e a 

combination with the wave with - k replacing k “cannot satisfy formally the condi¬ 
tions expressing that the component of displacement normal to the reflecting wall 
be zero.” 

The problem of dealing with the condition at the end of the channel was solved 
by Taylor (1921), the new feature being to include solutions like (10,3.1), but with 
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imaginary k, i,e., with exponential falloff away from the end of the channel. These 
terms influence the details of the solution near the end, but do not alfect the Kelvin 
waves except in the determination of the phase of the reflected Kelvin wave relative 
to that of the incident one. The reflection is subject to a delay that increases as the 
width of the channel increases.- As Taylor suggested, this can be interpreted as the 
Kelvin wave progressing down one side of the channel, then taking some time to 
cross the end of the channel before returning along the other side. 

The above description assumes that tu < qji,., which is true of most natural 
channels when oi is the tidal frequency, for then no propagating Poincare waves 
are possible. From (10.3.5), the condition tu < is automatically satisfied if tu </, 
whereas if cu > /, it can also be written 

< n^gHJioj^ ~ f), (10.6.1) 

i.e., the width of the basin should not be too large relative to the square root of the 
depth. Iftu > then at least one Poincare mode should be included in the descrip¬ 
tion of the solution [see Brown (1973)]. 

Figure 10.6 shows the solutions obtained by Taylor for a channel 250 miles 
(460 km) wide and 40 fathoms (73 m) deep, i.e., a channel that resembles in dimensions 
and depth the North Sea. This corresponds to c = 27 m s“ ^ Since oj — 1.4 x 10“'^, 
/= 1,2 X lO”**, the Rossby radius a = 230 km and therefore W = 2a. The condition 
(10.6,1) is that the width be less than 1160 km and this is well satisfied. The solution 
can be compared with that for a narrow channel shown in Fig. 10.1. The configura¬ 
tion of co-tidal lines is similar, but instead of the phase progressing around the head 
of the channel in a very short time, as in the narrow channel, this rate of progression 
is now slower and not, in fact, very different from the rate of progression along the 
sides. As Taylor (1921) states ; 

In the lower part of the basin at a distance greater than about 250 miles from the 
closed end, the cotidal lines and the motion of the particles correspond very 
nearly to two equal Kelvin waves moving up and down the channel. The tidal 
streams are very nearly parallel to the sides of the channel and the cotidal lines 
move in along the right hand shore (i.e., the left-hand side of the figure). The 
tidal wave then sweeps round the end wall of the basin at a rate rather greater 
than the velocity of the Kelvin wave, and moves back along the opposite shore 
to that along which it approached the end. In turning at right angles in order to 
cross the end of the channel, the wave produces a bigger rise and fall of tide 
at the two corners than anywhere else in the field. On the scale chosen the range 
of tide at the comers is represented by the number 1.95, whereas the greatest range 
in the distant parts of the channel, far from the influence of the end, is represented 

Kv 1^1 

In order to show up more conspicuously the nature of the motion, the 
cotidal lines have been drawn in Fig, 1 [reproduced as Fig. 10.6] with heavy 
lines in the region where the rise and fall is, on the scale chosen, greater than 1, 
that is to say in the parts where the range of tide is greater than half the maxi¬ 
mum range at the corners. The way in which the strongly marked parts of the 
cotidal lines move down the left side of the diagram, cross the end and move 
up the right side, is conspicuous. 
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Fig. 10.6. Solution obtained by Taylor (1921; Fig. 1) for reflection of a Kelvin wave at the end of a channel with 
dimensions similar to those of the North Sea. Solid lines are co-tidal lines with time given in hours, and dotted 
lines show co-range lines. 
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In the distant parts of the channel the tidal streams are parallel to the shores 
at all states of the tide. At distances from the end less than a distance about equal 
to the width, however, the particles of water move in ellipses, except, of course, 
close in shore, where they continue to move parallel to the shore. The direction 
in which the particles move round all the larger ellipses is the same as that of 
the rotation of the earth .... 

The maximum tidal currents occur at certain points close to the parallel 
shores, the greatest being at a distance from the end about equal to half the 
breadth of the channel; but the cross-channel current at the mid-point of the 
end is very nearly as great as this maximum. 

The currents near the central part of the basin are considerably smaller 
than those close to the shore (pp. 150, 153). 

With the advent of the computer, much more detailed solutions for particular 
basins can be calculated, e.g., tides for the North Sea have been calculated by Flather 
(1976) and seiches in some of the of the Great Lakes have been calculated by Rao 
and Schwab (1976) and by Rao et al. (1976), Further discussion of seiches and tides 
in channels and bays can be found in Section 28 of LeBlond and Mysak (1978). 


10.7 Adiustment to Eauilibrium in a Channel 

r ■ 


The remarkable experiment by Marsigli (1681), designed to explain basic features 
of the flow in the Bosphorus, was described in Section 5.1, In picturesque terms, this 
experiment could be envisaged as putting a barrier across the Bosphorus, with rela¬ 
tively fresh water from the Black Sea on one side and saltier Mediterranean water 
on the other. On removal of the barrier, Marsigli showed how the lighter water from 
the Black Sea would flow over the heavier water from the Mediterranean, as it is 
observed to do. However, the adjustment process would in practice be affected by 
the rotation of the earth, and the discussion in this section is about such effects. 

The problem considered is basically the “Rossby adjustment problem” of Sec¬ 
tion 7.2, but in a channel of uniform width W and uniform depth //. This problem 
was considered by Gill (1976). They axis is chosen to be down the center of the channel 
and the partition is placed at jc = 0. The free surface elevation prior to removal of 
the partition at time / = 0 is given by (7,2.11) or (5,6.13), i.e,, the surface elevation is 
— t]Q at all points jc > 0 to the right of the partition and +fjo at all points jc < 0 to 
the left, it is assumed that the hydrostatic approximation can be applied, so that the 
governing equations are (7.2.1)-(7.2.3). As has been shown in Chapter 6, the same 
analysis can be applied to any of the normal modes of a stratified fluid, and in par¬ 
ticular it can be applied to the baroclinic adjustment of the initial discontinuity at 
JC = 0. The results of this section can be translated into results for a two-layer system 
by exchanging variables as 


M, gr\, //, c -► U, y, g'h, , c,. (10.7.1) 

The variables on the left are the ones used in this section, whereas those on the right 
are the ones appropriate to a two-layer system as defined in Section 6.3. 
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If the channel is narrow enough, the situation is as described in Section 10.2. 
The walls force the flow to be everywhere parallel to the walls, and the solution is, 
to a first approximation, (10.2.1), i.e., the nonrotating solution described in Section 
5.6. This solution is the sum of two nondispersive waves moving at speed c = 
in opposite directions. For the step-function initial condition, the solution is as illus¬ 
trated in Fig. 5.9a. After the fronts have passed, the surface is at its equilibrium level 

M„r = 0 (10.7.2) 


and the flow is uniform. 


Mnr = gnolc = (10.7.3) 

with the value that corresponds to complete conversion of potential into kinetic 
energy. 

The first corrections for rotation are those discussed in Section 10.2. After the 
the wave front has passed, therefore, there will be a slope on the interface to balance 
the flow, i.e., the surface elevation by (10.2.3) is 


n « -fnoy!^- 


(10.7.4) 


In addition, the potential vorticity equation (7.2.8) requires a shear given by 

dujdy = UW){t] - rjinti) (10.7.5) 

t'A AO* n W1 io I* * I* a amflll Wa am * 1« a • rwM ^ S A 

t\j aijvj iiiLr aigii \Ji iiiia win \jii iii& i.&>, 


M » Unol^Oy sgn(x). 


(10.7.6) 


For a channel of arbitrary width, it is necessary to solve the shallow-water equa¬ 
tions (7.2.1)-(7.2.3) with the boundary conditions 


i; = 0 at y = (10.7.7) 

Since the boundary condition is on v, it is useful to obtain an equation in v alone. 
This equation has a form similar to the one (7.2.13) for rj and is obtained by adding 
- / times (7.2.1), the lime derivative of (7.2.2), —g times the y derivative of (7.2.3), 
and —gH^ times the x derivative of (7.2,10). The result is 


d^v 



+ pv = -gH^^(x,y,0i 
ox 


(10.7.8) 


where Q'{x, y, 0) is the initial value of the potential vorticity perturbation defined by 
(7.2.9). 

The relationship of v to the other variables u and rj is best expressed by the rela¬ 
tionship between v and the sum and difference between u and iglHy^\ namely, 

q = -|- u, (10.7.9) 


r = — u. 

\zfi f 'I 


n 0.7.101 


These variables were used by Gill and Clarke (1974) for studying equatorial waves. 
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The sum and differences between (7.2.1) and times (7.2.3) give 


dt 


dx 


dr dr 
dt ^ dx 


dv 

^ = 0, 
dy 

(10.7.11) 

— -f /u = 0, 
dy 

(10.7.12) 


i.e., equations containing only two dependent variables, and thus relating q and r 
to V. Also, it may be seen that when o = 0, each equation corresponds to one Kelvin 
wave only, so the device of introducing q and r allows the two Kelvin waves to be 
considered independently. 

There are two further equations relating qtov and r to v. These may be obtained 
as the sum and difference between (7.2.2) and cH times (7.2.10), where Q' is given by 
(7.2.9). The result is 


dq , dv dv 

c^ + /9 +^-c— + cHQ'ix, y, 0) = 0, 


(10.7.13) 


- /r + ^ + c— - cHQ'ix,y,0) = 0. (10.7.14) 

Again, the two Kelvin waves can be considered independently. Note also that (10.7.8) 
can be obtained either by eliminating q between (10.7.11) and (10.7.13) or by elim* 
inating r between (10.7.12) and (10.7.14). 

The solution can now be expressed as a sum of Poincare modes, as given by 
(10.3.1), (10.3.4), and (10.3.5), and of the two Kelvin waves that are possible. For 
simplicity, the initial state will be assumed to have symmetry about the y axis so that 
the solution for v retains this symmetry, i.e., has the form 


V = T. i^r,Jf)VnCOSly, (10.7.15) 

n = 1 

where / is given by (10.3.4) and the factor (a„Jf, given by (10.3.5), is included for a 
reason that will soon become apparent. It follows from (10.7.11)-(10.7.14) that q and 
r may be expanded in the form 

q = qoe~^^''‘ + g„(cos ly + /“ ‘c/sin ly), (10.7.16) 

n = 1 

00 

r = + X »‘n(cos/y - /“‘c/sin/y), (10.7.17) 

n- i 

where q„,r„, and v„ satisfy 


dqjdt + cdqo/dx = 0 , drjdt — cdrjdx — 0 


( 10 . 7 . 18 ) 
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for n = 0, and for positive values of n satisfy 




dv„ 


dv„ 


aj„,q„+-^-c^ + cHQ'„ = 0, (10.7.19) 


— - c — + = 0, -cu„,r„ + — + c — - = 0, (10.7.20) 

Cl cx 


dt 


ox 


Q'„ being the nth term in an expansion of Q'(x, y, 0) in the form (10.7.15). The Kelvin 
wave parts qo and Tq adjust as in a nonrotaiing system, whereas each of the Poincare 
modes adjusts as in the y-independent case studied in Sections 7.2 and 7.3, but with f 
replaced by o)„c. Initial values of q„ and r„ (n — 1,2,...) can be found as coefficients 
in the Fourier expansions of 

c^ +fq = ^ ^q„cosly and + fr ^ ^ ~ I’nCOs ty, (10.7.21) 


these results following from (10,7,16) and (10,7,17), Values of q^ and follow from 
the same two equations and from the property that the average of the values of the 
Poincare modes on the walls is zero. Thus, for example, (10.7.16) gives 

i [q(W/2) 4- q(-W/2)] = q^ cosh (fW/2c), 


the cosine terms vanishing by (10.3.4). Using the corresponding result for r and the 
definitions (10.7.9) and (10.7.10), the result in the case of the initial condition 
u = V = 0 and (7.2.11) would be, for instance, 

^0 cosh(/lV/2c) = To cosh(/tF/2c) = — (g///)'^^?/o sgn(x) at r = 0. (10.7.22) 

The solution for the initial step~function distribution (7.2.11) is easily constructed 
because each Poincare wave mode behaves as does the solution shown in Fig. 7.3 
and the Kelvin wave parts are simply waves traveling at uniform speed. After a long 
time, each Poincare mode will be as shown in Fig. 7.1 and therefore will be close to 
the initial state when |x| is large. However, the Kelvin waves do produce a large 
change at large |x|. One Kelvin wave travels along one wall (the one on the right in 
the northern hemisphere) in the positive x direction, and so changes the solution near 
that boundary. The other Kelvin wave moves along the opposite wall in the opposite 
direction, and so changes the solution at large negative values of x. The result is the 
strongly asymmetric structure shown in Fig. 10.7c and is given by 


q/ho 


— l+ e sech(/W/2c) as x— ►oo, 

1 _ g/,v/fsech(/lF/2c) as x-^— oo; (10.7.23) 


(H/gy'\u/r\o) 


sech(/»F/2c) 
sech( /TF/2c) 


as X —► 00 , 
as X —► — CO. 


(10.7.24) 


Also illustrated (Fig. 10.7a and b) is the solution at two intermediate times. This 
shows the wave front moving out at speed c (the wave front for all Poincare modes 
and the appropriate Kelvin wave move at this speed) followed by a wake that involves 
oscillations around the final steady state shown in Fig. 10.7c. 

In practice, the flow through straits and channels is much more complicated, 
but the above solution is a useful beginning for understanding more complex situa- 



Ftg. 10.7. Adjustment under gravity in a rotating channel whose width is 4 Rossby radii. Initially, the How is 
at rest and the surface elevation is - 1 for * > 0 and +1 for x < 0. The diagrams show contours of surface eleva¬ 
tion at odd multiples of 0.1 for the region x > 0, and the arrows Indicate the direction and magnitude of the velocity. 
The solution for (a) ii = 2, (b) II = 4, and (c) large times. The wave front moving out into the undisturbed fluid at 
speed c can clearly be seen in (a) and (b), i.e., the front is at x = 2< fl in (a) and at x = 4(7/ in (b). The arrows are 
drawn with their tails on a square grid with a mesh size of ^cll 

tions. Examples of observed flows are given in Chapler 16 of Defanl (I96I). If the 
channel is long, friction effects become important (Anati et al., 1977). If the channel 
is a relatively shallow link between two ocean basins, it tends to dam up the denser 
bottom water on one side, and the flow through the channel is hydraulically con¬ 
trolled as is the flow from a reservoir [laboratory experiments and theory are described 
by Whitehead et til. (1974) and Gill (1977a)]. Rotation causes the density surfaces 
to slope, and the current downstream of the sill tends to follow the right bank in the 











Fig. lOJB A density (ff,) section across the Denmark Strait Ifrom P. C Smith (1976, Fig. 3b)J at about 66°N. 27-29®W. The dense water near the bottom is flowing (out of the 
page) across the sill into the North Atlantic from the Greenland Sea, and the isopycnals tilt up to the right (for an observer looking downstream) because of the earth's rotation. 
The dashed lines indicate average average current vectors as measured by current meteis between 14 August and 15 September 1973. The maximum current is 0.6 m s“ The 
section abo shows a wedge of light water in the upper left-hand comer of the diagram. This is the East Greenland Current flowing out of the Arctic Ocean. The direction of the 
flow is die same as for the bottom current, but isopycnals slope the other way because it is a surface current. 
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northern hemisphere just as seen in Fig, 10.7b. For example. Fig. 10.8 shows a 
section across the outflow of dense water from the Greenland Sea into the North 
Atlantic. The section is located at the southern end of the Denmark Strait, and the 
upward slope to the right of the “interface” can be clearly seen. The maximum current 
was observed to be about 0.6 m s~ * toward the southwest. 


10.8 Tides 


The tide-producing forces were considered in Section 9.8. The problem of find¬ 
ing the response to these forces amounts to the problem of solving forced shallow- 
water equations on a sphere, with the complicated bottom topography and boundary 
shape that the ocean has. Basically the problem is that of a forced linear oscillator, 
albeit a complicated one. The response in such problems depends very much on 
whether the forcing frequency is close to a resonant frequency i.e., a natural fre¬ 
quency of the system. There is evidence from tidal observations to suggest [see, e.g,, 
Garrett and Greenberg (1977) and Heath (1981)) that there are natural modes of 
oscillation of the ocean with frequencies near that of the semidiurnal tides, implying 
that the semidiurnal tide is sensitive to details of topography and coastline shape. 
This means that small differences in the ocean basins in the geological past could 
make considerable differences to the tides [it also means that a successful numerical 
simulation of the tides is difficult, which may be the reasons for the differences between 
different models—see Hendershott (1977)]. 

Some simple aspects of the problem can be illustrated by considering the semi¬ 
diurnal tide in a narrow zonal channel of uniform depth H (Airy, 1845). If the channel 
is narrow enough, rotation may be ignored, and the equations are simply (cf. Sec¬ 
tions 5.8 and 9.8) 


du/dt = —gd(ri — r]J/dx, drj/dt + H dujcx = 0, (10.8.1) 

where r\^ is the equilibrium tide. In a zonal channel, this has the form (cf. Table 9.1) 


■M - A 

ya kJiaay^rv^ 


y a V.w.a./ 


where 2n, is the frequency of the semidiurnal tide (i.e., In/Q, in a lunar day) and 

k = InjL (10.8.3) 

is the wavenumber of the semidiurnal tide in the channel, i.e., L is half the circum¬ 
ference of the earth at the latitude of the channel (the semidiurnal tide has two wave¬ 
lengths encircling the globe). 

The response has the form 

= tjo sin(2fcx - 2n,t), (10.8.4) 

where substitution in (10.8.1) gives 

n, = Al{\ - Qfjc^k^), (10.8.5) 

c = (gffy '" being the speed of long gravity waves. This equation yields some interest¬ 
ing information because it shows the dependence of the response on the ratio of the 
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Fig.H.9. la) The M 2 tide as computed from a numerical model by Accad and Pekeris (1976, Fig. 6); the phase is shown by solid lines marked in Greenwich hours, and the 
range is shown by dashed lines, In centimeters, (b) The 12.5-hr free mode of oscillation as computed by Platzman et a/, (1981). Phase contours are denoted by solid lines and 
co^range lines by dashed lines. 
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(b) 

Fig. 10.9. (continued) 


speed [}[/k of progress of the equilibrium tide around the earth compared with the 
long-wave speed c. If the equilibrium tide moved slowly compared with long waves 
(as it does in the case of the fortnightly tide for instance), then ijq would be close 
to A and the response would be close to equilibrium. In fact, however, the semi¬ 
diurnal and diurnal tides move around the earth once per day, giving a speed of 
330m s“ ‘ at 45° latitude, which is/asterthan the long-wave speed c (about 200m s*). 
This means that the denominator in (10.8.S) is negative, so the semidiurnal tide in a 
zonal channel would have the sign opposite to the equilibrium tide! 

Another fact shown by (10.8.5) is that if the depth of the canal were increased so 
that c became closer to n,/k , the amplitude of the response would increase, approach¬ 
ing infinity at the resonant value at which c = Q,/k. Further increase in c would 
result in a change in sign of the response. If the zonal channel is taken as a model of 
the Southern Ocean, it turns out not to be near resonance by itself, but if a sidechannel, 
representing, say, the Atlantic Ocean, is added, the whole system can become near¬ 
resonant (Gill, 1979a). In fact, near-resonant modes with such a model can give 
quite realistic looking tides. Calculations of free modes (i.e., resonant modes) of 
oscillation of the ocean have been made by Platzman et al. (1981), and these do, in 
fact, show modes with natural frequencies not far removed from the semidiurnal 
frequency. Figure 10.9 shows an example of a free mode along with a numerical 
solution of the Atlantic tide for comparison, and many similarities will be noted. 

In practice, the amplitude near resonance is limited by friction, which is particu¬ 
larly strong in shallow-sea regions (Miller, 1966). This represents a transfer of energy 
given to the tides from the moon, and so causes very slow changes in the moon’s 
orbit (Munk and McDonald, 1960). 

Another interesting question is that of how wide a channel must be before rotation 
effects become important. The answer is given in Section 10.2 and in particular by 
formula (10.2.4). This shows that the half-width of the channel must be small com¬ 
pared with the Rossby radius c//, which is about 2000 km for the deep ocean. The 
North Atlantic therefore is a borderline case, i.e., the narrow-canal theory gives a 
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reasonable, but not very accurate, model of the tides there. The Pacific, on the other 
hand, is large compared with the Rossby radius, so the narrow-canal theory is not 
appropriate. A local description of the tides therefore includes Kelvin waves, and 
Munk et aL (1970) have in fact shown that the Kelvin-wave part of the semidiurnal 
tide off the California coast is the dominant part. 


10.9 Storm Surges on an Open Coastline; The Local Solution 


A storm surge refers to an abnormally high sea level, produced by severe meteor¬ 
ological conditions. Certain low-lying areas adjacent to shallow seas are particularly 
vulnerable to them, the east coast of Britain and the coast of Holland being notable 
examnles. Brooks and Glassnooletl 928. no. 95.961 list occurrences of such floods back 

- g- - a > * M M ' ' 

to A.D, 9, and many features of the North Sea coast were formed during surge condi¬ 
tions. For instance, the Zuyder Zee in Holland was fertile land 1000 years ago, but 
began to be formed with a surge on 17 November 1218, which overwhelmed a number 
of parishes and was said to have drowned 100,000 people. The area of the Zuyder Zee 
was further increased with a surge on 1 October 1250, which first made Wieringen 
into an island. Another surge on 16 January 1362 drowned 30 parishes in Eastern 
Friesland and Schleswig, and gave the Friesian islands their present form. The Zuyder 
Zee reached the form it has maintained for the next five centuries with the great 
surge of 19 November 1421 in which 100,000 people were drowned. Such events have 
continued to occur throughout recorded history, a severe example in recent times 
being the surge of 31 January 1953, which cause widespread devastation in Britain 
and Holland with coastal defences breached in hundreds of places, flooding 25,000 
km^ of land and resulting in 2000 deaths. This disaster led to considerable work on 
the problem of surges, culminating in a numerical model of the North Sea that is 
now used routinely for forecasting surges. The magnitude of the 1953 surge can be 
seen in Fig. 10.10, where the progress of the surge around the North Sea is charted. 

Surges in a narrow sea (i.e., one with width small compared with the Rossby 
radius) have already been mentioned in Section 10.2. Here rotation can be neglected 
to first order and longitudinal oscillations of the sea can be stimulated by wind that 
blows over the sea itself (e.g., winds over the Adriatic set the 22-hr seiche in motion, 
thereby causing flooding in Venice) or by disturbances that pass the entrance to the 
sea and thus stimulate oscillations in the same way as do the tides (see Section 5.8); 
these are called external surges. 

However, surges can also be produced on an open coastline, as will now be 
demonstrated. The situation considered is one of a semi-infinite sea of uniform depth, 
bounded by a straight boundary y = 0. A wind stress parallel to the coast and of 
magnitude is suddenly applied at time t = 0, and the problem is to find the motion 
and the changes of sea level that result. In the absence of a boundary, inertial oscilla¬ 
tions would be set up as described in Section 9.3, with a mean Ekman drift directed 
normal to the coast. However, there can be no flow across the coastline, so a con¬ 
vergence or divergence is established there with a consequent rise or fall of sea level 
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Fig. W.K). Progress of the very large storm surges of 1953 around the North Sea. The curves shown are the 
observed sea level minus the predicted astronomical tide. i.e,. the sea level at Ijmuiden was about 3 m above 
normal in the early hours of February 1. The double peak seen at some parts is often due to surge-tide interaction. 
[Adapted from Rossiter (1954. Fig, 1),l 


in order to conserve mass. The effect is the same as that of having a discontinuity 
in wind stress with a consequent discontinuity in Ekman current (cf. Section 9.4). 

The form of the equations (9.9.10) when there is no friction and no x variation is 

duldt - fv = XJpH, (10.9.1) 

dv/dt fu = —gdrjidy, (10.9.2) 

and the continuity equation (5.6.6) is 

drjidt + H dv/dy = 0. (10.9.3) 

A single equation for v, the velocity normal to the coast, can be obtained by 
adding —/ times (10.9.1), the time derivative of (10.9.2), and —g times the y 
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derivative of (10.9.3). This gives 

dhldl^ + fh - gHdhtdy^ = -JXJpH, (10.9.4) 

which [cf. (9.9.21)] is a form of the forced shallow-water equation. The solution is very 
similar to that for the Rossby adjustment problem studied in Sections 7.2 and 7.3, 
and can be expressed as a sum of a steady part and a transient part. The steady part 
satisfies the condition of no flow across the boundary (i.e., u = 0 at y = 0) and does 
not grow at infinity, but tends to the steady Ekman solution. This solution is 

V “ -{XJfpmt - «I0,9.5) 

where 

a = cjf= (10.9.6) 

is the Rossby radius, defined by (7.2.23). 

In order to satisfv the initial condition of rest, a transient solution must be added 

— ----- ^ * 

to (10.9.5). This solution has properties similar to one studied in Section 7.3, including 
a wave front that moves out from the coast at speed c and slowly dispersing near- 
inertial period waves that are left behind. Details of this solution are given by Crepon 
(1974) [see also Anderson and Gill (1979)]. The forced shallow-water equations for 
this problem and some properties of the solution were derived by Nomitsu (1934). 
However, after a time of order /~‘, the solution near the coast is dominated by 
(10.9.5), and so the transient solution will not be considered further. 

Now consider further details of the solution, corresnondine to flO.9.5). Because 

- ---- — - — - - -— ' J W S ' 

there is a steady flow toward (or away from) the coast, water will continually pile up 
(or be removed) from that region and therefore the sea level will change linearly 
with lime, In fact, the continuity equation (10.9.3) gives 

(10.9.7) 

Because i; is independent of time, (10.9.2) shows that there is a current u parallel 
to the coast that is always in geostrophic equilibrium with the pressure gradient nor¬ 
mal to the cokst, i.e., 

“ = -iglf) Irildy = tXJpH)e-’i‘l. (10.9,8) 

These properties of the solution are summarized in Fig. lO.l 1. Another property of 
the solution comes from the elimination of v between (10,9,1) and (10.9,3) to obtain 


d f\ du f\ 


= 0. 


(10.9,9) 


In other words, the perturbation potential vorticity remains zero throughout the 
surge. This is an important property, which will be exploited for more complicated 
situations later. 

The property that the sea-surface slope at the coast increases linearly with time 
was found by Nomitsu (1934). A complete solution of the form given by (10,9,5)- 
(10.9.8) was obtained by Charney( 1955a), who drew attention to the relationship with 
the Rossby adjustment problem and pointed out the important features of the solu- 
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Rising 

surface 



^ Rossby radius ^ 


Fig. 10.11. The "local" storm surge solution for the northern hemisphere. The wind is blowing longshore with 
the coast on its right, thus producing an Ekman current toward the coast. This causes the surface to rise at a con- 
stant rate within a distance of the order of the Rossby radius of the coast. A coastal current in geostrophic equi¬ 
librium with the sea-Ievel distribution also increases at a constant rate. This current is in the same direction as that 
of the wind. 


tion, namely, that the sea-level current and the longshore current are affected only 
within a distance of the coast of the order of the Rossby radius, and there they change 
linearly with time. The solution is similar in structure to the one obtained by Hough 
(1897), which was discussed in Section 9.14. In fact, by adding the image system it 
can be seen that the coastal surge solution is the same as that for an infinite region 
when the stress is A', in the region > 0 and — in the region < 0. 

Note that (10.9.7) gives the largest effect in shallow water, where c = is 

small. For instance, a large stress of 2 N m^^, which is typical of strong surge condi¬ 
tions, causes the sea level to rise by 1 m every 3 hr in 50 m of water, according to 
(10.9.7), and this may be compared with the rates of rise seen in the 1953 surge 
(Fig, 10.10). 

The driving force for the surge is the Ekman transport at right angles to the coast, 
which causes water to pile up (or to be removed) in the coastal region. The question 
as to what happens to this transport near the coast in the steady state was investigated 
by Jeffries (1923). When the steady state is reached, by continuity, there can be no 
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transport of water normal to the coast anywhere, and therefore the wind stress at 
the surface [see (9.9.10)] can be balanced only by the bottom stress. In other words, 
the longshore flow builds up until the bottom stress is big enough to balance the 
surface stress. If the bottom friction formulation of Section 9.12 [see (9,12.10)] is used, 
this balance is written 


0 = (XJpH) - ru. 

The geostrophic balance 

fu = -g dt]/dy 


(10.9.10) 

(10.9.11) 


is still valid in the steady state, so a uniform slope normal to the coast would eventually 
be established. Jeffries (1923) calculated the order of magnitude of the time needed to 
establish this gradient to a distance L from the coast. If this distance is large com¬ 
pared with the Rossby radius, the analysis of Section 9.12 shows that this is the time 
taken for information to diffuse a distance L if the diffusivity is given by (9,12,9). 
In practice, of course, surges are essentially a transient phenomenon, and so the 
steady state is never reached. An example of a calculation that involves observed 
time variations fstonns movinc normal to the shoreand bottom friction is civen bv 
Heaps (1965), 

Note that for the case considered above of water of depth 50 m, a 1-m rise in sea 
level corresponds to a 0.5-m s” ‘ increase in longshore current. The frictional decay 
time for phenomena with a scale of the order of the Rossby radius is the spin-down 
time given by (9.12.7), and this is about 6 hr for a current of 0.5 ms*. 


10.10 Surges Moving along the Coast: Forced Kelvin Waves 


In Section 10.9 it was shown that surges are produced by wind-driven Hkman 
transport toward the coast, this leading to a piling-up of water within a distance 
of the order of the Rossby radius from the coast. However, the solution was obtained 

^ A n A A « ■ a .A. ^1% A # 1 a. «« « ■ 1 ^ Ik a ■ «■ a^ a k a a a a P a a ■ 

uii me aaauiiipiiuii mat vaiiatiuiis euuiu ue igiiuieu. t.^iteii a auige la luuiiu 

(see, e.g.. Fig. 10.10) to move down the coast and therefore it is very important to 
consider variations with x as well as y. The analysis is simple if the longshore scale 
L is large compared with the Rossby radius a, which very often is a reasonable 
assumption. The transient features with time scale * or smaller will again be 
ignored. 

The equations are again those of Section 9.9 that lead to the potential vorticity 
equation (9.9.21), and this has simple solutions when the y variations are rapid 
compared with x variations. A systematic way of finding the approximate equations 
that correspond to this assumption is by introducing nondimensional variables (which 
will be marked by an asterisk). Let t be a scale for the wind stress and L be the length 
scale on which the stress varies. An additional assumption made is that the time scale 
is of order L/c, where c = (g//)*^^ is the speed of long gravity waves. Then the stress 

can he wrilten 


X, = TX*{xjUylL, ctjL), y. = xY*{xjL,yjL, ctlL\ (10.10,1) 
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The longshore scale is assumed to be L, the scale normal to the shore is the Rossby 
radius a = c//j and the time scale is Z./c, so the nondimensional forms of the inde¬ 
pendent variables are 


X* = xjL, y* = yla, t* = ctjL. 


( 10 , 10 . 2 ) 


The appropriate scales for u, v, and rj may be deduced from the solution (10,9.5), 
(10.9.7), and (10.9.8) of the previous section, which gives 


u* = pHcujiL^ V* = pHfvjT, tj* = pgHrj/zL. 


(10.10.3) 


(10.10.4) 

(10.10.5) 

( 10 . 10 . 6 ) 


The corresponding form of the dynamic equations (9.9.10) is 

du*jdt* — V* = —drfjdx* -f A'*(x*, ty*, /*), 

(} dv*ldt* + u* = —dr}*jdy* -f tY^(x*, ty*, t*), 

whereas the continuity equation (5,6.6) gives 

dn*/dt* + du*/dx* + dv*ldy* = 0. 

The small parameter t that occurs is the ratio of the two scales involved, i.e., 

t = alL = elJL, (10.10.7) 

In the limit as t -*-0, the dynamic equations (10.10.4) and (10.10.5) become 

du*/dr - V* = ~dfj*/dx* + A'f(x*,0, r), (10.10.8) 

u* = -dfj*/dy*. (10.10.9) 

Thus only the wind blowing parallel to the shore produces an effect to the leading 

order of approximation, and variations of this wind with distance from the coast 
TU A M AM An 4- A r A ifAlAA«4ir «n in ^taao^ ¥*Ant^ l A 

1 iiw> laig&i i-iiw wjvjvitjr i<j nj i./aici.jjww 

with the gradient of the sea level normal to the shore, but the lesser component v* 
is not in geostrophic balance. 

Now that the nondimensional form of equations has been derived, the asterisks 
can be dropped and nondimensional units understood. The potential vorticity equa¬ 
tion can be obtained by adding (10.10.6) to the y derivative of (10.10.8) and then 
subtracting the x derivative of (10.10.9), giving 


d /du 
dt 


+ n] = 0- 


( 10 . 10 . 10 ) 


Integrating and substituting for u from (10.10.9) then give 

d^n/Sy^ - = 0 , 

and the solution therefore has the form 

n = Aix, t)e~^ 
u = Aix,t)e~^'. 


( 10 . 10 . 11 ) 

( 10 . 10 . 12 ) 

(10.10.13) 

me equaiion lor u la ouiainea irom me geuairopnie Damnce (10.i0r9). The equaticn 
for the amplitude A{x, t) comes from applying (10.10.8) at the coast y —0, where v 


_U.4.-j f- 


4.t_- 
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vanishes, and therefore 


dA/dt + dA/dx = X,(x, 0, t). (10.10.14) 

The solution for v turns out to be the same as for that in the x-independent case, and 
thus is given in dimensional form by (10,9.5), 

Equation (10.10.14) is the governing equation for storm surges, A being the 
quantity of m.ost interest, namely, the sea level at the coast. When there is no de¬ 
pendence on X, A grows linearly with time, reproducing the x-independent solution 
of 10.9. Another solution, already met with, is the case of no forcing when the solu¬ 
tion has the form 


A = G(x - t). 


(10.10.15) 


where G is an arbitrary function. This corresponds to the Kelvin wave solution 
studied in Section 10.4. 


In general, solutions of (10,10,14) can be thought of as ICslvin wovss that are 
modified by the wind. In fact, (10.10.14) states that for an observer traveling along the 
coast at the Kelvin-wave speed (i.e., unit speed in nondimensional terms), the rate of 
change of coastal sea level A is equal to the wind stress , parallel to the coast as 
seen by the observer. This is because the Ekman transport toward (or away from) the 
coast is locally determined and will build up (or reduce) the Kelvin wave depending 
on signs. For instance, if the observer is at a Kelvin-wave crest (A > 0) and X^ is 
positive (shoreward Ekman transport), the Kelvin-wave amplitude will increase. If 


the observer is at a trough (^4 < 0) and the Ekman transport is offshore (X^g 


- ''/5 


the trough will deepen. The relationship is obtained mathematically by changing 
to a coordinate ^ moving with the wave, i.e., introducing new coordinates 


^ = X - t, t' = t (10.10.16) 

to replace x and t. Then (10.10.14) becomes 

dA/dt'= X,(^ + (10.10,17) 

An equation similar to this was obtained by Kajiura (1962). 

Because the North Sea has dimensions large compared with the Rossby radius 
(which is about 200 km), this model can be applied to surges on the east coast of 
Britain. The wind that produces onshore Ekman transport in this case is in the north 
to northwest octant, and this has been known as the direction of surge-producing 
winds for a long time. For instance, Brooks and Glasspoole(1928, pp, 88,89) quote a 
contribution to Defoe’s history of the great storm of 1703 from the Rev. W. 
Derham F.R.S.: 


Another unhappy Circumstance with which this Disaster was join’d, was a 
prodigious Tide, which happen’d the next Day but one, and was occasion’d 
by the Fury of the Winds; which is also a Demonstration, that the Winds veer’d 
for Part of the Time to the Northward: and as it is observable, and known by 
all that understand our Sea Affairs, that a North West Wind makes the Highest 
Tide, so this blowing to the Northward, and that with such unusual Violence, 
brought up the Sea raging in such a manner that in some Parts of England ’twas 
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incredible, the Water rising Six or Eight Foot higher than it was ever known 
to do in the Memory of Man. 

Also, appropriate forms of (10.10,17) have been devised on purely empirical 
grounds by Corkan, and further developed by Rossiter (1959). For instance, a Kelvin 
wave takes time F = 8 hr to travel from Aberdeen to Lowestoft. Thus, integrating 
(10.10.17) over this time for an observer traveling with the wave gives 


Adn = A^it' -T) + 


rr 


XJi^ + t, 0, r) dt, 

t'-T 


(10.10.18) 


where Ai^ is the sea level at Lowestoft and ^4^ the value at Aberdeen. This may be 
compared with the empirical formula obtained by least squares fitting, namely, 


Aiit') = \.\5A^it' - T) + (xX„ (10.10.19) 


where a is an appropriate coefficient and X^ is an average value of X^ at some inter¬ 
mediate time. The factor of 1,15 could be due to shallowing of the North Sea to the 
south, which [see (10.4.12)] requires A to increase in proportion with in order 
to keep the energy flux constant. 

As an example of an analytical solution of (10.10.14), take a case in which there is 
no surge at x = 0, which can be taken to represent the northern end of the east coast 
of Britain. Suppose a wind blows parallel to the coast, with magnitude independent 
of space but depending on time, such as 


j7t sin TTt for 0<.i<i, 0<x<i, 

[0 otherwise. 


( 10 . 10 . 20 ) 


The length scale is chosen so that x = 1 represents the south end of the east coast. 
For simplicity’s sake, the duration of the storm has been made equal to the time it 
takes for a wave to traverse the length of the east coast. The solution may be carried 
beyond x = 1, if x is taken as distance along the coast moving in the direction of the 
wave, and it is assumed that the wave can turn the corner without loss of energy. 
However, because of the change of orientation of the coast, it is assumed that the 
forcing is zero from this point onward. Then the solution obtained is 


1 — cos(7rr) 

2 sin(57tx) cos(7r(f - 2 ( 1 - 1 - x))) 
1 — cos(7:(f — 1 — x)) 

0 


for 0 < f < X < 1, 
for X < t < 1, 
for max( 1, x — I) < t < 1 
otherwise. 


X, 


( 10 . 10 . 21 ) 


This solution is shown in Fig. 10.12, and despite the simplicity of the model, has many 
features in common with the observed surge that is shown in Fig. 10.10. Note that the 
observed surge decayed along the German and Danish coasts. This is consistent with 
the estimates of friction that were given at the end of the last section, although other 
factors can also contribute. 

As stated in Section 10.9, surges are produced by an Ekman flux toward the 
shore, and it is useful to subdivide the flow, as in Section 9.2, into a forced Ekman flow 
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K = 0 


K - 0.25 


k-0.5 


K = 0.75 



Fig. 10.12. The variation of surface elevation with time t for a model storm surge driven by a wind blowing 
parallel to the coast in the region 0 ^ x ^ 1 and lasting for unit time (half a sine-wave cycle). The interval of one- 
quarter unit between stations is roughly comparable with that used in Fig. 10.10. The observed storm surge in 
Fig. 10.10 does not disappear so quickly, suggesting that the wind came up quickly but did not fall off at the same 
rate. Despite the simplicity of the model, the growth and propagation of the surge is similar to that observed. 



and a part associated with the pressure field, i.e., 

u = VJH -f Mp, i; = V^jH + Op, (10.10.22) 

where and satisfy (9.2,7), and ip satisfy the homogeneous equations (9.2.2). 
The sea-level changes are associated only with the part (Wp, Op) that satisfies the 
homogeneous equations and is forced by the boundary condition 

v^= -V^jH at = 0, (10.10.23) 

i.e., by having a flow across the boundary that is just sufficient to balance the Ekman 
flux. Thus a surge could be simulated in the laboratory by having a flexible side wall 
that could be moved sideways. The horizontal displacement involved is the integral of 
the Ekman current, which can amount to about 10 km for cases corresponding to 
severe North Sea surges! 
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The above discussion shows the general nature of the surge, and equations like 
(10.10.18) can indeed be useful for surge forecasting. In practice, however, effects 
of geometrical details, friction, and nonlinear interactions [see, e.g., Prandle and 
Wolf (1978)] between surge and tide need to be taken into account for accurate pre¬ 
diction, and this can be done by means of numerical models [see Heaps (1969) and 
Prandle (1975)] that can be linked with atmospheric models in order to predict 
surges (Flatherand Davies, 1976). Review articles on computation of surges are given 
by Welander (1961) and by Reid el al. (1977). 

10.11 Coastal Upwelting 


The previous two sections were concerned with the barotropic response of the 
ocean when there is a wind-driven Ekman transport toward or away from the coast, 
and this response is particularly significant with regard to storm surges in shallow 
seas. In a stratified ocean, there is a barodinic response of the same form, which is 
most easily illustrated by the two-layer model discussed in Section 9.10. The main 
part of the response is confined to a distance from the coast of an internal Rossby 
radius (typically 30 km in deep-sea regions). The equations for the barodinic response 
are (9.10.16) and (6.3.5), which have exactly the same form as those for the barotropic 
case, and the solutions found in the last two sections can be applied. The region in 
which the barodinic response occurs is very small compared with the barotropic 
Rossby radius, so the rigid-lid approximation can be used, i.e., free surface move¬ 
ments can be ignored when discussing the internal motion (see Section 6.3). 

The particularly important case of internal motion is the one in which the Ekman 
transport, which is confined to the upper layer, is away from the coast. This requires 
deep water to upwell to replace the surface water being removed. The deep water 
contains nutrients that, if brought up into the sunlit regions of the upper ocean, can 
be utilized to produce plant life, which in its turn is necessary for animal life. The 
result is that the world's most important fisheries are in coastal regions. [Models of 
the biological factors are discussed, e.g., by Walsh (1977).] 

The amount of upwelling in a given region is proportional to the change in Ekman 
flux across it. In coastal regions, this flux changes from zero at the coast to its deep-sea 
value in a distance of the order of the internal Rossby radius, i.e., about 30 km. The 
same change in Ekman flux in the open ocean is only observed over distances of the 
order of the synoptic scale, i.e., 1000-3000 km, so on this reckoning coastal up- 
welling is 30-100 times stronger than open ocean upwelling. This explains the im¬ 
portance of coastal fisheries relative to deep-sea fisheries. In fact Ryther (1969, p. 75) 
put the situation as follows; 

The open sea [90% of the ocean] is essentially a biological desert. It produces 
a negligible fraction of the world’s fish catch at present and has little or no 
potential for yielding more in the future. Upwelling regions, totaling no more 
than about one-tenth of 1 percent of the ocean surface (an area roughly the 
size of California) produce about half the world’s fish supply. The other half 
is produced in coastal waters and the few offshore regions of comparably high 
fertility. 
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By coastal waters, Ryther means those within the 100 fathom contour that is not 
included in the upwelling areas (about 7.5% of the ocean), whereas the offshore 
regions referred to (about 2.5% of the ocean area) are regions of fronts, divergences, 
etc. 

The local solution of the baroclinic equations (9.10.16) and (6.3.5), i.e., the solu¬ 
tion for the case in which there is no variation in x, has the same form as (10.9.5), 
(10.9.7), and (10.9.8), namely, 

C = - C-"”), (10.11.1) 

h = ( 10 . 11 . 2 ) 

IS = (A',/p//,)c'"“(, (10.11.3) 

wherep is now the speed of long internal waves, given by (6.3.7), i.e., 

c^=g'HyHJ{H, +H^), (10.11.4) 

and a = c//is the Rossby radius. The solution is illustrated in Fig. 10.13, which is the 
analog of Fig. 10.11 for internal motion. 

Solutions of the above form were found by Charney (1955a) and Yoshida(1955). 
For a stress of 0.1 N m“^, g' = 0.03 m s~^, = 100 m, and » Hi , the rate of 

upwelling at the coast is about 5 m day"'. The longshore current for the same 
conditions increases by 0.1 m s"^ day"^ at the coast. This current has been called 
a coastal jet by Charney. For a continuously stratified ocean [see Gill and Clarke 
(1974)], each mode has the above form and the full solution can be found by super¬ 
position of modes. 

The principal upwelling areas of the world are found on the eastern boundaries of 
the oceans [see Hart and Currie (1960) and the review by R. L. Smith (1968)], and these 
areas are also noted for the equatorward currents that are found there [see the review 
by Wooster and Reid (1963)]. They are also regions in which the wind is equatorward 
(Wooster and Reid, 1963), but there is by no means a precise coincidence of upwelling 
with equatorward currents or equatorward winds. Regions particularly noted for 
upwelling are the coast of Peru, the U.S. West Coast, and the coasts of NW and SW 
Africa. There is also upwelling off Somalia and Arabia during the Southwest Mon¬ 
soon. As already mentioned, half the world’s fish are caught in these regions. 

An example, showing measured currents and temperature structure in an up¬ 
welling region, is shown in Fig. 10.14, which may be compared with the transient 
theoretical solution shown in Fig. 10.13. On 8 March 1974, the wind had been light, 
but grew during 9 March to reach a strength of 10 m s' * from a little east of north, 
and this wind was maintained over the period of measurement. The Ekman transport 
-^s/p/(where is the stress, p the density, and /the Coriolis parameter), if spread 
over a depth of 30 m, gives an offshore current of about 0.1 m s" \ and a current of 
this order can be seen in Fig. 10.14a in the upper 30 m, with an onshore flow at lower 
levels. The consequent upwelling of the temperature structure can be seen in Fig. 
10.14b, and the longshore current structure associated with this is shown in Fig. 
10.14c. The Rossby radius (based on a reduced gravity g' of 0.03 m s” ^ and a depth 
of 100 m) is about 30 km. 

Some good illustrations of the effect come from measurements in the Great Lakes, 
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Fig. 10 .13. The "iocal" upwelling solution, which is the baroclinic analog of the surge soiution shown in Fig. 
10 11, Upwelling at a steady rate is caused by offshore Ekman transport. A coastal jet is generated in the upper 
layer, this being in the same direction as that of the wind. An undercurrent in the opposite direction is also gen¬ 
erated. Directions are for an eastern boundary. 


which have widths large compared with the internal Rossby radius. For instance, 
Fig. 10.15 shows a section across Lake Michigan shortly after a strong N-NE wind 
impulse that has produced upwelling on the eastern side and downwelling on the 
western side, as expected from the direction of the Ekman transport. The internal 
Rossby radius in this case is about 5 km, and the zone aflfected by the upwelling or 
downwelling is about twice this distance. Other examples can be found, for instance, 
in the review of Csanady (1977a) about coastal jets. 

Upwelling is very often strong enough for the sea-surface temperature to be 
affected, and thus low temperatures in a thin strip adjacent to the coasts are a signa¬ 
ture of upwelling. It is, in fact, quite common to find coastal waters colder than those 
offshore. The process is not linear because large displacements are required to make 
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Fig. 10.14. Sections off NW Africa at 21®40'N showing (a) the eastward (onshore) component of velocity (off¬ 
shore in stippled regions), (b) density (<7,), and (c) northward (longshore) component of velocity (poleward in stippled 
regions). The wind was blowing fairly steadily from a little east of north at 10 m s”having risen to this magnitude 
on 9 March. The Rossby radius is about 30 km. [From Barton et a/, (1977, Figs, 11, 7, and 10, respectively).! 
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Fig. 10.15. Thermocline depth, as shown by the 10°C isotherm, in some east-west transects of Lake Michigan 
made on 19-20 August 1963, shortly after a N-NE wind impulse. This produced upwelling on the eastern boundary 
and downwelling on the western boundary. The Rossby radius is about 5 km. The figure also shows transient oscil¬ 
lations in the middle of the section. [From Mortimer (1968); see also Mortimer (1974, Fig. 26).l The horizontal scale 
is in km. 
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Fig. 10.16. Surface temperature, as obtained by an airborne radiation thermometer, off the west coast of 
South Africa [from Bang (1973b)l. Offshore temperatures are above 20'’C, but upwelling produces much lower 
temperatures near the shore. Note the large temperature differences near Cape Point, which is at the southern 
end of the upwelling zone. 

the surface colder and mixing is usually involved. Also, downwelling cannot make the 
surface any wanner, so a succession of upwelling and downwelling events with mixing 
still tends to make the coastal zone colder on average. An example of the large surface 
effects that may be found is shown in Fig. 10.16. The effect is quite obvious at the 
shore because beaches only a few miles apart can have water temperatures differing 
by as much as 10°C [see Fig. 1 of Bang (1973a)]. The upwelling can also be seen in 
the color of the water and in the abundance of sea life. 


10.12 Continental SheH Waves 


When spatial variations of the wind are taken into account, the solution for each 
mode will have the same form as that of the surges studied in Section lO.lO, i.e., will 
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consist of an internal Kelvin wave, propagating along the coast with an amplitude 
that will be growing or decaying according to the sign of the wind effect of the point 
in question (Gill and Clarke, 1974). Each mode n has a different free speed c„ of 
propagation (see Section 9.10), and hence has a different Rossby radius a„ = cjf 
and a different coefficient for forcing (i.e., a different equivalent forcing depth—see 
Section 9.10), so the net effect can be evaluated only when the modes are superposed. 
In a two-layer system, however, the situation is simple because there is only one baro- 
clinic mode, and therefore the solution given in Section 10.10 can be applied directly. 

The theory of forced internal Kelvin waves requires a flat-bottomed ocean, so the 
coastal boundary needs to be a vertical cliff. If allowance is made for the sloping 
boundary at the coast, not only is the Kelvin wave modified, but there also exist new 
forms of wave associated with the sloping bottom. The new forms of wave exist even 
in the absence of stratification, in which case they are called continental shelj waves. 
The properties of these waves in a homogeneous ocean will now be studied. 

Consider a homogeneous ocean whose depth Hiy) is a function only of distance 
y from the coast. It will be supposed that the scale of depth variations (which is also 
the scale of the response) is small compared with the external Rossby radius, so that 
the rigid-lid approximation can be made. Then the surface elevation term in the 
continuity equation (5.6.8) can be ignored, so that it gives 


5 ^ x n du dv 1 dH 

^(Hu) + —(Hv) = 0 or ^ + (10.12.1) 

ox dy ox oy H dy 

L>uuaiiiuiiuii5 lui ixic 111 me vuiiieii^ e4uaiiuii v. // j m^ii 51 ve 

= ( 10 . 12 . 2 ) 

dt \dx dyJ H dy 

Now (10.12.1) can also be used to define a stream function if/ such that 

Hu = -dil//dy, Hv = dijj/dx. (10.12.3) 

Substituting for u and v in (10.12.2) then gives 


dt \H dx) dy \H dy /| dy dx 
Traveling wave solutions of the form 

\j/ = //‘^^0(y) exp(i7cx —iot) 


(10.12.4) 


(10.12.5) 


can be found, where </> satisfies 

d^<l) M / 1 dH 
dy^ ^ jdy V2H dy 


1 dH 
2H~dy^ 


fk I dH 

-L r_ 

(O H dy 


(f> = 0. 


( 10 . 12 . 6 ) 


A particularly simple case is the one in which the depth increases exponentially with 
distance from the coast, i.e.. 


H = Hq exp(2Ay). 


(10.12.7) 
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The solutions have the form 


(/> oc sin ly (10.12.8) 

and therefore the dispersion relation is 

to = IfkXlik^ + + A"). (10.12.9) 

The dispersion curve for a fixed value of / is shown in Fig. 10.17. 

Consider some typical values, e.g., when A~' is 30 km. The value of i depends on 
the width of the region in which the depth varies exponentially, and also on the proper¬ 
ties of the ocean seaward of that region. There is normally an infinite set of values 
that / may have, the smallest value usually being close to A. Consider a wave for which 
I = A. Disturbances generated by storms and having similar scales will have k~ * large 
compared with A'^ so their free wave speed is given by 

(o/k = 2/A/(/" + A"). (10.12.10) 

In the case / = A, this equals //A, which is typically about 3 ms'*. The direction of 
travel depends on the sign of / and is the same as that of a Kelvin wave (assuming 
depth increases with distance offshore). The maximum frequency is given by 

= + ( 10 . 12 . 11 ) 

which is always less than / and is equal to 0.7/ when / = A. At this frequency the 
longshore group velocity vanishes, so stationary features such as ridges and canyons 
that run across the shelf could generate lee waves [cf. Martell and Allen (1979)] with 
the corresponding scale, namely, (l^ + A^)'*^^—which has typical values of about 
20 km. There is evidence for maxima in the coherence spectrum between currents and 
sea level at this frequency (Cutchin and Smith, 1973). Shorter waves have phase veloc¬ 
ity in the same direction as that of the long waves, but group velocity in the opposite 
direction. 

The mechanism [cf Longuet-Higgins (1965c, Fig. 13)] is illustrated in Fig. 10.18. 
The solid line represents a line of particles that, in their undisturbed condition, lie 
along a depth contour parallel to the shore. During the motion, a particle conserves 
[see (7.10.9)] its potential vorticity Q, which in the case of negligible surface motion 
is given by 


Q=(/ + 0/H, 


( 10 . 12 . 12 ) 





2 
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Fig. 10.17. The dispersion curve (10.12.9) for a "continentai sheif wave" over topography that increases expo- 
nentlaiiy with distance from the coast. The phase velocity is in the same direction as for Keivin waves, i.e., with 
the shallow water on the right in the northern hemisphere. Long waves have group velocity in the same direction, 
but short waves have group veiocity in the opposite direction. 
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Fig. 10 .18. The mechanism for propagation of shelf waves. The solid line represents a line of particles whose 
undisturbed positions lay along a depth contour. Conservation of potential vorticity implies that particles moving 
into shallower water acquire anticyclonic relative vorticity and those moving into deeper water acquire cyclonic 
relative vorticity, The sense of this relative vorticity is shown for the northern hemisphere, The motion induced 
by this vorticity field is indicated by the broad arrows, so the line of particles moves to the position indicated 
by the dashed line. 

where C is the relative vorticity of the particle and H is the depth. If was the 
depth of water when the particle was in its undisturbed state = 0), Q = f /H^„^ 
and thus (10.12.12) gives 


y ! r / TT TT \ i JT 

=\.ri - 


/ \ i\ 1 1 




Thus particles displaced into deeper water (offshore) acquire cyclonic vorticity and 
particles displaced into shallower water (onshore) acquire anticyclonic vorticity. 

Now consider the motion induced by these vortices. This is shown by arrows in 
the figure for particles near their undisturbed position. The result is that the particles 
move to the position marked by the dashed line and so, in the northern hemisphere, 
the wave progresses along the contour with shallow water on the right. 

The possible values of I will now be found for a shelf profile given by (10.12.7) 
for 0 < y < B and with a flat-bottomed ocean for y > B, where fl is a measure of 
the shelf breadth. This profile was used as a model of the topography off the east 
coast of Australia by Buchwald and Adams (1968). The solution is 


(exp(A(y - fl)) sin/y exp(//cx - i(ot) 
\exp(k(B — y)) sin IB exp(ikx — icot) 


for 0 < y ^ fl, 
for y > fl, 


(10.12.14) 


the variation over the exponential shelf being given by (10.12.5), (10.12.7), and (10.12.8), 
and the variation in the flat-bottomed ocean being potential flow by (10.12.4). The 
surface elevation is, by substitution of (10.12.3) in the momentum equation (7.2.1) 
and assumption of the wavelike form (10.12.5), given by 


gHrj = - (co/k) d\l/ldy. (10.12.15) 


This shows that dif/jdy must be continuous at y = fl, and use of (10.12.14) then gives 

/-Man/fl = -(A-t-k)-'. (10.12.16) 


There are a countable infinity of possible values of I, and the dispersion curves that 
correspond to the first few are shown in Fig. 10.19 for the case Afl = 2.7, as used by 
Buchwald and Adams. Mode n has the property that 

(n — ^)7r < IB < nil. (10.12.17) 

In practice, the potential now solution over the flat-bottomed ocean would not 
be expected to apply because of stratification effects or free-surface effects. However, 
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Fig. 10.19. Dispersion curves for the first five continental shelf-wave modes for a shelf whose depth increases 
exponentially to a value of S km at a distance B = 80 km offshore and then remains constant, This gives a good 
model of the shelf topography near Sydney. [From Buchwald and Adams (1968, Fig. 4).I 


such effects alter only the magnitude of the right-hand side of (10.12.16) somewhat, 
and there is still a countable set of modes satisfying (10.12.17). An example in which 
stratification over the flat-bottomed section alters the structure of the modes is given 
by Mysak (1967) and Gill and Clarke (1974). Further discussion of shelf waves may 
be found in the review of LeBlond and Mysak (1977). 

The essential property of the ocean that permits continental shelf waves to exist 
is the variation in depth. A coastal boundary is not necessary—in fact, waves of the 
same sort can propagate in the deep ocean along topographic features as shown, for 
instance, by Longuet-Higgins (1968a). However, a coastal boundary is important for 
the generation of shelf waves by the wind (Gill and Schumann, 1974). This is so be¬ 
cause the Ekman flux produced by the wind is confined to a thin layer near the sur¬ 
face and therefore is unaffected by the underlying topography. The Ekman flux 
cannot, however, cross a coastal boundary, so a compensating motion below the 
Ekman layer is required, and the surface must move in such a way as to give the 
pressure gradients that are associated with the motion below the Ekman layer. 
Details of the motion below the Ekman layer depend on shelf-wave dynamics. In 
particular, movement across isobaths (depth contours) causes relative vorticity to 
be generated, and the field of motion is that induced by the relative vorticity dis- 

iiiuuiiuii aw 

The wind that generates shelf waves normally has a scale L that is much larger 
than the breadth B of the shelf, so a long-wave theory can be utilized. A scaling can 
be introduced just as in the treatment of storm surges in Section 10.10, except that 
the Rossby radius a is replaced by the shelf breadth B and the speed c = af is replaced 
by Bf. The equations, equivalent to (10.10.4)-(10.10.6), that emerge are, for small £ 
and in dimensional form, 

du/dt - fv = -gdt^/dx + (pHy^XJ^xJ), 
fu = -g df]Idy. 


(10.12.18) 

(10.12.19) 
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d{Hu)ldx + d{Hv)ldy = 0. (10.12.20) 

Thus to a first approximation, the longshore flow is in geostrophic balance, only the 
longshore component of the wind is effective in generating currents and sea-level 
changes [observational evidence of this has been given by Cragg and Sturges—see 
Csanady (1981)], and variations in the wind with distance from the coast may be 
ignored. The potential vorticity equation may be obtained by adding minus the y 
derivative of(10.12.18),thex derivative of(10.12.19),and —f/H times(10.12.20). When 
expressed in terms of the stream function ^ defined by (10.12.3), this takes the form 


/ dH_^_ X, dH 
dy dt \H dy) dy dx pH^ dy ‘ 


( 10 . 12 . 21 ) 


The solution of this equation [see Gill and Schumann (1974)] can be expressed 
as a sum of shelf modes of the form 


M= 1 


where <}>„ satisfies the long-wave equivalent of (10.12.6), namely, 


( 10 . 12 . 22 ) 
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a-q}„ 


dy^ 
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IHdyJ \2HdyJ c„H dy 


U, = 0. 


(10.12.23) 


This equation has solutions only for the eigenvalues c„, which give the speeds of 
freely propagating long waves. When substituted in (10.12.21), (10.12.22) gives the 
following equation for A„ : 


^ ^ b„XXx, t) 
dt dx of 

tl i u 


(10.12.24) 


where b„ is a constant that comes from the expansion of the right-hand side of 
(10.12.21) [see Gill and Schumann (1974)]. 

This equation (10.12.24) has the same form (10.10.14) as that governing the devel¬ 
opment of a storm surge, so the amplitude of each shelf-wave mode behaves in the 
same way. The total effect can be calculated only by superposition of the modes. If, 
however, one mode dominates, the behavior will be just like that for a surge. If several 
modes are important, the effect is to spread out the surge—a form of dispersion. 

In practice, a shelf wave, in the absence of forcing, would lose energy by friction, 
interaction with small-scale topographic variations, etc. Gill and Schumann (1974) 
suggested that allowance be made for such effects by adding a dissipative term to 
(10.12.24), so that it becomes 


cXdt " 7 dx pf 


(10.12.25) 


Brink and Allen (1978) have shown that bottom friction causes the amplitude equa¬ 
tion to take precisely this form and estimated the time scale rj” * for a particular case 
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Fig. 10.20. Contours of (a) stream function and (b) surface elevation for steady flow over a shelf whose depth 
increases linearly with distance y from the coast. The flow is driven by a periodic wind stress of the form X, = 
- cos kx and is in equilibrium with bottom friction of magnitude such that k(v/2f)‘'^ = 0.016 dH/dy. The unit 
of stream function is X^^Hkp and that of surface elevation is 2X^/pg{k{vl2i)''^ dH/dy}''^. The horizontal axis 
is marked in units of - kx. [From Csanady (1978, Figs. 4 and 5).] 


to be 5 days. Bottom friction also causes the near-shore flow to lead the offshore 
flow in phase, and this effect has been observed. 

The only modification to the long-wave form of equations when bottom friction 
is included is the addition of the bottom stress term to (10.12.18). When this has the 
linear form (9.6.4), (10.12.18) becomes 


du . dn 


pH 



(10.12.26) 


Solutions of the long-wave equations (10.12.26), (10.12.19), and (10.12.20) in the case 
of steady flow have been discussed by Csanady (1978, 1981). When u and v are elim- 
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inated from these, the resulting equation for the surface elevation rj is 

dH dt] _ / V 
dy dx \2f) 


(10.12.27) 


which, for a shelf with constant slope, is the heat equation, which can readily be solved. 
At the shore, where H vanishes, (10.12.26) shows that 

(10.12.28) 

i.e., the flow is downwind in order for the bottom stress to balance the surface stress. 
This can be seen in the solution for a wind that varies periodically with longshore 
distance x, which is shown in Fig. 10.20. Further offshore, the longshore flow pattern 

is disolaced relative to the wind in the direction of oronaeation of a shelf wave. 

* _ -- — - .. - 

whereas far offshore the flow is simply the Ekman transport at right angles to the 
wind. Csanady (1981) has discussed observations relating to shelf circulation cells 
with this character. 


10.13 Coastally Trapped Waves 


in a stratified ocean of constant depth, free waves can propagate along a coastal 
boundary in the form of internal Kelvin waves with a typical scale (the Rossby 
radius) of order 30 km. In Section 10.12 it was shown that in a homogeneous ocean 
with shelf topography there also exist free waves (continental shelf waves) that propa¬ 
gate along the boundary and that also have a scale of around 30 km. In practice, strati¬ 
fication topography are both present, so hybrid waves with characteristics of both 
Kelvin and shelf waves exist. These have been called coastally trapped waves by Gill 
and Clarke (1974), and properties of such waves have been calculated by Allen 
(1975), Clarke (1977), Wang and Mooers (1976), and Huthnance (1978). 

An example of a coastally trapped wave, observed off the Peruvian coast, is 
shown in Fig. 10.21. Here the structure is similar to that of a Kelvin wave associated 
with the first baroclinic mode. The offshore length scale is 30-60 km (Huyer, 1980), 
the poleward propagation speed is about 2ms"' (R. L. Smith, 1978), and the waves 
contribute to current fluctuations with periods of days to weeks (Brink et a/., 1978). 
The waves are thought to first propagate eastward along the equator as equatorial 
Kelvin waves (see Chapter 11) and then propagate poleward along the coastal wave¬ 
guide in the form shown. They also affect sea level and surface temperature as shown 
in Fig. 10.21. 

Evidence for wave propagation along the eastern boundary of the Pacific Ocean 
can also be seen in coastal sea-level and temperature records (Enfield and Allen, 
1980), the propagation speed being of order 1 ms"'. The existence of coastally 
trapped waves means that whenever the sea level is high near the equator, it also 
becomes high further poleward, as can be seen in Fig. 10.22. High sea levels near the 
equator extend as far as San Francisco, beyond which point wind effects become the 
predominant determining factor. The high sea levels also correspond to high coastal 
temperatures. 
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iCkAli OhSmOic profiles ol (d) the Sed 3urf<iL.€ (dS L.d!L.u!<ited frOin the dyn<iiiiii., tOpCgiiiphy icIdtiVe tO 

600 dbar), and (b) selected isotherms at times of very high (31 July 1976, dashed line) and very low (10 August 1976, 
solid line) sea level at San Juan. The location is at 15°S on the Peruvian coast. The changes are similar to that ex¬ 
pected for an internal Kelvin wave associated with the first baroclinic mode, and the poleward-propagation char¬ 
acteristics are consistent with this interpretation [from Huyer (19B0, Fig. 5)]. 


Mortimer (1963) [see also Mortimer (1974)] found evidence from water intake 
temperature and water-level variations of similar types of waves moving cyclonically 
around Lake Michigan and Lac Leman. A model for this sort of response in a large 
lake has been given by Csanady (1972b), and motion of the same type has been 
observed by Walin (1972a,b). Similar sorts of waves can exist in the atmosphere, 
and Gill (1977b) has suggested that the “coastal lows" that move around the southern 
coast of Africa with the land on their left are a form of forced internal wave of the 
Kelvin type [see also Bannon (1981), Nguyen and Gill (1981)]. The progression of 
such a low can be seen in Fig, 10.23. A feature such as this can behave like an internal 
wave because of the strong inversion at about the 1 km level, and an approximate 
treatment replaces this inversion by the interface in a two-layer model like that used 
in Section 6.3. This wave can be of the Kelvin type because southern Africa consists 
largely of an elevated plateau that rises above the inversion and so forms a lateral 
boundary for the fluid in the lower layer. This boundary blocks the flow that would 
occur in the absence of a boundary, so a compensating flow must be added in order 
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F'g- 10.22. Time series of monthly anomalies of sea level from the American Pacific coast from 1950 to 1974 
inclusive The stations are in order of latitude from Yakutat, Alaska (60‘^N) to Valparaiso, Chile (33°S). Positive anoma- 
lies are shaded black. [From Enfield and Allen (1960, Fig. 4a).l 

to satisfy the boundary condition. This additional flow can take the form of a coastally 
trapped wave. In practice, the amplitude of the coastal lows can become very large, 
wave steepening can occur, and a sharp front—rather like a tidal wave—can form. 
When such a front passes, the longshore component of the wind below the inversion 
level has been observed to increase by 16 m s“ ‘ within half an hour (Preston-Whyte, 
1975). 

Enfield and Allen’s (1980) analysis of sea-level variations on the Pacific coast 
shows that from San Francisco northward the association with tropical anomalies 
becomes small but that correlations with longshore wind-stress changes become 
significant. One factor that is involved is the change of structure of coastally trapped 
waves as latitude (and hence/) increases, so the Rossby radius and its ratio with the 
shelf width decreases. Sugonihara (1981) found in a numerical experiment that energy 
that is in Kelvin-like waves at low latitudes is transferred to quasi-barotropic shelf- 
wave-iike modes that lose energy more easily, e.g., by radiation into westward- 
propagating planetary waves (see Chapter 12). 




Fi^ 10.23. Daily surface pressure maps at 0800 South African Standard Time for 3-6 August 1965, showing the progression of a coastal low around the southern tip of 
Africa from the Atlantic to the Indian Ocean. The average period between lows is 6 days and the average propagation speed is 6.5 m s*V The Rossby radius is about 200 km 
and the free Kelvin-wave speed is about 20 m s"' [from Gill (T977b, Fig. 1)]. 
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The generation of coastally trapped waves by wind blowing over a stratified ocean 
with a shelf topography can be studied by using a long-wave theory, just as in the dis¬ 
cussion of storm surges and shelf waves. The Ekman flux toward the shore needs to 
be compensated by an equal and opposite flow at the coast, and a sum of coastally 
trapped waves with this property can be found. Also, it can be shown (Clarke, 1977) 
that the amplitude A„ of each of the waves satisfies the same equation (10.12.24) as 
in the particular case of a shelf wave. 

Coastally trapped waves have been observed in many situations and reviews are 
given by LeBlond and Mysak (1977, 1978), Mysak (I980a,b), Allen (1980), and 
Beardsley and Boicourt (1981). For instance, Hamon’s (1962) observation that sea 
level and air pressure on the east coast of Australia did not satisfy the "inverse 
barometer” relationship (see Section 9.9) led to the shelf-wave model of Robinson 
(1964) and the wind-generated shelf-wave theory of Adams and Buchwald (1969), 
Observed properties of the fluctuating currents off Oregon have been studied by 
Kundu and Allen (1976), who found mainly barotropic motion along isobaths with 
a maximum close to the shore. Dynamic balances for the fluctuating currents in three 
localities have been studied by Allen and Smith (1981). 

A method of studying the importance of propagation on the structure of coastal 
waves has been used by Hamon (1976) and Clarke (1977), who compared the time 
series of sea level at a certain point with the time series generated by an equation of 
the form (10.12.25), using winds observed in the appropriate direction along the coast. 
This can give only a crude representation of the coastally trapped waves since it can 
include the effect of only one mode, but it does show that taking account of the propa¬ 
gation of one mode improves the "prediction” of sea level relative to the best pre¬ 
diction that can be made by using only local winds. Hamon’s results are shown in 
Fig. 10.24. Curve A is the result of comparing the sea-level record at 29°S with the 
calculation based on (10.12.25), using the winds over the shelf to the south, a speed 
c of 4 m s~ * (derived from earlier empirical studies), and zero decay rate (r = 0). 
Curve B uses local winds only, i.e., is effectively based on (10.12.25) with infinite 
decay rate, i.e., the wave has no memory of wind effects experienced as it traveled 
toward the point of observation. The coherence is much better for case A for periods 
between 4 days and 2 weeks. A similar analysis by Clarke (1977), using data from the 
west coast of North America showed that for periods of 4 days and longer the 
“prediction” made by taking account of wave propagation is better. A similar formu¬ 
lation has also been found useful for Lake Ontario (Bennett and Lindstorm, 1977). 

Although the analysis of sea-level data leads to a simple picture of coherent long 
waves moving along the coast, detailed studies of currents and of temperature/ 
salinity data often show considerable lack of coherence because a great deal of energy 
is also found in smaller-scale motions. These may be eddies, possibly produced by 
current instabilities, or wave motions due to small-scale features of bottom topog¬ 
raphy. Such motions add a random element to upwelling that may lead to an unpre¬ 
dictable patchiness in the biomass distribution. This sort of patchiness is, for instance, 
a feature of the upwelling region off NW Africa at latitudes near 20°N, where a 
water-mass boundary is found. 
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local topographic features. For instance, Fig. 10.25 shows the upwelling pattern 
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Fig. 10J4. Results of cross-spectral arulysis between sea level at Evans Head (on the Australian coast at 
29°S) and the solution A, of (10.12.25), where X, is the wind-stress component parallel to the coast, is a constant, 
X is the distance along the coast (positive northward), and r„ is the attenuation rate. The winds were observed 
over a stretch of coast extending to Cabo Island (about 3fl°S) and the integration commenced from this point. 
The record length was 790 days and v = c, was given the value shown. Curves A and C correspond to the solution 
for zero attenuation rate, whereas curve B corresponds to a large attenuation rate, i.e., only uses winds at the 
nearest point. [From Hamon (1976).) 


obtained by Peffley and O’Brien (1976) in a model using topography and coastline 
shape based on that found off Oregon. The strong upwelling found near the model 
Cape Blanco (y = — 150 km) was shown to be due to topography rather than coast¬ 
line shape because a uniform depth model with the same coastline slope gave upwell¬ 
ing rates that were essentially uniform along the coast. 

Preferred upwelling locations can also be produced by the topography of the 
nearby land since strong winds can be directed out over the sea through gaps in the 
mountains, giving very nonuniform stress distributions. A noted example is found 
in the Gulf of Tehuantanpec (about 15°N, 95°W), for which Roden (1961) showed 
that cool surface temperatures are associated with northerly gales that, after being 
funneled through the mountains, can produce vertical Ekman pumping velocites 
of the order 10 m day~ ‘ (10'^ m s '). 
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Fig. 10.25. (a) Pycnocline elevation produced at day 5 in a model ocean of constant depth and with a coastline 
shape like that of Oregon. The upwelling is produced by an equatorward wind stress and appears to be little affected 
by the coastline shape, (b) The corresponding picture when the model Ishown in (c)l of the shelf topography off 
Oregon is added. Now the amount of upwelling shows considerable variation along the coast. The results are from 
a numerical integration by Peffley and O'Brien (1976, Figs. 3b and 5). 


10.14 Eastern Boundary Currents 


At latitudes below 45°, the winds along the eastern boundaries of the oceans are 
predominantly equatorward (Wooster and Reid, 1963), i.e., such as to produce 
equatorward surface currents, and this is generally what is observed. Reviews about 
these currents and the associated upwelling regions are given by Wooster and Reid 
(1963) and by R. L. Smith (1968). However, it should be realized that there is consider¬ 
able variability on the time scale of a few days (see Fig. 10.14c), that there can be fine 
spatial structure associated with the fronts that can form (Bang and Andrews, 1974), 
and that currents in one season can be quite different from those in another season 
[see, e.g., Wooster et al. (1976)]. 
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The best-documented eastern boundary current is the one off the coast of Oregon. 
Figure 10.26a shows the density field at 44°39'N in two extreme winters, the distribu¬ 
tion in other winters lying between these extremes. Figure 10.26b shows two extreme 
summer distributions in the same format. The differences between the summer and 
winter patterns are considerably greater than those between extreme examples of 
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F)g. ULU. (a) Two extreme winter and (b) two extreme summer density sectioru at 44*’39'N off Oregon. The 
distance scale is in nautical miles from the coast. [From Huyer (1977).] (c) Monthly mean currents off Oregon at 
44®45'N in 100 m of water for (O) a shallow depth (2S m), (A) an intermediate depth (40 m), and (#) a depth of 
BO m, i.e., 20 m above the bottom. [From Huyer et a/. (19751.1 (d) Offshore Ekman transport for the eastern boundary 
of the North Pacific as a function of latitude and time of year. [From Bakun ec al. (1974).l 
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(d) 

Fig. 10.26. (continued] 


the same season. In winter, light water (a, < 25) is found only in the near-shore zone, 
i.e., within about 70 km of the coast. In the summer upwelling season, however, 
water of this density is found only offshore and relatively dense water (tr, % 26.5) is 
found near the coast. The associated currents in 100 m of water at 44°45'N arc shown 
in Fig. 10.26c for a particular year. In the winter, the currents were found to be pole- 
ward and to vary little with depth. In the summer, the currents were equatorward, 
but were much stronger at the surface than they were at depth. Note that a seasonal 
oscillation with a velocity amplitude of 20 cm s~ ‘ corresponds to a displacement 
amplitude of 1000 km, i.e., water found in the coastal current at the end of summer 
could have originated from 55°N, whereas that found at the end of winter could have 
originated from 35°N. It is certainly true that there is considerable contrast in water- 
mass properties between the two seasons (Huyer, 1977). The offshore Ekman trans¬ 
port, which is probably the main driving force for the seasonal oscillations, is shown 
in Fig. 10.26d as a function of latitude and time of year. Note that at 45°N the mean 
current is equatorward even though the mean wind is poleward. However, the mean 
wind does become equatorward a few degrees to the south. 

The fact that the seasonal variations in the coastal current are a feature only of 
the coastal zone, and have little relation to what happens offshore, is illustrated in 
Fig. 10.27. The first panel (a) shows the variation in dynamic height at various depths 
as calculated by Reid and Mantyla (1976) for January, whereas (b) shows the equiva¬ 
lent diagram for summer (July). The variations with time of year of the dynamic 
height at the coast agree well with the observed variations in sea level, as shown in 
(c). Panels (a) and (b) show that the region of rapid change in dynamic height is 
confined to a distance of about 200 km from the coast and is possibly related to the 
width of the continental slope. Comparison of the seasonal variations of dynamic 
height at different distances from the shore confirms this, showing that the variations 
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Fif. 10.27. Variation of dynamic height (in dynamic meters) relative to 1000 db for (a) January 1966 and lb) 
July 1966 (or a section off Oregon at 44°38'N. (From Reid and Mantyla (1976); /. Ceophys. Res. 61, 3100 (Fig. 4); 
copyright by the American Geophysical UnionJ Values have been extrapolated over the continental slope. The 
distance scale is in nautical miles (54 > 100 ktrO and station numbers give distance from the coast in nautical 

miles, (cl The seasorral variations in surface dymamic height calculated by the same method. The dashed line in 
the first panel shows sea'Ievel variations at a nearby tide gauge. (From Huyer |1977).| 
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are reduced to practically zero at a distance of 80 km and have quite a different phase 
at a distance of 300 km. Note that since currents are related to the gradient of dynamic 
height, it is implied that the boundary current has a width of about 200 km and 
reverses in direction each season. 

A complete theory of eastern boundary currents is not available, but various 
aspects have been studied and a summary is now given. 

(a) The wind-driven Ekman transport is a major driving mechanism, the nature 
of which was illustrated in Section 10.11. For instance, Fig. 10.26d implies that, off 
the coast of Oregon, megatons (Mton) of water per meter of coast arc moved offshore 
in summer and moved back again in winter. The water moved offshore is light surface 
water that causes dense water from lower levels to be brought to the surface to replace 
it, as is seen in Fig. 10.26a,b. The volumes of water involved are of the same order 
as are those expected from the Ekman transport. The pressure field is therefore 
altered as shown in Fig. 10.27a,b, and consequently long-shore currents in geostrophic 
equilibrium with this pressure field are set up. 

(b) The response is not purely local because if the thermocline is raised by some 
mechanism at one latitude, that information is carried poleward by coastally trapped 
waves, and so the thermocline tends to be raised also at all points poleward of the 
latitude of forcing. This aspect was studied in Sections 10.11-10.13. This provides a 
possible explanation of why the mean currents off Oregon are not in the direction of 
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the local mean winds, but are in the direction that the mean winds have further south. 

(c) Another example of nonlocal influence in establishing boundary currents 
was provided by the example, studied in Section 10.7, of adjustment to equilibrium 
in a channel. This example emphasized the one-way spread of influence, i.e., a bound¬ 
ary current was set up on only one side of the initial discontinuity. The effect is also 
seen in numerical experiments such as that of Sugonihara (1974). 

(d) The previous example also points to the effect of another form of forcing— 
by buoyancy. If a river flows out to sea and adds to the volume of light water at a 
certain point, this will cause the thermocline to be depressed there and also, because 
of coastal waves, at all points poleward. Since a depression of the thermocline near 
the coast corresponds to a poleward current, such a current is established from the 
point at which the river outflow is introduced. 

(e) The description of buoyancy driving in (d) is in terms of linear dynamics, 
but the same features are found in the nonlinear problem in which a plume of low- 
density fluid is discharged into a resting fluid of higher density: the plume, if entering 
on an eastern boundary, tends to be deflected poleward and forms a poleward-flowing 
boundary current. An example is the Norwegian coastal current that is driven by 
fresh water inflow from rivers (Monk, 1981). A wedge of light water is thereby formed 
at the coast, just as was observed in the winter sections off Oregon (Fig. 10.26a), 
and this corresponds geostrophically to a poleward current. Laboratory and numeri¬ 
cal models of this process have been studied by Yoon and Sugonihara (1977), Endoh 
(1978), and Whitehead (1981). The East Greenland Current, which is on a western 
boundary, has a similar structure (Wadhams e( al., 1979). 

(f) Very strong currents can be subject to hydraulic phenomena caused by 
changes in shelf topography. The theory is discussed by Gill (1977a) and Gill and 
Schumann (1979). 

(g) Intense upwelling can lead to strong surface fronts, such as those observed 
by Bang and Andrews (1974). A model study has been made by Hamilton and 
Rattray (1978), and Sugonihara (1977) has shown how a double-cell circulation can 
be set up once the front is established. Observations of upwelling fronts in Lake 
Ontario have been discussed in relation to a simple conceptual model by Csanady 
(1977b). 

(h) In practice, because of dissipative effects, there is a limit to the distance to 
which information is carried poleward by waves. The effect is modeled empirically 
by the decay term (10.12.25). The decay distance is that traveled by a wave in a decay 
time, so a decay time of 3 days for waves traveling at 3 m s" ^ would give a distance of 
about 1000 km. 

(i) Bottom friction is an important dissipative agent that is much more effec¬ 
tive in shallow water than in deep water. An illustration of bottom friction effects 
is given by the steady solution of (10.12.26), shown in Fig. 10.20. Another example 
is provided by a source flowing onto a shelf (Beardsley and Hart, 1978): the flow 
from the source forms a longshore boundary current moving in the same direction 
as that of the shelf waves. 

(j) Turhulence produced by flow over the bottom can also be an effective stirring 
agent in shallow water; e.g., stirring by tidal motion can make the whole water 
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column homogeneous [see, e.g., Simpson et al. (1978) and Simpson (1981)]. This is 
one reason for the distinct change in temperature/salinity structure that is often 
found at the shelf break, i.e., at the point where there is a transition from a gently 
sloping shelf to a steeply sloping continental slope. Another reason is the difference 
in the effects of heating and cooling different depths of water. Csanady (1971) has 
suggested a simple model in which the shelf and offshore zones are forced as if there 
were a partition at the shelf break. A different structure will emerge in each zone 
because of the difference in depth. Then the conceptual partition is removed and 
geostrophic adjustment takes place, leading to distributions similar to those observed. 

(k) Steady currents can be produced by oscillating winds even when they have 
zero mean. The mechanisms involved have been studied by Ou and Bennett (1979) 
in order to explain currents set up in Lake Kinnaret by the daily sea-breeze cycle. 

(l) Lakes have special features because of their size, e.g., upwelling produced 
on one side of the lake can then propagate as a Kelvin wave around to the other 
side. Numerical models of lakes are discussed, for example, by Bennett (1977) and 
Simons (1980). 

(m) Although many features of eastern boundary currents are determined 
entirely by forcing and response in the boundary region, some features must depend 
on relationships with the flow in the rest of the ocean. For instance, the properties 
of the water in the boundary current will depend on the properties of the ocean in the 
source region of the current. 

(n) The whole of the discussion thus far makes no distinction between eastern 
and western boundary currents because the models have been for uniform rotation 
and for small perturbations from a state of rest. In practice, there are two properties 
that account for the difference; the curvature of the earth, which causes the Coriolis 
parameter to vary with local latitude (the so-called “beta” effect), and the fact that 
the ocean is warmer in the tropics than at the poles, i.e., there are north-south 
gradients in mean properties. Beta effects, which will be considered in Chapters 11 
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Gill (1975) and by Hurlburt and Thompson (1973). The main reason for the difference 


between east and west is that the curvature of the earth leads to a form of wave 


(planetary wave) that propagates information westward. This means that eastern 
boundary layers are little influenced by what happens in the ocean interior but western 
boundary layers are largely a response to what happens in the ocean interior. In 
particular, a major driving force for the mean circulation on western boundary 
shelves is the longshore pressure gradient established as the response (see Chapter 
12) to winds over the ocean interior. A discussion of4he western shelf circulation has 
been given by Beardsley and Boicourt (1981). 

(o) The existence of planetary waves has important implications for the steady 
circulation near eastern boundaries, as has been shown by a linear model of McCreary 
(1981b), which is driven by a north-south wind stress that depends only on north- 
south distance y. He chooses special forms of friction and diffusion so that the normal 
mode approach can be used to study steady flows in a stratified ocean of constant 
depth. For the first few modes, friction is not very important, but the response does 
not build up indefinitely as in the model of Section 10.11 because of the radiation of 
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planetary waves, as studied in the model of Anderson and Gill (1975). The inviscid 
solution of the equation (9.10.4) for the «th mode is simply 

gdriJdy=K (10.14.1) 

i.e., a balance between pressure gradient and wind stress. This relation applies in 
particular at the coast, and it is of interest to note that Enfield and Allen (1980) find 
empirically that on the U.S. Pacific coast the relation [see (9.10.10)]' 

g difidy = rjp„ir (10.14.2) 

applies both to seasonal changes (best-fit value of = 157 m) and to anomalies 
(best-fit value of = 383 m). 

The inviscid steady solution has no currents, but currents do occur when friction 
is included and they become stronger as the mode number increases up to about« = 5 
or 6. For the higher modes, friction is dominant and the appropriate solution of the 
second of Eqs. (9.10.4) (with d/dt replaced by a friction coefficient r„) is simply 

rnVn=K (10.14.3) 

whereas the first of Eqs. (9.10,4) gives a geostrophic balance 


fv„ = g dtjjdx. 


(10.14.4) 
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orientation of axes suitably adjusted). As the mode number n-^ao, the currents get 
weaker because friction gets stronger. Thus the dominant currents are due to inter¬ 
mediate modes. When the modes are summed, the resultant flow shows a surface 
equatorward coastal current and a poleward undercurrent as observed, with the 
undercurrent becoming deeper toward the poles. Upwelling is strong in the zone of 
strong winds, but is quite shallow, being replaced by weak downwelling below 100 m. 

Other models of the steady circulation are reviewed by Allen (1980). Some in¬ 
teresting effects occur when shelf topography is included, particularly when there is 
a sharp change of slope at the shelf break [see Johnson and Killworth (1975) and 
Johnson (1978)]. 

(p) It is of interest to note that eastern boundary phenomena in the ocean affect 
the climate of the neighboring land because upwelling produces near-shore water 
temperatures that are considerably lower than those that are normal for a given 
latitude (R. L. Smith, 1968). For instance, the mean air temperature at San Francisco 
does not reach its maximum until September, after upwelling has ceased, whereas 
100 miles inland the maximum is reached in July. The cold water on the coast cools 
the air and increases the humidity, producing a shallow stable layer of cool moist air 
that is often capped by low stratus clouds. Coastal fogs are common, and these can 
be important for maintaining life in adjacent desert regions. Upwelling can also 
influence the sea breeze, which carries the cool moist air as much as 50 miles inland. 


-A brief review of these and other effects is given by R. L 
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Chapter Eleven 


The Tropics 


11.1 Introduction 


The rotation of the earth has a dominating influence on the way the atmosphere 
and ocean respond to imposed changes, as has already been emphasized. The dynamic 
effect is caused by the Coriolis acceleration, which is equal to the product of the 
Coriolis parameter and the horizontal velocity, and so the adjustment processes are 
somewhat special when the Coriolis acceleration vanishes. In Chapter 10, the effects, 
when one component (the longshore component) of the Coriolis acceleration is zero, 
were found to be quite substantial, one particularly important effect being the 
existence of coastally trapped waves that can propagate rapidly along the coastal 
waveguide. In this chapter, the special class of motions that occur in the vicinity of 
the equator, where both components of the Coriolis term in the shallow-water 
equations vanish, will be examined. The equatorial zone is found to be a waveguide 
just as is a coastal region. 

As a preliminary to studying tropical dynamics, the shallow-water equations are 
derived for a sphere (as Laplace did two centuries ago), so that effects of variations in 
Coriolis parameter are included in the equations. The concept of conservation of 
potential vorticity still applies, but the value f/H = 2Q sin (pjH for a fluid at rest is 
not constant (as in the uniformly rotating system studied previously) since it varies 
with latitude. This has important consequences for the slower adjustment processes 
and for the nature of possible equilibrium states, and these apply at all latitudes, not 
just in the tropics. 

The calculations of dynamic response in the equatorial region are not done by 
using spherical polar coordinates, but by using an approximation called the equatorial 
beta plane. In this approximation, the Coriolis parameter is taken to be the product 
of a constant (called p) and the distance from the equator. This approximation can 
usefully be applied over the whole of the tropics and hence over a fair proportion of 
the earth’s surface (half lies between the 30° parallels). 
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The difTerent types of wave that can propagate in the equatorial waveguide are 
introduced in Sections 11.5 and 11.6. There is an equatorial Kelvin wave, so called 
because it is similar in structure to the coastal Kelvin wave, and there are equatorially 
trapped gravity waves, which are the equivalent of the Poincare waves in a uniformly 
rotating system. There is also an important new class of waves with much lower 
frequencies, called planetary waves. These owe their existence to the variations in the 
undisturbed potential vorticity and thus exist at all latitudes. However, the ray paths 
along which they propagate bend, as do the paths of gravity waves, because of the 
variation of Coriolis parameter with latitude, and it is this bending that tends to 
confine the waves to the equatorial waveguide. 

The special nature of slow adjustments (i.e., on a time scale large compared with 
the inertial period) in a rotating fluid has already been noted in previous chapters. 
Now variations in Coriolis parameter with latitude are found to be important for 
these slow adjustment processes, and the nature of the approximations that can be 
applied to these processes are examined in Section 11.8. The motion is called quasi- 
geostrophic because the fluid is always close to a state of geostrophic balance, but 
the character of the adjustment can depend on the departures from geostrophy. This 
type of motion is obviously important because the day-to-day changes in the pressure 
and velocity distributions in the atmosphere and ocean are largely in this category. 

The properties of vertically propagating, equatorially trapped waves are examined 
in Section 11.10, and some observations of such waves in the atmosphere and ocean 
are referred to. These waves can play a significant role in the dynamics of the equa¬ 
torial zone, for example, by accelerating the mean flow in the stratosphere in regions 
where the wave energy is absorbed. 

Applications of the wave solutions to adjustment problems are then considered 
in the sections beginning with Section 11.11, where the free-wave aspects are em¬ 
phasized. For instance, a change of wind in one part of the equatorial ocean (such as 
the West Pacific) can produce equatorial waves that produce changes in distant 
locations (such as in the East Pacific and along the coast of Peru), and such processes 
may be a key element in some of the changes in the Pacific that have a very significant 
effect on the Peruvian fisheries and on climate. Other solutions can be used to show 
how such features on the equatorial undercurrent and the Somali Current are estab¬ 
lished by wind forcing. Similarly, oscillations in heating rate of the troposphere, 
associated with oscillations in cloud activity, can generate waves that propagate high 
into the stratosphere, at the same time traveling right around the earth. 

Steady forced solutions are discussed in Sections 11.13 and 11.14, beginning with 
the potential vorticity equation for an ideal fluid. This shows that in the absence of 
friction vortex lines that are stretched migrate poleward. Stretching in the atmosphere 
can occur through heating, whereas the main producer of stretching in the ocean is 
Ekman pumping. When this pumping is related to the wind stress, an important 
relation known as Sverdrup’s equation results. This states that northward transport 
is produced by a positive wind stress curl. 

Solutions with small friction are found in Section 11.14, and these may be used to 
model many observed features of the tropical atmosphere and ocean. For instance, 
simple solutions may be found for heating that is confined to a particular region near 
the equator. In the heating region itself, poleward flow in the lower troposphere 
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tends to be produced, as required by the potential vorticity equation. To the east, 
there are easterly trade winds set up by Kelvin waves emanating from the heating 
zone. This flow is parallel to the equator, so the equatorward flow needed to balance 
the poleward movements in the heating zone is found to the west, and consequently 
cyclonic circulation is found on the western flank of the heating region. Westerlies 
are produced on the west side of the heating zone as a planetary wave response. The 
ocean response to wind can be studied in a similar way. 

Finally there are two descriptive sections about the tropical circulations of the 
atmosphere and ocean, and of their variability. Particular aspects of these circulations 
have already been covered in previous sections in which relationships with models 
were discussed, but these do not give an overall view, so the summary sections have 
been added. 
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In previous sections, the effect of rotation has largely been confined to the cases 
in which the earth’s curvature has been neglected, i.e., the horizontal is taken to be a 
plane surface that has a fixed inclination to the rotation vector. Solutions obtained 
under these assumptions can be applied to the rotating earth if certain conditions 
are fulfilled, as discussed in Section 7.4. However, effects of the earth’s curvature can 
be very important at low frequencies. These effects, and the conditions under which 
they are important, will be considered in this and subsequent chapters. 

To begin with, consider as Laplace did, shallow-water motion on a sphere. 
Vertical motion is neglected so the horizontal momentum equations (4.12.14) and 
(4.12.15) become, in the absence of friction. 


Du 

Dv 


2Q + 

2n + 


u 

r cos q> 
u 

r cos <p 


V sin (p 
u sin (p 


1 dp 
pr cos (p dX ’ 

1 dp 
pr d(p ’ 


( 11 . 2 . 1 ) 

( 11 . 2 . 2 ) 


where X is the longitude, (p the latitude, and r the radial coordinate. The time derivative 
D/Dt is one following the horizontal motion only (and vertical motion is neglected), 
and so (4.12.9) gives 

(11.2.3) 

Dt Dt dt r cos (p dX r d(p 

Also, since we are considering shallow-water motion, p can be replaced by pgrj on the 
right-hand sides of (11.2.1-) and (11.2.2), and the continuity equation [cf. (5.6.7)] is, 
taking account of the form (4.12.10) for the divergence operator, 

^ + —!— [iH + ^)u] + ^ [(H -I- t])v cos <p] j = 0. (11.2.4) 

01 r cos (D I oA d(D I 

F V, r ✓ 

These sets of equations are the ones derived by Laplace, but with the tide-generating 
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terms omitted. Because a shallow layer is being considered, r can be taken as a con¬ 
stant equal to the radius of the earth. 

For small perturbations from a state of rest, the linearized versions of the equations 
suffice, namely, 

du/dt — 2S1 sin (p V = -r~^g see q> drj/dk, (11.2.5) 

dv/dt -I- sin © u = -r~^g dn/dQ, (11.2.6) 

r cos <p drj/dt -I- d{Hu)/dX -I- d{Hv cos (p)/d<p = 0. (11.2.7) 

If the technique used to derive (7.2.4) for a constant depth layer is repeated, it is found 
that an additional term occurs. This technique is to take the divergence of the momen¬ 
tum equations (11.2.5) and (11.2.6) and substitute for the velocity divergence from 
(11.2.7). The result is 

d^r}/dt^ — Ar] + fHC,— PHu = 0 . ( 11 . 2 . 8 ) 

In this formula, = gH, as previously, and 

/ = 2Q sin (p, (11.2.9) 

P = df/dq) = 2Q cos (p/r, ( 11 . 2 . 10 ) 

while C is the vertical component of vorticity given by 

r cos (p C = dv/dX — d(u cos (p)/d(p (11.2.11) 


and A is the Laplacian, which in this case is also the horizontal Laplacian (there 
being no variation with depth), i.e. [cf. (4.12.20)], 


A = Ah = 


1 


cos^ (p dX^ 


+ 


cos 


cos(p^V (11.2.12) 
(p d(p\ d<p/ 


The Coriolis parameter / is defined as in (7.4.1), but now the derivative p of the 
Coriolis parameter with distance northward is involved in the equation, thus intro¬ 
ducing effects of the earth’s curvature. 

The next step followed in Section 7.2 was to derive the vorticity equation (7.2.7). 
This is done by taking the curl of (11.2.5) and (11.2.6) to yield 

dC,/dt -I- r'*/ sec (pidu/dX -f d(v cos (p)/d(p) + pv = 0. (11.2.13) 

This also involves an effect of the earth’s curvature through the beta term, and when 
(11.2.7) is used to substitute for the divergence of the horizontal velocity, the resulting 
form of the potential vorticity equation is 

d(c - fr}/H)/dt + pv = 0, (11.2.14) 

and this also involves beta. This is still a perturbation form of (7.10.9) as will be 
discussed in the next section. 

Methods of solving these equations for a sphere or a hemisphere are discussed 
by Longuet-Higgins (1968b) and Longuet-Higgins and Pond (1969) and, of course, 
numerical solutions have been found for the tides, allowing for tide-generating forces, 
variations in depth, and the complicated shape of the ocean basins [see Hendershott 
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(1981)]. However, approximations can be made for all motions except those that have 
scales comparable with the radius of the earth. For purposes of understanding the 
nature of the motions that occur, it is advantageous to restrict attention to motions 
with scale smaller than the radius of the earth, so that full advantage can be taken of 
the approximations that may thereby be made. Attention will first be given to waves 
whose energy is mainly confined to the tropics, but before doing that, the potential 
vorticity equation for a shallow homogeneous ocean will be discussed, using the full 
spherical polar coordinates. 


11.3 Potential Vorticity for a Shallow Homogeneous Layer 


The potential vorticity equation for a shallow homogeneous layer was derived 
in Section 7.10. The form (7.10.7) of the vorticity equation relates vortex stretching 
to the horizontal divergence, is valid whether or not / varies, and is still valid when 
applied on a sphere. The same is true of the continuity equation (7.10.8) and hence of 
the potential vorticity equation (7.10.9), which is, after all, a form of Helmholtz’ 
result for vortex filaments. In polar coordinates the equation is 

D„Q/Dt = 0, (11.3.1) 

with the operator Dy^/Dt defined by (11.2.3) and Q defined by (7.10.10), i.e., by 

e = (/ + C)/(H + ^) = (2£1 sin <p + C)/(i/ + n). (11.3.2) 

Details of the derivation, using polar coordinates, are left as an exercise to the reader. 

For discussing small perturbations from a state of rest, Q may be expanded in 
terms of the small amplitude, the zeroth-order term being 

Q = 2Q sin (plH = flH (11.3.3) 

and the first-order perturbation being 

Q'= C/H ~ in sin (11.3.4) 

The perturbation equation to this order may be written as 

SQ' u dQ vdQ ^ 

——!■-— 0. (11.3.5) 

at T cos q) OA r dq> 

In previous chapters, attention has been confined almost exclusively to a very special 
case, namely that in which Q is a constant. Then (11.3.5) reduces to dQ'jdt = 0, so Q' 
has a fixed value at each point, as given by (7.2.10), and this fact was exploited in 
Chapter 7. However, when the curvature of the earth is taken into account, i.e., the 
fact that /, given by (11.2.9), varies with latitude, this result is no longer valid. The 
same is true of a homogeneous ocean when the depth varies, even if / is constant. 

The result is that the properties of the medium are no longer independent of 
direction, for now there is a special direction given by the contours of Q. In the case 
of steady flow, (11.3.5) shows that the flow must be along contours of Q, as found by 
Hough (1897). For a constant-depth ocean, these contours are circles of latitude. 
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One case of nonconstant Q that has been considered already is the case of con¬ 
tinental shelf waves (Section 10.12). This demonstrated how low-frequency waves can 
propagate along the contours of Q, and it will be seen that the same is true when H 
is constant but / varies. 


11.4 The Equatorial Beta Plane 

For motions near the equator, the approximations 

sin cp « (p, cos (p « 1 (11.4.1) 

may be utilized, giving what is called the equatorial beta-plane approximation. Half 
of the earth lies at latitudes of less than 30° and the maximum percentage error in the 
above approximation in that range of latitudes is only 14%. In this approximation, 
beta is a constant given by 

^ = 2Q/r = 2.3 X 10"“ m"* s"* (11.4.2) 

and / is given by 

f = (11.4.3) 

where 

y = rep (11.4.4) 

is distance northward from the equator. Instead of longitude, eastward distance 

X = rA 

is used, so the linear equations (11.2.5)-(l 1.2.7) take the form 

du/dt — ^yv = —g drj/dx, (11.4.5) 

dv/dt + Pyu = — 5 ^rjfdy, (11.4.6) 

dri/dt + diHuydx + d(Hv)ldy = 0. (11.4.7) 

The derived equation (11.2.8) for constant depth H is as before, with / given by 
(11.4.3) and C by 

C = dv/dx — du/dy. (11.4.8) 

Similarly, the Laplacian has its usual Cartesian form. The derived potential vorticity 
equation (11.2.14) is also unchanged, except that / and P have their equatorial ap¬ 
proximation. The fact that the derived equations as well as the original set can be 
obtained from the full equations merely by making the approximation (11.4.1) gives 
confidence that errors are not likely to be any larger than those involved in (11.4.1) 
itself. 

An equation for v alone can be derived by adding —(Py/c^) djdt of (11.4.5), 
(1/C*)a7ar of (11.4.6), -{\rH)d'^ldy dt of (1 1 . 4 . 7 ), and -djdx of (11.2.14). The 
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result is, for constant H, 


-I- 

dt\c^ 



d^v d^v 
dx^ dy^ 


^ dv 


(11.4.9) 


This differs from the equation (7.2.13) for the /-plane case in that / is now given by 
(11.4.3) and by the addition of the term involving p. 

It will be necessary later on to consider forced motion on the equatorial beta 
plane, so before considering alternative forms of these equations, it is desirable to 
add forcing terms, so that the way they appear in the derived equations can be seen. 
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(11.4.10) 

(11.4.11) 

(11.4.12) 


The symbols used for the forcing terms correspond to those used in (9.9.10) and 
(9.9.15), i.e., (X, T) can be interpreted as a surface stress and E as an evaporation 
rale. However, any form of forcing will give the above equations, so X, Y, and E can 
be given a wider interpretation. 

With constant depth H and forcing terms included, the potential vorticity equa¬ 
tion, which is obtained by adding -6/dy of(l 1.4.10), d/dx of (11.4.11), and —Py/H 
times (11.4.12), becomes 


_a 

dt 






(11.4.13) 


Using this in place of(l 1,2.14), the forced version of(l 1.4.9) takes the form 
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(11.4.14) 


Equation (11.4.14) gives a simple equation for v that can be solved, but to relate 
V to the other variables, it is better to work with the variables q and r (Gill and Clarke, 
1974), defined by (10.7.9) and (10.7.10), rather than with u and v, i.e., 

q = gq/c + u = + u, (11.4.15) 

r = gq/c - u = {g/ny^^q - u. (11.4.16) 


The equations relating vtoq and u to r are very similar to those obtained in Section 
10.7 for waves in a channel. First, the sum and difference of (11.4.10) and gic limes 
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(11.4.12) give [cf. (10.7.11) and (10.7.12)] 

dt ox Oy pH 

^~.c~ + cp-+Pyv= -!-(2r + c£). (11.4.18) 

dt ox oy pH 


The other two equations relating q to i? and r to u are the difference and sum of the 
time derivative of (11.4.11) and c times (11.4.13), namely, 


dt 


d ^ dr dv dv\ , 1 {dY (dY dx _M _ 

^ Tt + ^toj + = jat^^ 

.Although the last two equations relate v in turn to q and r as required, some infor¬ 
mation is lost in taking the time derivative of (11.4.11), which by itself gives 


(c| + Pm) + (, 


dr ^ \ ^dv 2Y 


(11.4.21) 


The reason why these particular forms of the equation are useful will become ap¬ 
parent later, but it is basically the same reason that applied in the case of the channel. 
The above equations are, in fact, identical to those for the channel except for the last 
term involving ji in (11.4.19) and (11.4.20), and the fact that / is now equal to ^y. 


11.5 The Equatorial Kelvin Wave 


A very important property of the equatorial zone is that it acts as a waveguide, 
i.e., disturbances are trapped in the vicinity of the equator. [The idea appears to have 
been first put forward by Yoshida in 1959—see Matsuno (1966).] The simplest wave 
that illustrates this property is the equatorial Kelvin wave, so named because it is 
very similar in character to the coastally trapped Kelvin wave studied in Section 
10.4. As with the coastal wave, the motion is unidirectional, being everywhere parallel 


/II A C\ /\ I A “r\ 

iu iiic^ b^uaiui. L^^uaiiuii;) V ^ j aiiu i .*t. / J 


du/dt = -g drj/dx, drj/dt -I- H du/dx = 0. (11.5.1) 

These are identical to (10.4.1) and (10.4.2) for the coastal Kelvin wave, and therefore 
the solution is given by (10.4.3) as in the coastal case. In each plane y = const, the 
motion is exactly the same as is that in a nonrotating fluid. 

Rotation effects do not allow the motion in each plane y = const to be independent 
because (10.4.4) (now with / = j?y) requires a geostrophic balance between the east¬ 
ward velocity and the north-south pressure gradient. Substituting (10.4.3) in (10.4.4) 
again gives (10.4.5) but now with / = ^y. The solution required is the one that decays 
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as >» -► + 00 , i.e., the one represented by G' and satisfying 

dG'/dy= -mc)G\ (11.5.2) 

where c is the square root of gH. The solution [cf. (10.4.6)] is 

G'=exp(-W//c)G(x-c(), (11.5.3) 

showing decay in a distance of order a., where n. is given by 

(11.5.4) 

and is called the equatorial radius of deformation (Gill and Clarke, 1974) because of 
its relationship with the decay scale for the /-plane case [JVote: The factor of 2 is 
included because of formula (11.6.4) in Section 11.6.] 

The complete Kelvin-wave solution is thus, by (10.4.3) and (11.5.3), 

tj = exp(-^/JyVc)G(x - ct), 

u = (g/c) exp( - ^py^/c) G(x - cf), (11.5.5) 

i; = 0. 

Also, by (11.4.16), r = 0 and by (11.4.15) q = 2u. (The solution is illustrated in 
Fig. 11.2a.) 

The value of the equatorial Rossby radius for barotropic waves in the ocean 
(c » 200 m s“‘) is about 2000 km, so the idea of a trapped wave is only marginally 
consistent with use of the equatorial beta plane. However, it will be shown later (Sec¬ 
tion 11.9) that the same analysis can be applied to baroclinic waves in both atmosphere 
and ocean, with H now being interpreted as the equivalent depth. Typical values of 
c = appropriate to the atmosphere are 20-80 ms"*, giving equatorial Rossby 

radii between 6 and 12 degrees oflatitude(650-l300 km). For baroclinic ocean waves, 
appropriate values of c are typically in the range 0.5-3 m s" *, so the equatorial Rossby 
radius is 100-250 km. 

Equation (11.5.3) shows that equatorial Kelvin waves propagate eastward without 
dispersion at the same speed c as in a nonrotating fluid. The dispersion relation 
between frequency to and east-west wavenumber k is simply (10.4.9), i.e.. 


a) = kc. (11.5.6) 

(This curve is shown in the general dispersion diagram for equatorial waves in Fig. 
11.1.) For the first baroclinic mode in the ocean, a typical value of c (Wunsch and 
Gill, 1976) is 2.8 m s"*, so a Kelvin wave would take about 2 months to cross the 
Pacific from New Guinea to South America. For higher modes in the ocean and for 
waves that have been observed in the atmosphere, propagation speeds tend to be 
comparable with flow speeds. In these cases, the wave analysis can be used if the mean 
flow varies slowly over a wavelength (see Section 8.12), provided that o) in (11.5.6) is 
interpreted as the intrinsic or Doppler-shifted frequency d) given by (8.12.29). 
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11.6 Other Equalorially Trapped Waves 


In addition to the Kelvin wave, there is an infinite set of other equatorially trapped 
waves, with trapping scale of the same order as that for Kelvin waves, namely, the 
equatorial Rossby radius defined by (11.5,4). The properties of these waves were 
first outlined in detail by Matsuno (1966) and Blandford (1966), These may be found 
by looking for solutions proportional to 

exp(ikx - icot), 


in which case (11.4,9) reduces to the ordinary differential equation 

V = 0. 


dy^ 


($ 




CO 


( 11 . 6 . 1 ) 


The solutions that vanish as y -► ± oo are well known and are given (after taking the 
real part) by 

V = D„((2^/cy^^y) cos(kx — cot) 

= 2-"/"H„((^/c)‘^^y) exp(-/3y"/2c) cos(kx - cot), (11.6.2) 


where D„ is the parabolic cylinder function of order n and H„ is a Hermite polynomial 
of order n (Erdelyi et ai., 1953, Chapters 8 and 10). The corresponding dispersion 
relation is 


(co/c)^ - pk/co = (2n + \)P/c, (11.6.3) 

and the corresponding curves are shown in Fig. 11.1 along with the Kelvin wave. 
The expressions for the other variables q and r may be obtained using (11.4.17), 



Fig. 11.1. Dispersion curves for equatorial waves. The vertical axis is the frequency in units of and the 

horizontal axis is the east-west wavenumber in units of (20/c)’^^, The curve labeled 0 corresponds to the mixed 
planetary-gravity wave. The upper curves labeled 1 and 2 are the first two gravity wave modes and the correspond¬ 
ing lower curves are the first two planetary wave modes. [Reproduced from "Numerical Models of Ocean Circula¬ 
tion," 1975, by permission of the National Academy of Science, Washington, D C.I 
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(11.4.18), and the properties 

(d/d^ - (11.6.4) 

of parabolic cylindrical functions. The result, using ^ = (ip/cY'^y, is 

q ={ck - aj)"'(2^c)'^^£>„+,((2)S/c)''^y) sin(/cx - tut), (11-6.5) 

r = (ck + (oy\2Pcy‘^nD„_i((2P/cy^^y) sin(/cx — ojt). (11.6.6) 

The corresponding expressions for u and q follow from the definitions (11.4.15) and 
(11.4.16). 

For « > 1, the waves subdivide into two classes. For the upper branches, the term 
Pk/oj in (11.6.3) is small, so the dispersion curves are given approximately by 

(o^ K (2n + \)pc + k^c\ (11.6.7) 

The fractional error in making this approximation is bounded above by 2 x 3“^^^ 
X (277 + 1)" \ which has a maximum value when « = 1 of 13%. The appropriate 
dispersion relation has the same form as that for Poincare waves [see, e.g., (10.3.3)], 
and so these waves are called equatorially trapped gravity waves or equatorially 
trapped Poincare waves. These waves will be discussed more fully in the next section. 

On the lower branches of the curves, the term co^/c^ in (11.6.3) is small, and 
consequently the dispersion curves are given approximately by 

oj = -Pk/ik^ + (277 + l)^/c). (11.6.8) 


The fractional error is at most 4 x 3~'^/(2n + l)^ which has a maximum value for 
77 = 1 of less than 2%. The corresponding waves are called equatorially trapped 
planetary waves or equatorially trapped Rossby waves. The dispersion curve has the 
same form (10.12.9) as that for continental shelf waves because of similarities in the 
dynamics, which will be mentioned when planetary waves are discussed further in 
Section 11.8. 

Note that there is a large gap between the minimum gravity wave frequency and 
the maximum planetary wave frequency, so these waves are easily distinguished. The 
frequency gap for wave n involves a factor of approximately 2(277 + 1), which is 
equal to 6 for the lowest value 77 = 1. There are, however, two waves with frequencies 
in this gap. One is the Kelvin wave, sometimes called the 77 = -1 wave because 
(11.6.3) is satisfied by the Kelvin-wave dispersion relation (11.5.6) when 77 * — 1. The 
other is the wave corresponding to 77 = 0, which will now be considered in detail. 

The solution when 77 = 0 is somewhat special because (11.6.6) shows that r = 0 
in this case, just as for the Kelvin wave. However v is not zero, so (11.4.20) gives the 
appropriate dispersion relation 


co/c — /c — P/o) = 0. (11.6.9) 

The equation (11.6.3) gives the same result, but also contains a spurious factor 
Q7 -i- ck. The solution (11.6.2) in this case reduces to the simple form 

V = exp( —^yV2c) cos(/cx - cot), (11.6.10) 

and (11.6.5) and (11.6.9) give 

u = gq/c = -{(oyjc) exp( —^y^/2c) sin(/cx — 070- 


( 11 . 6 . 11 ) 
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Fig- 112. Contours of surface elevation and arrows representing currents for (a) a Kelvin wave and (b) an 
eastward-propagating mixed planetary-gravity wave. Both waves have eastward phase velocity and eastward 
group velocity. Fluid particles move parallel to the equator in the case of the Kelvin wave and move anticyclonically 
around elliptical orbits in the case of the mixed wave. The figures show a range of latitudes corresponding to ±4 
equatorial Rossby radii. 


The dispersion curve, labeled n = 0 in Fig. 11.1, is unique in that for large positive 
k it behaves like a gravity wave, whereas for large negative k it behaves like a planetary 
wave. For this reason it is called a mixed pianetary-gravity wave (or mixed Rossby- 
gravity wave). The phase velocity can be to the east or west, but the group velocity is 
always eastward, being a maximum for short waves with eastward group velocity 
(gravity waves). An example with eastward phase velocity is shown in Fig. 11.2b. For 
westward phase propagation, the sign of v should be reversed. Particles follow 
anticyclonic orbits everywhere. The case k = 0 corresponds to a pure standing wave 
for which the surface moves sinusoidally up and down, but with opposite sign on 
opposite sides of the equator. Particles move anticyclonically with eastward motion 
when the free surface is elevated and with westward motion when it is depressed. The 
frequency of the standing wave is given by 

to = 

corresponding to a period of about 9 days for the first baroclinic mode in the ocean, 
to about 3 weeks for a higher baroclinic mode in the ocean with c = 0.5 m s"\ and 
to 5 days for atmospheric waves with c near 20 m s“^ Evidence for such waves in 
both atmosphere and ocean has been given [see, e.g., Wallace (1971), Wunsch and 
Gill (1976), and Weisberg et al. (1979a)]. 


T1.7 The Equatorial Waveguide: Gravity Waves 


The important property of the solutions of (11.6.1) is the equatorial trapping. In 
other words, waves are guided along an equatorial waveguide. The waveguide effect 
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is due entirely to the variation of Coriolis parameter with latitude, as can be seen 
from (I h6.l). For a wave of fixed frequency co and fixed east-west wavenumber 
the coefficient of y in (11.6.1) may be positive at the equator, giving wavelike behavior, 
but as |y| increases, f = Py increases, and the coefficient of v decreases until it be¬ 
comes zero at the “turning point” or critical latitude given by 

/( «: P^yl = co^ — — Pkc^/co = (2n + \)Pc, (11.7.1) 

the last equality coming from the dispersion relation (11.6.3). At latitudes higher than 
the critical one, the coefficient of v becomes negative and solutions of(l 1.6.1) become 
exponential in character, thus giving wave trapping. 

If the phase of the wave changes rapidly enough with y, the Liouville-Green or 
WKBJ technique outlined in Section 8.12 can be used, i.e., a north-south wavenumber 
/ can be defined for each value of y and the solution has the approximate form (8.12.7), 
i.e., in the present notation 


V 


/ ‘^^exp-<i 


I dy 



(11.7.2) 


where, from (11.6.1), f is given by 





k^ 


ft r 

PK 


n7 7 

p-y- 


co 


n7 



(11.7.3) 


the last equality making use of (11.7.1). The condition for validity of the approxi¬ 
mation is that S, defined by (8.12,5) (with m replaced by / and z by y), should be 
small, i.e., 

S = ti\r-^i2y^y2 « 1, (11.7.4) 

At the eauator. 

- —^- j, 

6 = l/2(2« + 1)^ (11.7.5) 

indicating that the theory applies asymptotically in the limit of large n. The asymp¬ 
totic behavior of parabolic cylinder functions for large n is well known and is given, 
for instance, by Erd61yi et al. (1953, Section 8.4). The approximation breaks down 
near the turning point at which / vanishes, but a different form of approximation may 
be used there, as pointed out in Section 8.12.1. 

The paths followed by wave groups (ray paths) may be calculated by the methods 
used in Section 8.9.2 and may be given in general form in Section 8.12.3. The equation 
(8.12.27) of such a path is 

dx/dt = dy/dt = or dyfdx = = ll{k + Pllco), (11.7.6) 

where and are the components of group velocity whose values are calculated 
from the dispersion relation (11.6.3) and the definition (8.12.24) of group velocity. 
When the expression (11.7.3) for / is substituted, the solution for the ray path takes the 
form 


y = y^ sin[c ^px/{k + P/loi)], 


(11.7.7) 
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i.e., a path with sinusoidal oscillations about the equator and reflection at the critical 
latitudes y = ±y^. 

Effects of the variation of Coriolis parameter with latitude on ray paths are not 
confined to low latitudes and have been studied, for instance, by Anderson and Gill 
(1979) for the case of gravity waves, for which the term 0/2co can be ignored in (11.7.6) 
and (11.7.7). In particular, if a uniform wind stress is suddenly applied over a small 
range of latitudes that are remote from the equator, inertial period oscillations are 
generated there as described by the /-plane solution of Section 9.3. However, the 
energy cannot remain at the latitude at which it is generated because it tends to 
propagate northward or southward in accordance with (11.7.6). Figure 11.3 illustrates 
the effect for the limiting case of no variation with x [i.e., k = 0, so (11.7.7) is not 
applicable but the first version of (11.7.6) is]. The /-plane solution is valid only for 
two or three periods, after which the equatorward propagation of energy becomes 
important. Subsequently, the energy moves as a wave group to and fro across the 
equator, obeying the ray equation dy/dt = c^y quite well. 

Another effect of the waveguide is the separation into a discrete set of modes 
n = 1, 2,..., as occurs also in a channel (Section 10.5). In particular, this means that 
long Poincare waves (k small), which are the gravity waves with near-zero group 
velocity, can have only the discrete set of frequencies [see (11.6.7)] given by 

(o^ ^ i2n + \)Pc. (11.7.8) 


This frequency selection shows up in Pacific sea-level records because variations (of 
the order of centimeters) that are associated with the first baroclinic mode are large 
enough to be detected, whereas those associated with higher modes are not, thus 
providing an effective filter. The value of c for the first baroclinic mode is about 
2.8 m s“ ^ so (11.7.8) gives a period of 5^ days for n = 1,4 days for « = 2, and 3 days 
for « = 4. The corresponding peaks can be seen in the sea-level spectrum for Ocean 
Island (Fig. 11.4a), whereas only the 4-day oscillation shows up prominently at 
Canton Island (Fig. 11.4b). This is because Canton Island is at a latitude where the 
amplitude of both 3- and 5^-day waves is small (Wunsch and Gill, 1976). In fact, the 
amplitude variation in the West Pacific does show changes with latitude very much 
like those associated with a free mode of oscillation. This is illustrated in Fig. 11.4c 
for the case of the 5^-day wave. The solid line shows the theoretical variation of the 
square of the pressure amplitude with latitude for the n = 1 mode, whereas the dots 
show observed energy levels (after the background energy has been removed) at Sj 
days for a number of islands in the West Pacific. Wunsch and Gill concluded that 
these oscillations are due to resonant excitation of the long equatorially trapped 
modes by the wind. 

The waves with the preferred frequencies (11.7.8) are, as pointed out in Section 
11 .6, the equivalent of inertial period waves at mid latitudes, but the waveguide 
selects out the waves whose inertial periods correspond to the turning latitudes. 

Time iVi^ in r frle ell in fTio fti^ 11 n f1 llii/nl^n t 

tAAW TT U T Wk> I9WWJA Alt AAAW A WWW A XJ-iS 0AAWTTAA AAA A .A T UAW AAAW W^IAUAWIAUA W%| M A T lA J WA A V 

of the wind-generated inertial waves discussed in Section 9.3. 

Within the ocean, temperature and current measurements show a mix of many 
modes. The mix appears to be much the same at many tropical locations, and Eriksen 
(1980) has devised a formula for describing this mix that predicts, in particular, how 
the shape of the spectrum changes with latitude as the equator is approached. 





TIME IN DAYS 

Fig. 11J An illustration of beta dispersion of gravity waves. An eastward wind stress is applied in the strip 2000 km < y < 2500 km from t = 0. At first, local inertial waves 
are generated as on an f*plane, but the variations of f with latitude causes the waves to propagate backward and forward across the equator as shown. Contours are of the 
meridional velocity, and the ray path, followed by the wave group, is close to that given by (11.7.7). [From Anderson and Gill (1979), A Ceophys. Res. 04 ,1836 (Fig. 6); copyrighted 
by the American Geophysical Uniorv] 
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PERIOD (DAYS) PERIOD (DAYS) 




(c) 

Fig. 11.4. Sea-level spectra from (a) Ocean I (1°S 170°E) and (b) Canton I (3°S 172°W) showing prominent peaks 
associated with equatorially trapped baroclinic gravity waves. [From Wunsch and Gill (1976, Figs. 1 and 3).] The 
5^-day wave has been identified with n = 1, the 4-day wave with n = 2, and the 3-day wave with n = 4. (c) Energy 
density at 5^-day period as a function of latitude for various islands in the tropical Pacific Ocean [see Wunsch and 
Gill (1976, Fig. 10)1. A constant, shown as the horizontal line and taken to represent the background spectrum, has 
been subtracted from each value. Error bars are one standard deviation of The solid line shows the predicted 
structure for an n = 1 wave. 

11.8 Planetary Waves and Quasi-geostrophic Motion 

The planetary waves, whose dispersion is described by (11.6.8), are a new form 
of wave whose frequencies are considerably lower than those of gravity waves. They 
represent an important new class of motion that occurs because the undisturbed 
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potential vorticity on the curved surface of the earth is not a constant, but varies with 
latitude. A first look at their properties will be made in this section, and further 
aspects will be considered later. 

Consider first the dispersion properties as given by (11.6.8). Long waves (k -►0) 
move approximately nondispersively with wave speed 

co/k = ~c/(2n + 1), (11.8.1) 

i.e., in the direction opposite (westward) to the Kelvin wave and with speed reduced 
by factors of 3, 5,7, etc. (For example, if c = 2.8 m s“ ^ as for the first baroclinic mode 
in the Pacific, the n = 1 planetary wave speed is 0.9 m s“S corresponding to a time 
of 6 months to cross the Pacific from east to west. Other modes are slower.) As |k| 
increases, the group velocity decreases and eventually becomes zero when 

k = -[{2n + l)P/cY>^ = -(2« + l)/y, = -fjc, (11.8.2) 

the last equalities coming from (11.7.1). At this point, the frequency has a maximum 
value given by 

a, = i + 1)] ‘'" = i/c/(2» + I) = JPc//.. (11.8.3) 

(For example when « = 1, this corresponds to a minimum period of 31 days for a 
first baroclinic ocean mode with c = 2.8 m s“', 74 days for a higher mode with 
c = 0.5 m s”‘, and 12 days for an atmospheric mode with c = 20 m s“‘.) 

For shorter waves, the group velocity is eastward, i.e., in the direction opposite 
to the phase velocity. The maximum value is 

Cg = ^c/(2rt + 1) when k = —[3(2rt + l)^/c]'^^. (11.8.4) 

Thus only short waves can carry information eastward and then at only one-eighth 
of the speed at which long waves can carry information westward. Some consequences 
of this will be explored later. For very short waves (fc -► oo), the approximate dis¬ 
persion relation is 

Q3=—^jk, = p/k^ for Ikl-^oo. (11,8,5) 

Thus the phase and group velocities are equal and opposite in this limit, both tending 
to zero as |k| -►oo. A summary of the dispersion properties is given in Fig. 11.5. 


Mail nun 



where = c/(2n + 1)^ = c^/fc,c is the wave speed in the absence of rotation (i.e., its square is g times the equivalent 
depth), n the number of the mode, the inertial frequency at the critical latitude, co the frequency, k the east-west 
wavenumber, and p the rate of change of the Coriolis parameter with latitude distance. 
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In the preceding section, considerable insight into the properties of gravity waves 
in the equatorial waveguide was found by using the Liouville-Green or WKBJ 
technique, which is valid for large n and which approximates the waves at each latitude 
by a locally plane wave. This was straightforward since the properties of gravity 
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chapters. The same technique can be applied to planetary waves, but it is now neces¬ 
sary to Jind out the local plane wave properties since these have not already been 
studied. As a first step, the local dispersion relation may be obtained directly from 
(11.7.3) by ignoring the term cd^/c^, dius giving 


Qj = —pk/{k^ + l^ + f^lc^). 


(11.8.6) 


Dispersion properties associated with this equation will be explored more fully in 
1*^ 

^iiapiwi I 

The important task that will be carried out now is to develop the approximations 
to the equations of motion that are appropriate to these low-frequency waves, so 
that their dynamics can be appreciated. This is most readily (and systematically) 
achieved by introducing nondimensional coordinates and using formal asymptotic 
expansion techniques. Suppose the approximation is required in the neighborhood 
of y = yo, where the Coriolis parameter is equal to 

fo = ^yo^ (11.8.7) 

From the denominator of (11.8.6), the natural scale for the wavenumber is /o/c, 
corresponding to the scale c/fo (the local Rossby radius) for displacements x and 
y — yo- Nondimensional displacements x* and y* are therefore defined by 

= fox/c, y* = foiy - yo)/c- (11.8.8) 

Also, from (11.8.6), the frequency scale is ^c//o, so a nondimensional time t is de¬ 
fined by 


t* = pctjfo. (11.8.9) 

Finally, if Uq is the scale for v, (11.4.17) and (11.4.18) show that the same scale applies 
to q and r and hence, by (11.4.15) and (11.4.16), to u and gtj/c. Thus the nondimensional 
dependent variables are defined by 


V* = v/vq, u* = u/i;o, tj* = grj/cvo- (11.8.10) 

With the above definitions, the nondimensional form of the governing equations 
(11.4.5)-(11.4.7) becomes 


£ du*/dr* -(1 + £y*)v* = (11,8.11) 

£ dv*/dt* -I- (1 + £y*)u* = —dt}*/dy*, (11.8,12) 

£dri*fdt* -t- du*/dx* + dv*ldy* = 0, (11,8.13) 

where 

t = Mfo=naJy^Y (11.8.14) 

is the small parameter of the problem. 
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If £ is put equal to zero in (11,8.11)-(11.8.13) to obtain the leading-order equations, 
the same situation occurs as for low-frequency motions on an /-plane (see Section 
8,16), namely, that the momentum balance is geostrophic, so the continuity equation 
is satisfied exactly. In other words, there is redundancy in the zeroth-order equations, 
so the motion cannot be determined without considering departures from geostrophy. 
That is why the motion is called quasi-geostrophic. 

Since departures from geostrophy are important, the nature of the motion depends 
on which of the terms representing such departures is the most consequential. In 
Section 8.16, the acceleration terms gave the most important departure, but the 
above scaling shows that for planetary waves, the change in the Coriolis parameter 
is equally important. 

As found in Section 8.16, it is useful to solve the momentum equations (11.8.11) 
and (11.8.12) for the velocity components in terms of pressure correct up to the first 
order in £, so that the dominant departures from geostrophy are included. The result is 

,;* = (1 - ey*) di]*/dx* - £ 8^tj*ldy* dt*, (11.8.15) 

u* = —(1 — ey*) drj*/dy* — £d^tj*/dx* dt*. (11.8.16) 

The hrst term is the geostrophic flow, but now allowing for the leading part of the 
variation of the Coriolis parameter with latitude, and the second term is the isallobaric 
flow (see Section 8.16). 

The velocity divergence can now be calculated from (11.8.15) and (11.8.16) to give 


du* dv* dtj* d /d^rj* d^rj*\ 

dx*dy* ^ dx* ^ dt*\dx*^ ^ dy*^J 


(11.8.17) 


showing that it is smaller, by a factor of £, than the order one would expect by scaling 
arguments, i.e., it is smaller than either du*ldx* or dv*jdy* individually. The vorticity, 
on the other hand, is to the leading approximation 


dv* du* d^rj* d^r\* 
dx* dy* dx*^ ^ dy*^ ’ 


(11.8.18) 


showing that the divergence is of order e relative to the vorticity. 

The leading-order equation of motion can now be found by substituting (11.8.17) 
in (11.8.13) to give 


d (d^t\* , d^r\* 
dt* dy*^ dx* 


or, in dimensional form, 


dt\dx^ dy^ 




(11.8.19) 


( 11 . 8 . 20 ) 


Equation (11.8.19) is none other than the leading-order approximation to the potential 
vorticity equation (11.2.14), showing the central importance of that equation for de¬ 
scribing quasi-geostrophic flow. It can also be confirmed that (11.8.20) gives the 
planetary wave dispersion relation (11.8.6), as should be expected for consistency. 
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The behavior of planetary waves that propagate over a range of latitudes can be 
studied by using the ray-tracing techniques of the preceding section. Ray paths are 
curved because of the variation of Coriolis parameter with latitude, and have the 
sinusoidal shape given by (11.7.7) with total reflection at the critical latitude 
Equation (11.7.3) gives the variation of north-south wavenumber I with latitude and 
shows in particular that 


1-1 
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+ J‘ic‘ = j;ic- 
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is a constant on the ray path. Effects of planetary wave propagation along curved 
ray paths can be seen, e.g., in Fig. 11.6, from Grose and Hoskins (1979), who examined 
waves generated by a large circular mountain at 30°N. Another effect is that the ray 
paths that correspond to seasonal oscillations produced at an eastern boundary 
of the ocean may not be able to reach certain areas, so that shadow zones will exist. 
Also, focusing effects can lead to large amplitude in places (Schopf et ai, 1980). 
Motions that satisfv the auasi-aeostronhic eauation (11.8.20) will be further studied 

^ A V A A 

in Chapter 12. The approximation is sometimes called the mid-latitude beta-plane 
approximation because it applies for nonzero values of /q. It can also be derived 
without first making the equatorial beta-plane approximation, so it is generally valid 
when the fractional change of the Coriolis parameter / over a distance is small. 

The physical mechanism responsible for the propagation of planetary waves is 
virtually the same as that for continental shelf waves illustrated in Fig. 10.18 and 
described in Section 10.12. Consider a line of particles that has a fixed value Q = ^yJH 
for Dotential vorticitv. so that in their eauilibrium nosition the oarticles lie alone a 
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circle of latitude y = yo -particle is displaced to a position y, the potential vorlicity 
()5y + QIH is conserved, and therefore 


(^y + 0/H = i.e., C = /?(3'o - >')■ (11-8.22) 
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Fig. 11.6, Planetary wave propagation on a sphere, as found in a numerical experiment of Grose and Hoskins 
(1979). Contours are of perturbation vorticity, and disturbances to a superrotation zonal flow (i.e., an eastward 
flow with uniform angular velocity about the earth's axis) are produced by a circular mountain centered at 30°N 
and 180° longitude, and with radius equal to 22.5° of latitude. Waves travel backward and forward across the equator 
along ray paths that are curved because of variation in the Coriolis parameter f with latitude. The equatorial trapping 
effect is evident. The amplitude of the wave decays with distance because of dissipative effects included in the 
model. [From Grose and Hoskins (1979, Fig. 3a).) 
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Fig. 11.7. The mechanism of planetary wave propagation. Because potential vorticity is conserved, a particle 
displaced equatorward acquires cyclonic vorticity relative to its surroundings (as indicated by the arrow), whereas 
particles displaced poleward acquire anticyclonic vorticity. The motion induced by this relative vorticity distribu¬ 
tion is indicated by the broad arrow, and is such as to produce westward propagation of the wave. 


Thus a particle that is displaced equatorward will have cyclonic vorticity relative to 
its surroundings as illustrated in Fig. i 1.7. The motion induced by the vorticity held 
thus acquired causes the wave to propagate westward as shown in the figure. 


TI.9 Baroclinic Motion near the Equator 


The shallow-water equations on the equatorial beta plane have already been 
applied to baroclinic modes, but without proper justification. To see what conditions 
must be satisfied in order to do this, consider the linearized Boussinesq equations for 
an incompressible stratified fluid. Near the equator, the momentum equations 
(4.10.11) give 

du/dt + 2Qw - pyv= -po ' dp'/dx, (11.9.1) 

dv/dt + pyu = -Po' ^P'/^y, (11.9.2) 

dw/dt - 2Clu = -poHdp'ldz + p'g). (11.9.3) 

Separation into normal modes, using the method of Section 6.11, is not possible 
unless the terms 20w in (11.9.1) and —2Qu in (11.9.3), which are the components of 
the Coriolis acceleration that are associated with the horizontal component of the 
rotation vector, can be neglected. It is also necessary, of course, to be able to neglect 
the vertical acceleration dw/dt, but conditions for this have already been considered 
in Chapter 6. 

The simplest way of dealing with the additional terms is to put the equations in 
nondimensional form, using the scales appropriate to equatorial waves, namely, the 
horizontal scale (c//3)‘^^ and the time scale (/Jc)"*''^. The scale for p'/po is c times the 
scale for u and v, and the vertical scale (from Section 6.11) is c/N, where N is the 
buoyancy frequency. The scale for w [from (6.11.4)] is w/N times the scale for u, with 
£0 of order (pc) When these scales are applied to (11.9.1), it turns out that the Coriolis 
acceleration that is associated with the horizontal component of rotation is of order 
2CI/N compared with the terms retained. Thus the condition for neglect of these 
terms is 


2n « N, 


(11.9.4) 
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which is normally satisfied in the ocean and atmosphere. Thus (11.9.1) becomes 

du/dt — pyv = — po‘ dp'/dx (11.9.5) 

and (11.9.3) becomes the hydrostatic equation (6.11.2). The remaining equations to 
be satisfied are (11.9.2), the incompressibility condition (6.4.3), and the equation 
(6.4.6) for the density perturbation. 


TI.10 Vertically Propagating Equatorial Waves 


The equations for small perturbations to an incompressible stratified fluid were 
found in the preceding section. When the buoyancy frequency N is constant, solutions 
proportional to 


expiikx + imz — icot), (11.10.1) 

representing vertically propagating waves, can be obtained. In fact, as outlined in 
Chapter 6, problems involving vertically propagating waves in a semi-infinite region 
can be solved by using the normal-mode technique, the modes consisting of the 
continuously infinite set (6.11.21). The dispersion relations are the same as those 
found earlier in this chapter, but now the eigenvalue c [or c, or where 

is the equivalent depth], associated with a particular mode, is given by (6.11.21), i.e., 

c = Nlm. (11.10.2) 

It should be remembered that c is a property of the mode in question and is not equal 
to the phase speed except in special cases such as that of the Kelvin wave. Note also 
that for an isothermal compressible fluid, c, is given by (6.17.40) and is approximated 
by (11.10.2), provided that {4m*Hf ) ' is small, where is the scale height. Even for 
a vertical wavelength of 20 km, this number is only about 0.03, so the incompressible 
approximation is reasonable. 

Now consider the dispersion relations for the different types of waves. First, the 
Kelvin-wave relation (11.5.6), after substitution of (11.10.2), may be written 

m* = k*, (11.10.3) 

where m* and k* are nondimensional forms of m and k, defined by 

m* = mw^lpN, k* = kw/p. (11.10.4) 

In the same notation, the mixed planetary-gravity wave {n = 0) dispersion relation 
(11.6.9) becomes 


m* = k*+l, (11.10.5) 

whereas the remaining waves satisfy (11.6.3), i.e., 

m*^-{2n+\)m* = k*^ + k* or m* = « +i± {(fc* + i)^ + n(rt + 1)}(11.10.6) 
the positive root corresponding to gravity waves and the negative root to planetary 
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waves. The full set of dispersion curves is shown in Fig. 11.8. The gravity wave curves 
are the hyperbolas in the upper part of the diagram. The planetary waves curves are 
also hyperbolas and are shown on an expanded plot in the inset. 

The corresponding curves in the m, k plane are, by (11.10.4), the contours of 
constant frcQuency. The group velocity, by definition, is at right angles to these 
curves and in the direction of increasing o). The corresponding direction is shown in 
Fig. 11.8 and is always downward when m is positive. For m negative, the curves are 
obtained by reflection in the k axis and the group velocity is upward. 

The magnitude of the group velocity can be obtained from the definition, i.e., 
the gradient of the frequency in wavenumber space. For n > 1, the group velocity is 
purely vertical at points given by 

k* = -1, m* = (rt + i) ± {«(« + l)}'/^ (11.10.7) 

the positive sign corresponding to gravity waves and the negative sign to planetary 
waves. The magnitude of the group velocity at these points is given in dimensional 
terms by 

Cg = + i ± [«(« + (11.10.8) 

the positive sign again corresponding to gravity waves. For n = 1 and m“ ^ = 1 km, 
this gives the value of about 1 cm s~* (1 km day' *) for gravity waves and 2 mm s"* 
(200 m day'*) for planetary waves. These values could apply to both atmosphere 
and ocean. As n increases, the gravity wave value increases as whereas the 
planetary wave value decreases as This means that away from the equator. 



Fig. 11.8. Dispersion curves for vertically propagating equatorially trapped waves, m is the vertical wavenumber 
and k the eastward wavenumber. The curves collapse into a single set when scaled with the frequency w, buoyancy 
frequency N, and beta as indicated. The direction of the group velocity, being the gradient of frequency in wave- 
number space, is as indicated. The curves for m negative are obtained by reflection in the k axis and have upward 
group velocity. The inset at the left is a blowup of the region near the origin to show the planetary waves n = 1, 2. 
The upper n = 1, 2 curves are the corresponding gravity waves. The circles represent observed waves (see text). 
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gravity waves have higher vertical group velocities, but planetary waves have lower 
vertical group velocities. 

The polarization relations may be obtained by substituting (11.10.1) in the equa¬ 
tions of preceding sections and utilizing the solutions, such as (11.6.2), (11.6.5), and 
(11,6.6), found previously. For example, the mixed planetary-gravity wave solution 
[cf. (11.6.10) and (11.6.11)] may be written 

p'/po = y exp( — Py^m/2N) exp(ikx -l- imz — icot), 

u = N~^my cxp{-Py^mllN) exp{ikx -h imz - icot), 

. (11.10.9) 

V = —ico exp(—^y m/2N) exp(ikx + imz — icot), 
w = —N^mcoy exp{ — Py^m/2N) expiikx + imz — icot). 

Vertically propagating, equatorially trapped waves have been identified in both 
the atmosphere and the ocean. First consider examples of Kelvin waves, which can 
propagate only eastward. Wallace and Kousky (1968) identified such waves in the 
tropical stratosphere, having a period of about 2 weeks, horizontal wavelengths of 
about 30,000 km, and vertical wavelengths of about 10 km. The phase velocity is 
downward, as can be seen in the example shown in Fig. 11.9, so the group velocity 
is upward. For comparison with theory, properties must be calculated relative to the 
mean wind. The relative phase speed is 30-50 m s“ ‘ to the east, and the corresponding 
intrinsic (or Doppler-shifted) period is about 8 days. The value of k* is in the range 
0.5-1 and is represented by the circle in Fig. 11,8. Further discussion is presented by 
Wallace (1971, 1973) and Holton (1975). Another example in the stratosphere has 
been found by Hirota (1979). The horizontal wavenumber was unity (one wave 
encircling the earth), the period was 4-9 days, and the vertical wavelength was 
17-23 km. The Doppler-shifted phase speed was 60-80 m s~^ The position on Fig. 
11.8 is roughly the same, in nondimensional terms, as that for the Kelvin wave 
previously identified. Zangvil and Yanai (1980) have made a similar identification. 

Westward-propagating mixed planetary-gravity waves in the stratosphere have 
also been identified, following the initial work of Yanai and Maruyama (1966), and 
are discussed by Wallace (1971, 1973), Holton (1975), and Zangvil and Yanai (1980). 
The period is 4-5 days, the horizontal wavenumber 4 (four waves encircling the earth, 
i.e., a wavelength of about 10,000 km), and the vertical wavelength 4-8 km. The 
Doppler-shifted period is about 3 days. The value of k* is about —0.5, so the wave 
occupies the position shown by the circle in Fig. 11.8. These waves also have upward 
group velocity. 

Similar westward-propagating mixed waves have been observed in the Atlantic 
Ocean by Weisberg et al (1979a). In this case the period was 31 days, the vertical 
wavelength about 1 km, and the horizontal wavelength about 1200 km. The phase 
velocity was upward, corresponding to downward group velocity. The value of k* 
for this wave is also about —0.5, so it occupies a similar position in Fig. 11.8 to the 
stratospheric mixed wave. 

Vertically propagating gravity waves have also been identified, e.g.. Cadet and 
Teitelbaum (1979) found such waves in the stratosphere, with periods of 35 hr, 
vertical wavelength 5 km, and horizontal wavelength of about 2400 km. This was 
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H*. 119. Evidence for Kelvin waves in the equatorial stratosphere. The figure shows contours of (a) zonal wind 
arxl (b) temperature at Canton Island (3®S, 172®W) as a function of height arxJ time. Downward-moving phase lines 
are evident, arid these correspond to upward group velocity. The dashed lines in (b) correspond to prominent 
peaks and troughs in the zonal-wind component. ICourtesy of |. M. Wallace and V. E. Kousky.l 


identified with an n = 1 gravity wave. In the ocean, Weisberg et al. (1979b) ob¬ 
served waves with period of about 9 days that appeared to have properties consistent 
with n = 2 gravity waves. Further analysis by Horigan and Weisberg (1981) showed 
a good fit to theory for k* = — 1.5 (see circle in Fig. 11.8). They also identified gravity 
waves with n = 3, k* = 1.3; n = 5,k* = —2.1; and n = 6,k* = — 1.1. 

In the equatorial stratosphere, there are, in addition to the waves reported above, 
some very interesting longer period variations, as can be seen in Fig. 11.9a, in which 
the boundary between easterly and westerly winds descends over the 4-month jieriod. 
This is part of a cycle, known as the quasi-biennial oscillation, which is so-called 
because the repeat time is usually 2 years, but occasionally 2j years. It can be seen 
very clearly in the nearly 30 years of zonal wind data presented in the corrigendum to 
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Coy (1979). Wave transport effects (see Section 8.15), due to the approach of the 
shorter period equatorially trapped waves to the critical level at the zero wind line 
(see Section 8.9.4), play an important role in promoting the descent of this line and 
are discussed, e.g., by Holton (1975,1979, 1980a). 


tl.ll Adjustment under Gravity near the Equator 


The way in which a stratified fluid adjusts to equilibrium under gravity has been 
a continuing theme in this book because it is so fundamental to understanding how 
the ocean and atmosphere behave. In Chapter 7 this process was examined on an 
infinite uniformly rotating plane. On a rotating sphere, there are two new effects of 
particular significance. One is the waveguide effect, so that waves radiated by a 
disturbance near the equator will be reflected at their critical latitudes and thus will 
be channeled along the equatorial waveguide. The second effect is due to the existence 
of a new class of low-frequency waves—the planetary waves. Because their frequencies 
are distinct from those of the gravity waves, the adjustment tends to take place in two 
stages. The first stage is the rapid change due to gravity waves, which is much the same 
as that on an /-plane. This rapid change produces a flow that is close to being in 
geostrophic equilibrium. The second stage consists of a quasi-geostrophic adjustment 
by means of planetary waves. 

A technique for solving problems of adjustment near the equator is by expansion 
in terms of the separable wave solutions, just as in the /-plane case. Thus the dis¬ 
turbance is first resolved into vertical modes (see Chapter 6): either the discrete set 
appropriate to the ocean or the continuous set appropriate to the atmosphere. Each 
mode then satisfies the shallow-water equations given in Section 11.4, with a different 
value of the equivalent depth H, or separation constant c = assigned to 

each mode. 

The shallow-water equations of Section 11.4 are then solved by expanding in 
terms of the parabolic cylinder functions that appear in the wave solutions (11.6.2), 
i.e., V, q, and r are expanded in the form 

(v,g,r)= X (v„,g„,r„)D„((2fi/cy^^y). (11.11.1) 

n= 0 

This is similar to the method used for studying adjustment in a channel in Section 10.7. 
For forced problems, the forcing terms are expanded in a similar fashion, i.e., 

(X, r,E) = pH Y (X„ Y„ E,)D,(,(2p/cyi^y). (II.I1.2) 

n= 0 

Then the equations for the coefficients become 

dqjdt + c dqjdx = Xq - cEq, (11.11.3) 

which corresponds to the Kelvin wave; 

(d/dt + c d/dx)qi - (2/c)^^^Uo = A', - c£i, (2^c)*^^gi + 2 dvo/dt = 2Yo, (11.11.4) 
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which correspond to the mixed planetary-gravity wave; and for the remaining 
modes n > 1, 


dt 


(d/dt - c dldx)r„_ ^ + (2pcy^^nv„ = -(X„. i + c£„_ i 


-i^Pcy r„.^ + I — + c 




o 


), 

'Y„ 


- X„_ J (11.11.5) 

+ ci^pcr<\in+l)E„,,+E„.,l 


{2pcy'-{-r„_ 1 +{n+\)q„+i} + 2dv„/dt = 2Y„, 

(d/dt + c d/dx)q „+1 - = X„^^-cE„+i. 


The last set of equations may be combined into a single equation for r„_,, q„+i, 
or v„ such as 


dt dt^ 


-|^+(2"+ of". 



= forcing, 


( 11 . 11 . 6 ) 


which can be derived directly by substitution of(ll.ll.l) in (11.4.9). 

The problem of adjustment near the equator has similarities with that of adjust¬ 
ment in a channel because of the waveguide effect. Energy in a given mode, which is 
concentrated in a certain range of latitudes, will remain in that mode and thus cannot 
disperse to higher latitudes. This confinement of energy is particularly obvious in 
cases for which there is no dependence on x. Because energy cannot radiate to y = ± oo 
as it can on the /-plane, the system cannot adjust to a steady state by radiating energy 
and therefore oscillates instead. A simple example is provided by the exact solution 
given by (11.6.10) and (11.6.11) when fc = 0. Initially there is a u field only. The solution 
does not approach an equilibrium but oscillates forever. Other examples of this 
behavior are provided by Moore and Philander (1977) and Anderson and Gill (1979). 

Now consider how energy disperses in the longitudinal direction. The dispersion 
curves shown in Fie. 11.1 exhibit the freauenev can between eravitv waves and 

A W * ^ 

planetary waves, and this separation of time scales may be seen in solutions of 
(11.11.5). For instance. Fig. 11.10 [from Anderson and Rowlands (1976a)] shows the 
solution for n = 1, x < 0 of(11.11.6), which satisfies Uj = 1 at x = 0. (This can also 
be interpreted as the solution Tq satisfying Tq = 1 at x = 0.) This exhibits a gravity 
wave front moving at speed c of the same sPrt as that in the /-plane case drawn in 
Fig. 7.3. This thins with time and is followed by waves of near-inertial period just as 
in the classical /-plane solution. However, the solution does not tend to a steady 
state because of the beta term in (11.11.6), and the slow adjustment that follows is 
determined by planetary wave dynamics. Figure 11.10 also shows [for t = 20/(2^c)' 
the corresponding solution of the planetary-wave approximation to (11.11.6), namely. 




d^v- dv„ 


(11.11.7) 


and this gives a very good fit to the solution after the initial gravity wave front and 
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Fig. ItlO. Solution Tg for equatorially trapped planetary and gravity waves satisfying rg = 1 at x • 0 and starting 
from zero, The unit of distance is the equatorial Rossby radius a, = (c/2^)’^^ and the unit of time is {2fic)~ The 
wavefront has the character of a gravity wave front, and may be compared with f-plane solutions like those depicted 
in Fig. 7.3. The slower-moving waves are planetary waves, as can be seen from the dashed line, which depicts the 
solution of the planetary-wave approximation to the equations when t = 20 units. [Adapted from Anderson and 
Rowlands (1976a. figs. 4 and 7).) 


its wake of gravity waves has passed. In fact, the behavior after t = 5/(2j5c)*^^ is close 
to that predicted by the long-wave approximation to (11.11.6), namely, 

dvjdt - (c/(2rt + l))dvjdx = 0, (11.11.8) 

which gives nondispersive westward propagation at speed c/(2n + 1). 

In the ocean, the adjustment process is strongly influenced by a further factor, 
namely, the presence of meridional boundaries that cross the equator. Waves propa¬ 
gating along the equatorial waveguide eventually reach such a boundary, so it is of 
some interest to determine what happens. The problem was solved by Moore (1968). 
Take, for instance, an equatorial Kelvin wave. When this strikes an eastern boundary, 
part of the energy is reflected in the form of planetary and gravity waves (Fig. 11.10 
in fact shows Tq for this part of the solution when a Kelvin wave of unit amplitude 
impinges on the eastern boundary x = 0 at time f = 0). The remainder of the energy 
is carried poleward along the eastern boundary in the form of coastal Kelvin waves, 
thereby providing a means for energy to be lost from the equatorial region. Detailed 
solutions are given by Anderson and Rowlands (1976a). At a western boundary, wave 
energy can also be reflected into waves with eastward group velocity, but in addition, 
equatorward propagating coastal Kelvin waves have their energy channeled into the 
equatorial waveguide. 

An illustration of wave dispersion in the equatorial zone is given in Fig. 11.11. 
This shows the pycnocline displacement due to a zonal wind stress that is applied 
from time f = 0 in the region marked by the dashed lines in the first panel [from 
McCreary (1978)]. The stress has a maximum value of 0.05 N m“^ (0.5 dyn cm“ ^) in 
the center of the region and falls off linearly to zero in the surrounding zones. The 
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Fig. T1.11. Time development of a thermocllne depth anomaly in response to a wind anomaly that is limited 
in space to the region shown by the dashed lines (a uniform eastward stress of 0.05 N m"^ in the central region 
that falls off to zero in the outer zones) and that builds up linearly in time over the first 35 days to a constant value. 
The rapid movement of a Kelvin wave to the east is clearly seen, as is the slower propagation of planetary waves 
to the west. Poleward-propagating coastal waves on the eastern boundary are in evidence after 69 days. The shape 
of the 50 m contour after 278 days indicates the presence of long planetary waves reflected from the eastern 
boundary (these waves are discussed further in Chapter 12). [From McCreary (1970, Fig. 2).] 


separation into an eastward-propagating Kelvin wave and westward-propagating 
planetary wave is clearly seen, and the propagation into the coastal waveguide on the 
eastern boundary is also evident. Observations of coastal propagation in the Pacific 
were discussed in Section 10.13. Similar solutions have also been found by Anderson 
and Rowlands (1976a) and by Hurlburt et al. (1976). They illustrate how changes of 
wind in the central and western Pacific can strongly infiuence the state of the ocean 
in the eastern Pacific. In particular, abnormally high temperatures in the surface 
coastal waters off Peru, which occur in some years, can be produced by a relaxation 
or reversal of the trade winds far across the Pacific. The abnormally high temperatures 
have disastrous effects on the Peruvian fisheries, and fishing in these waters has been 
banned in such years, whereas in good years one-fifth (by weight) of the world’s catch 
has been obtained there. Figure 11.12 shows the sea surface temperature difference 
between an anomalous year and the preceding one. The similarity in pattern with 
that of Fig. 11.11 can be seen. The anomalous conditions are associated with the name 
“El Nino” [the child; reviews may be found, e.g., in Glantz (1980)]. The unusual 
surface temperatures have profound effects on the atmosphere, which in turn affect 
the ocean through the winds. In fact, the whole ocean-atmosphere system shows 
large changes on a time scale of several years, and the El Nino phenomenon is only a 
part of the system [see, e.g., Julian and Chervin (1978), Horel and Wallace (1981), 
and Rasmusson and Carpenter (1982)]. 
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Fig. 11.12. The sea-surface temperature in the equatorial Pacific in December 1972 (an El Nirto year) relative to 
that in December 1971. Contours are in degrees Farenheit (2°F = 1.1“C). Note the very large values near the equator 
and the evidence for equatorial confinement of the anomaly. This particular year was disastrous for the Peruvian 
fishing industry. lAdapted from Fishing Information, December 1972, No. 12, U.S. Dept, of Commerce, National 
Marine Fisheries Service, La Jolla, California.] 


11.12 Transient Forced Motion 


The nature of forcing terms and methods of calculating their effect have been 
discussed in Chapter 9. One method is to expand the forcing functions in terms of 
vertical normal modes. Then each mode satisfies the forced shallow-water equations. 
As a next step, the forcing terms can then be expanded in parabolic cylinder functions, 
i.e., in the form (11.11.2), to give Eqs. (11.11.3)-(11.11.5). The equations in x and t 
can then be solved by various means, e.g., by expressing solutions as Fourier integrals 
of the pure wave solutions or by Laplace transform techniques. 

For example, the effect of diabatic heating in the troposphere (see Section 9.13) 
can be calculated by such techniques, and Holton (1972) has worked out examples to 
show how the waves observed in the stratosphere could be generated. The source was 
assumed to be stationary but oscillating with a period of 4-5 days. Oscillations in 

pImiH hriohtn(»cc with thic ivrinH arp nhisprvpH fspp p o N/fiirak'ami anH T4n f107'?l3 

--... • —/Jl 

being particularly prominent at 5-10°N in the northern hemisphere winter, indicating 
that they are oscillations of the intertropical convergence zone. Although the forcing 
is stationary, the response consists of traveling waves. This can be understood by 
considering, as an example, the part of the solution described by (11.11.3) in which 
the forcing has east-west wavenumber k and oscillates with frequency to. The equation 
then has the form 


dqjdt -I- c dqjdx = 2 sin kx cos ojt 

= sin(kx -t- cor) -t- sm{kx — ojt), (11.12.1) 

and the solution is 

qo = -(o) + ck)~^ cos(fcx + air) + (o) - ck)“* cos(fcx — oif). (11.12.2) 

In this case, the eastward-moving wave, represented by the second term, dominates 
because this is most nearly resonant with the free mode, the Kelvin wave. The same 
is true for other types of waves, and Fig. 11.13 shows a case in which the dominant 
response consisted of mixed planetary-gravity waves. Further discussion may be 
found in Holton (1975). Studies by Hayashi (1974) and Hayashi and Colder (1978) 
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Fig. 11.13. Longitude-heigHl section of the meridional vekKity perturbation at the equator as found by 
Holton (1972. Fig. 9) (or an antisymmetric source of diabatic heating that oscillates with an amplitude exceeding 
4 K day'' insirJe the heavy line. Contours are at 2 m s“' intervals. The waves produced are mainly mixed planetary- 
gravity waves. The mean wind varies with height with a maximum eastward velocity of 8 m s'* at 21 km, zero 
velocity at 25 km, ar>d westward veloctty above that level. 


with a general circulation model indicate that diabatic heating is indeed the source 
for such waves. For a proper understanding, however, the reason for the fluctuations 
in diabatic heating and their relationship with the field of motion needs to be 
appreciated. 

Another important example of forced response is that of the ocean by the wind. 
Consider, for instance, the response to a uniform wind blowing parallel to the equator. 
This should be independent of x, so Eqs. (9.10.4) and (9.10.11) for mode n with f = py 
become 

dujdt - Pyv„ = X„, 

dvjdt + Pyu„ = -g dfjjdy, (11.12.3) 

drjjdt + H„ dvjdy = 0. 

The situation is completely analogous to the storm surge case studied in Section 10.9 
and to the corresponding solution for coastal upwelling, there being a solution with 
independent of time and and ij„ proportional to time. This solution was first 
obtained by Yoshida (1959) and is depicted in Fig. 11.14. The equation for v„ obtained 
from (11.12.3) is 


(cM) - Pyv„ = 


( 11 . 12 . 4 ) 



460 


n 


The Tropics 



Fig. It14, The analytic solutions obtained by Yoshida (1959) for the longitude-independent equatorial jet 
produced by a uniform eastward wind. The eastward current u and surface elevation are proportional to time i, 
whereas the northward velocity v is independent of time. 


and can be expressed in terms of a Lommel function of order 5 (Erdelyi et ai, 1953, 
p. 40). 

Far from the equator, the first term in (11.12.4) becomes relatively small and the 
approximate solution is 


i.e., the steady-state Ekman current (see Section 9.2). With easterly trade winds, the 
Ekman transport is away from the equator on both sides, and therefore upwelling is 
produced at the equator by the same sort of process as that which results in coastal 
upwelling. The only difference is in the shape of the response function v„ due to 
the variation of f [(11.12.4) is the same as (10.9.4) in the steady state], and the width 
of the upwelling region that is obtained by comparing the terms on the left-hand 
side of (11.12.4) is now the equatorial Rossby radius given by (11.5.4). The vertical 
velocity is proportional to which is also shown in the figure. Easterlies tend to 
raise the thermocline at the equator, thus producing a flow along the equator in the 
same direction as that of the wind. The shape of the jet and a sketch of the situation 
are shown in Fig. 11.14. The jet is sometimes referred to as the Yoshida jet. 

When the wind varies with x and t, solutions can be found by methods similar to 
those used for coastal upwelling (see Sections 10.11 and 10.13), particularly when the 
scale of the wind stress is large compared with the equatorial Rossby radius (Gill and 
Clarke, 1974). An important consideration, even when the wind does not vary, is the 
eJSIect of meridional boundaries, because Yoshida’s solution does not satisfy the 
boundary condition at these places. In order to satisfy this condition, solutions of the 
homogeneous equations must be added, and these take the form of the equatorially 
trapped waves already discussed. The most important are the long waves, and these 
will have no effect at a given point until the wave has had time to reach that point. 
Thus at midocean the first long wave to arrive will be the Kelvin wave associated 
with the first baroclinic mode since this travels at speed Cj. The next will be either 
the second-mode Kelvin wave, which travels at speed C 2 , or the first-mode planetary 
wave, which travels westward at speed Ci/3. 

The results of a simulation by Gill (1975) of these effects is shown in Fig. 11.15. 
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Fig. 11.15. Contours of (i) eastward velocity in centimeters per second, and (ii) thermosteric anomaly in centi¬ 
liters per tonne as determined analytically in a model calculation by Gill (1975, Fig. 16). Initially, the fluid is at rest; 
the top 150 m are homogeneous, the thermosteric anomaly changes linearly with depth from 400 to 100 cl t"‘ 
over the next 100 m, and the fluid below that level is assumed to be homogeneous over a very large depth. A 
uniform westward wind stress of 0.35 dyn cm~^ is switched on at an initial time, and the upper panels show the 
current and the displaced position of the isopycnals 20 days later. Up to this stage, the flow near the section shown 
is independent of longitude and is accelerating uniformly as in Yoshida's solution. At this time, however, a Kelvin 
wave arrives from the western boundary, bringing with it a pressure gradient and an undercurrent. The lower 
panels show the solution at 100 days just before other boundary influences are due to affect the further develop¬ 
ment of the undercurrent. IReproduced from "Numerical Models of Ocean Circulation," 1975, by permission of the 
National Academy of Sciences, Washington, D C.] 


Before the boundary effects arrive, the easterly wind causes the surface waters to 
move away from the equator, thus causing upwelling. As the thermocline rises, a 
geostrophic current in the direction of the wind develops, Geostrophy can apply even 
at the equator, where the Coriolis parameter vanishes, since in the limit as y -► 0 the 
steady version of (11.9,2) gives 

pu = —pQ^d^p'/dy^ as y—►0. (11.12.6) 

Boundary effects cause a fundamental change because of the east-west pressure 
gradient that comes with the Kelvin wave. Figure 11.15 shows how the situation is 
altered with only the first-mode Kelvin wave present. A westward (downwind) 
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current is found at the surface, but in the thermocline below this is an eastward under¬ 
current, which is driven by the pressure gradient associated with the Kelvin wave. 
The thermocline has a downward kink under this current, at the same time being 
upwelled above, thereby “spreading” the isopycnals. This feature is a necessary 
consequence of the geostrophic balance. 

The eastward undercurrent, called the equatorial undercurrent, is a major feature 
of the equatorial ocean circulation, particularly in the Pacific and Atlantic Oceans. 
It is a strong narrow eastward current found in the region of strong density gradient 
below the mixed layer and with its core very close (within a degree) to the equator. 
Its vertical thickness is around 100 m and its half-width is a degree of latitude. The 
maximum current is typically 1 m s“*. An example of a section through the current 
is shown in Fig. 11.16. 

The undercurrent has an interesting history; for although this unique feature of 
the circulation was first discovered in the nineteenth century, the fact appears to 
have been forgotten, and it was rediscovered in the middle of the twentieth century! 
The original discovery [see Matthaus (1969)] arose as a result of a chemist, J. Y. 
Buchanan, being invited to join the steamship Buccaneer, which was chartered by the 
Indiarubber, Guttapercha, and Telegraph Works Company of Silvertown to do a 
survey in 1886 across the Gulf of Guinea in preparation for laying cable. Later that 
year, Buchanan (1886, p. 761) reported to the Royal Geographical Society a 

very remarkable under-current which is found setting in a south-easterly direc¬ 
tion with a velocity of over a mile per hour at three stations almost on the 
equator... the surface water was found to have a very slight westerly set. At a 
depth of 15 fathoms there was a difference, and at 30 fathoms the water was 
running so strongly to the south-east that it was impossible to make observations 
of temperature, as the lines, heavily loaded, drifted straight out, and could not 
be sunk by any weight the strain of which they could bear.... 




Flg.TI.16. Meridional cross sections through the equatorial undercurrent, showing (a) eastward velocity (in 
centimeters per second relative to an average over the depth interval 300-500 m and (b) temperature (in degrees 
Celsius). The values are averages of 34 sections made at three longitudes: 150,153, and 15B“W, during 1979 and 
19B0. [Courtesy of E. Firing.) 
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The reason for the existence of the undercurrent is clear and has been brought out 
in model studies [see, e.g.. Gill (1975), Philander (1973), and Philander and Pacanow- 
ski (1980)], The easterly wind stress along the equator is balanced by a pressure 
gradient that, because of the stratification, is taken up almost entirely in the upper 
layers. Figure 11.17 [from Lemasson and Piton (1968)] shows a section along the 
equator in the Pacific Ocean, showing the temperature and relative pressure fields. 
[The pressure gradient in the Atlantic is discussed by Katz et al. (1977).] The pressure 
falls rapidly toward the east at the surface (the surface slope is about 5 x 10“®), but 
this pressure gradient has practically disappeared 250 m below the surface. Away from 
the equator, this pressure gradient is associated with a geostrophic flow toward the 
equator. At the equator, however, the Coriolis parameter vanishes, and thus there is 
a flow directly down the pressure gradient, i.e., toward the east. Near the surface there 
is, in addition, the flow driven directly by the stress. Away from the equator this is a 
poleward Ekman transport, but at the equator, where / = 0, the stress-driven flow 
is directly downwind, i.e., toward the west. 

TV, A 1 <«OAr4 AA«*1lA-t* I'M #1^10 OAA^Iy^-n 1A ofOfTA r\ r ft^A 
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that sets up the pressure gradient, and the subsequent development has been studied 
in numerical models, e.g., by Philander and Pacanowski(1980). The model also shows 
the confinement of the undercurrent to within a Rossby radius of the equator and 
the upwelling associated with the Ekman divergence at the equator. The east-west 
slope of the thermocline is also very important since it means that cold water is 
brought close to the surface on the eastern side. This is easily brought up to cool the 
surface waters in active periods, but can be covered by a thin warm skin at other times. 
In the west, the mixed layer is warm and deep, so changes in stirring rates or in rates 
of input from the atmosphere do not alter the surface temperature a great deal. 

Another interesting transient problem is that of the effect of a change of wind on 
the flow at the western boundary. This is particularly relevant to the establishment of 
the Somali Current with the onset of the southwest Monsoon over the Indian Ocean. 
Lighthill (1969) showed how changes that are remote from the boundary can cause 
changes at the western boundary through the propagation of planetary waves. The 
mechanism is not specific to the equatorial zone, and therefore it is studied in Chapter 
12. A numerical model by Cox (1970) showed that local longshore winds are also 
important for the Somali Current, the mechanism being the one studied in Section 
10.11, i.e., the one associated with a “coastal jet.” Further studies by Anderson and 
Rowlands (1976b), Hurlburt and Thompson (1976), and Cox (1976) have examined 
the roles of the two mechanisms, showing that local longshore winds dominate the 

«*Aot%/^-noA inifiAllTf ft^A ATfAt* tt^A ii/'inrle ot*A tiirtiArl 1 Kilt tViot 
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remote forcing is important at a later stage. Nonlinear effects can lead not only to 
downstream intensification of the current, but also to the establishment of an eddylike 
or meandering structure [Cox (1979); a review is given by Anderson (1979)]. The eddy 
or eddies move along the coast in the development stages of the numerical com¬ 
putations, and in Cox’s (1979) model they become stationary, with the Somali Current 
leaving the coast at a latitude that depends on the wind field. In practice, the Somali 
Current does indeed show large meanders and the point of separation from the 
coast has been observed at different locations. 
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Fig. 11.17. (a) Variation of dynamic height at various levels relative to 700 db and (b) isotherms along the 
equator in the Pacific Ocean. The pressure gradient is of the sign required to baiance the wind stress and to drive 
the current below the level at which the stress is acting, in the west, where the mixed iayer is deep, the pressure 
gradient is iargeiy associated with a temperature gradient in the mixed layer. In the east, the pressure gradient is 
associated with the tiit of the thermociine. This tiit brings cold water close to the surface in the east, thus making 
the surface temperature here sensitive to small changes in the winds, heating rate, etc. [From Lemasson and Piton 
{I960, Figs. 1 and 2).i 
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11.13 Potential Vorticity for Baroclinic Motion: The Steady Limit 


For baroclinic motion, the linearized horizontal momentum equations are (for 
a strongly stratified fluid for which (11.9.4) applies) (11.9.5) and (11.9.2). Taking the 
curl of these to obtain the vorticity equation gives 


dC/dt + fidu/dx + dv/dy) + liv = 0, (11.13.1) 


and combining this with the incompressibility condition (6.4.3) gives 


I _ r 

T fjv — J 


/II 1 -5 
Vi1,1 


This is the linearized potential vorticity equation for baroclinic motion. For steady 
motion, this reduces to 


pv = fdw/dz. (11.13.3) 

The interpretation of this equation is as follows. Suppose the horizontal velocity 
field is convergent, so that the right-hand side of (11.13.3) is positive. Vortex tubes, 
which are material surfaces of fluid whose sides are made up of vortex lines (see 
Section 7.9), are almost vertical, so the convergent motion will reduce their cross- 
sectional area and increase their length. In order words, vortex tubes are being stretched 
in the vertical, and so their absolute vorticity (Section 7.9) will increase in magnitude. 
In steady motion of small amplitude, this can happen only if the vortex tube moves 
poleward, i.e., in a direction in which the background vorticity / increases in magni¬ 
tude. The rate at which it must move poleward to maintain a vorticity balance is 
given by (11.13.3). The argument applies equally well in a divergent field of horizontal 
motion in which vortex tubes shrink vertically and move equatorward. 

The balance (11.13.3) can be achieved in forced steady motion. Consider, for 
instance, the case of a shallow homogeneous layer of depth H driven by an Ekman 
pumping velocity w^ (see Section 9.9) at the surface. Then dw/dz will have a uniform 
value of w^/H over the layer, and (11.13.3) becomes 

/?!. = n 1 nat 


or, using the approximate expression (9.4.3), 

fiv = ipH)-\dY/dx - dX/dy), (11.13.5) 


which is the steady-state version of the shallow-water potential vorticity equation 
(11.4.13). A more general version, which does not require the layer to be homogeneous, 
is obtained by taking the vertical integral of (11.13.3) and substituting (9.4.3) for the 
Ekman velocity. This gives 


/?F = p-\8YI8x - 8X/8y), 


(11.13.6) 


where V [cf. (9.2.6)] is the vertical integral of the northward velocity. Equation 
(11.13.6), or its equivalent (11.13.5) for a homogeneous layer, is known as Sverdrup’s 
equation, and the northward transport V given by (11.13.6) is called the Sverdrup 
transport. In words, (11.13.6) states that the northward mass transport py is equal 
to the wind-stress curl divided by beta. 
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Equation (11.13.6) is very important in oceanography because it describes the 
way in which the steady ocean circulation is driven in linear models. In the subtropical 
gyres, the wind-stress curl is negative, thus giving convergent motion to the Ekman 
layer (westerlies at the poleward extreme of the gyre move water equatorward, 
whereas the easterlies at the equatorward extreme move water poleward). This implies 
downward motion just below the Ekman layer, so vortex lines shrink and the water 
moves equatorward as described above. Equation (11.13.6) cannot apply over the 
whole gyre, however, by continuity of mass, so details of the wind-driven ocean 
circulation require a more complete analysis (see Chapter 12). 

Another way that the steady vorticity balance (11.13.3) can be maintained is by 
the vortex stretching that results from internal heating. The resultant buoyancy force 
gives rise to a vertical velocity, given by (9,15.8), and substitution in (11.13.3) gives 

f-^Pv = po^f-^pdp'ldx = dipo^N-^B'JIdz, (11.13.7) 

where B', is the rate of change of buoyancy per unit volume and the expression in 
terms of pressure comes from the geostrophic relation between v and dp'(dx. Accord¬ 
ing to (11.13.7), heating in midatmosphere causes rising motion and hence vortex 
stretching and poleward motion at lower levels. Conversely, vortex shrinking and 
equatorward motion is produced at higher levels. Note, however, that (11.13.7) cannot 
apply for zonally averaged flows for which dp'/dx must vanish. Examples of buoyancy 
driven flows will be considered in the next section. 


11.14 Steady Forced Motion 


The vorticity balance for steady flow without friction was discussed in the pre¬ 
ceding section, but generally this solution is applicable only in part of the region of 
interest and, as found in Section 9.16, complete steady solutions can be obtained only 
when friction and mixing processes are included in some form. In this section, steady 
solutions of the forced shallow-water equations will be examined with the simplest 
form of dissipation, namely, Rayleigh friction with decay rate r and Newtonian 
cooling, also with decay rate r. Then the equations are the same as those for the 
transient case, except that d/dt is replaced everywhere by r -l- d/Bt or, in the steady 
case, by r. In particular, when H is constant, (11.4.10)-(11.4.12) become 

ru — Pyv = —gdrj/Bx -I- XjpH, (11.14.1) 

rv -I- fiyu = —g Brj/By -t- Y/pH, (11.14.2) 

rgrj -|- c\du/dx -t- Bv/dy) = —gEjp. (11.14.3) 

Although formally obtained for a shallow homogeneous layer, these equations also 
apply for each normal mode, but with a value of c appropriate to that mode and with 
a magnitude of forcing determined from the expansion of the forcing function in 
normal modes. In particular, the “stress” terms (A, Y) in (11.14.1) and (11.14.2) may 
arise from expression of the stress gradient in the ocean mixed layer in terms of modes 
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as shown in Section 9.10, and the “evaporation” term in E may arise from expansion 
of the buoyancy forcing terms as shown in Sections 9.13 and 9.15. Whatever the form 
of forcing, equations of the above form result, and these may be condensed into a 
single equation for v, namely, the steady-state version of (11.4.14): 


4(r" + /")» - r 

c 


d^v d^v 



1 



(ry - fX) r 


BE 

dy 


d 

dx 


dx dy 


(11.14.4) 
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Zonally independent flows are thus a rather special case because these “leading” 
terms all vanish. For such flows (11.14.4) reduces to 


+ f 


^ d^v 

-V - 


1 


dy^ pH 



(11.14.5) 


A factor r has been taken from each side, so the v field generated is of order unity 
when r is small. Equation (11.14.5) is the same as that for an /-plane, except that / 
now varies with y in accordance with (11.4.3). Thus solutions for v are like distorted 
versions of those on an /-plane. The free solutions are no longer exponential, but are 
special functions (parabolic cylinder functions of order ^) that are tabulated by 
Abramowitz and Stegun (1964, Chapter 19). For example. Fig. 11.18 shows the vari¬ 
ation of pressure p (or surface elevation) for evaporation concentrated along the line 
y = a^, where is the equatorial Rossby radius defined by (11.5.4). The equivalent 




Fig. 11.1B. The linear solution due to a line source of heat (or evaporation) located at y = a,, i.e., one Rossby 
radius from the equator, as obtained from the forced shallow-water equations. The upper panel shows the pressure 
distribution (cf the f-plane solution in Fig. 9.11a), with a trough at the heating latitude. Inflow to the trough comes 
mainly from the equatorial side. This is depicted in the lower panel, where the solution is interpreted as having a 
sinusoidal vertical structure associated with a single vertical mode. The picture then has the character of the me¬ 
ridional circulation generated by heating along a particular latitude, as occurs in the intertropical convergence 
zone. 
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/-plane solution is the limiting form of that shown in Fig. 9.1 la as the width of the 
forcing region tends to zero. The effect of the variation of / is to give slower falloff in 
pressure on the equatorial side of the evaporative sink. 

Applications of evaporatively forced solutions of the shallow-water equations are 
much more interesting when applied to baroclinic motions, as was done in Section 
9.15. For instance, in an incompressible atmosphere of constant buoyancy frequency 
N with a “rigid lid'’ at some height, the baroclinic modes have sinusoidal structure, 
the “gravest” mode (i.e., the one with largest vertical scale) being a sine of height with 
a half-wavelength spanning the depth. If diabatic heating is applied with this distri¬ 
bution in the vertical, only the gravest mode is stimulated and the equations are the 
shallow-water equations with heating replacing the evaporation term. Figure 11.18 
shows the meridional circulation produced by such heating concentrated on the line 
y = a^ and is obtained by attaching the appropriate vertical structure to the solutions 
of(l 1.14.5). This is a type of Hadley circulation that is stimulated by a line source of 
heating such as occurs along the intertropical convergence zone (ITCZ). Rising air is 
found only in the heating zone. Most air is drawn in from the equatorial side, so the 
most pronounced circulation is on this side. The pressure curve shows how the sur¬ 
face pressure varies with such a solution. The effect of heating in a semi-infinite 
atmosphere can be found by superposing modes, as was done in Section 9.15, and 
the same technique can also be used for a compressible atmosphere (see Sections 
6.14, 6.15, and 6.17). 

As pointed out above, zonally independent flows are rather special examples of 
forced shallow-water solutions, so it is important also to examine small-friction solu¬ 
tions when the forcing varies with x. Then the leading terms of (11.14.4), when inte¬ 
grated with respect to x, give 

pv = {pH)-\dY/dx - dX/dy + fE), (11.14.6) 

which is the potential vorticity equation (11.13.5) with evaporative forcing included. 
To illustrate the behavior of solutions when x variations are important, and to show 
the part played by equation (11.14.6), consider special cases in which the forcing is 
limited to a region of finite zonal extent. Particularly simple solutions may be found 
with evaporative (i.e., buoyancy) forcing given by 

E/pH = f(x) exp(-/JyV2c) = f(x)Z)o((2^/c)*^^y), (11.14.7) 

where F will be chosen to have the form 

m = 

For this form of forcing, the only nonzero coefficient to occur on the right-hand sides 
of the equations of Section 11.11 is £0 = ^(■>c)» and so the solution involves only the 
functions ^2 > ^1 > and Tq . If, in addition, the friction coefficient r is small compared 
with pL, i.e.. 
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the solutions can be written (Gill, 1980) in the form 


M = + ^q2ix)i2c~^py^ - 3)] Q\pi-py^/lc), 

9'1/C = [igo(Jc) + j92ix)i,2c~^liy^ + 1)] expi-liy^/2c), (11.14.10) 

V = [F(x) + 4{r/c)q2{x)]yexp{-liy^/2c), 


where qo and q 2 , the functions defined by (11.4.15) and (11.11.1), satisfy the approxi¬ 
mate equations 

dqo/dx -H {r/c)qo = -F, (11.14.11) 

dq2/dx - 2{rlc)q2 = F. (11.14.12) 


This form can be deduced most readily from the steady-state equivalents of the 
equations of Section 11.11. For small r, the solution in the forcing region corresponds 
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meridional velocity being given by the potential vorticity equation (11.14.6). More 
comments will be made about this solution later. 

Outside the forcing region, the frictionless potential vorticity equation (11.14.6) 
does not apply, because the solutions of (11.14.11) and (11.14.12) decay slowly in the 
X direction, contrary to the assumptions that give rise to(l 1.14.6). Equation(l 1.14.11) 
is, in fact, the one for a forced Kelvin wave that propagates eastward out of the forcing 
region at speed c and at the same time decays at the rate r. In other words, the wave 

A MM « IM ■■ J t M. MM M ^ ^ Ik M MM^M u/.#, MM ■ « ^ J « M^M MM ^M 1 1 M ^4 l« « M 4 1<« 1-14 4 V« .M 

LUYvaiu m& &aai ai me laie r/c uiiii uiaiauee. xi luiiuwa iiiuriii ima iiiai iiie 

required solution of (11.14.11) is the one that vanishes at x = —L, the western end 
of the forcing region, since Kelvin waves can carry information only eastward. 
Similarly, (11.14.12) corresponds to a forced long planetary wave with « = 1. This 
wave propagates westward at speed c/3, while decaying at the rate r, so the required 
solution is the one that vanishes at x = L, the eastern end of the forcing region. 

Clearly, the technique can be applied to forcing with parabolic cylinder functions 
of any order on the right-hand side of (11.14.7) and the solutions can be superposed 
to give results for any distribution of forcing. For instance. Fig. 11.19 shows the 
solution [from Gill (1980)] for 

E/pH = F(x)(l y/fle)exp(-yV4fle') = Fix)[Daiy/aJ + D,(y/aJ]. (11.14.13) 


It is interesting once again to interpret this as a baroclinic solution with heating, for 
the situation is rather similar to that which obtains in the atmosphere in July. If the 
equatorial Rossby radius a^ is taken to be about 10° of latitude, the solution shown 
in Fig. 11.19 with L = 2a^ corresponds to maximum heating at about 10°N and 
covering 40° of longitude. According to plate 9.1 of Newell et at. (1974), the region of 
large heating is concentrated as is that of Fig. 11.19, but with maximum at about 
15°N and with largest values between 90° and 140°E longitude. 

In the region of heating, Fig. 11.19a shows vertical motion and mainly northward 
velocities, as predicted by the potential vorticity equation (11.14.6), although there is 
some distortion on the west side because of friction. The interpretation is that rising 
due to heating causes vortex stretching and hence acquisition of cyclonic vorticity. 
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Fig, 11.19. The solution of the forced shallow-water equations for heating (or evaporation) that is confined to 
the range of longitudes [x| < 2a,. The distribution with latitude is given by (11.14.13) and has a maximum north 
of the equator. The arrows in (a) give the horizontal velocity field and the solid contours in the upper panel give 
the vertical velocity, which has a distribution close to that of the heating function. The motion is upward within 
the contours north of the equator with a maximum near x = 0, y = a,. The contours in the lower panel are pressure 
contours, and the axes are labeled in units of a,. [From Gill (19B0, Fig. 3).l (b) The meridional circulation when the 
response is interpreted as a barociinic response to heating with sinusoidal distribution in the vertical. The upper 
panel gives the zonal flow (E for easterlies, W for westerlies) and the lower panel the meridional flow (IHadley circu¬ 
lation). [From Gill (1980, Fig. 3).] (c) The meridionally averaged zonal flow (Walker circulation) with the same 
interpretation, i.e., as a barociinic response. [From Gill (1980, Fig, 1c).] 
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Thus the fluid particles tend to move poleward in order to keep their relative vorticity 
small. 

The only wave that can propagate eastward from the forcing region is a Kelvin 
wave, so that the region x > L (corresponding to the Pacific Ocean if the model is 
applied to the effect of forcing over Indonesian longitudes) shows motion with 
characteristic features of the Kelvin wave, namely, flow parallel to the equator and 
symmetric about the equator. The winds are easterly toward the heat source and 
decay eastward at the rate rjc per unit distance. Physically, the decay process repre¬ 
sented by r (Geisler, 1981) appears to be “cumulus friction” due to momentum transfer 
between levels through cumulus activity. 

Long planetary waves can propagate westward from the forcing region, but they 
decay faster than the Kelvin waves and thus cover a smaller area. They include 
meridional motion, so the equatorward return of the air moving poleward in the 
heating region is found to the west. The result is a cyclonic center on the west flank 
of the heating region. (Comparisons can be made with the observed 850-mb flow 
shown in Fig. 11.21.) Solutions with similar properties were found by Webster (1972), 
who found numerical solutions with a two-layer model for perturbations on a zonal 
flow, and Matsuno (1966) found solutions for forcing periodic in x. Solutions of the 
shallow-water equations with friction on a sphere, as obtained by Margules (1893), 
also show similar characteristics. 

Figure 11.19b shows the zonally averaged flow, exhibiting a strong Hadley cell 
with rising motion in the latitude of maximum heating. Equatorial motion is as¬ 
sociated with easterlies and poleward motion with westerlies. This is due to con¬ 
servation of angular momentum and the fact that, in a linear formulation, the fluid 
“remembers” only the angular momentum from the latitude where it has just been. 
Thus the zonal velocity changes sign on crossing the equator. 

Figure 11.19c shows the meridionally averaged circulation, which is due only to 
the part of the forcing that is symmetric about the equator. Rising motion is found over 
the longitudes of the heating region, and sinking elsewhere. The corresponding 
circulation in the atmosphere in the Pacific region is called the Walker circulation. 

Forced steady solutions of the above type are also useful for understanding the 
equatorial ocean circulation, the forcing being due to wind stress distributed over the 
surface mixed layer. In order to obtain a realistic current structure, many modes 
are needed, as shown by McCreary (1981a). He uses a model with a vertical eddy 
viscosity and vertical eddy dififusivity that are equal at each level and vary with depth 
in such a way that the modal structure is preserved and each mode remains inde¬ 
pendent of the others. The equations for each mode have the form (1 i.i4.i)-(i 1.14.3), 
but now the friction coefficient increases with the mode number (r is in fact propor¬ 
tional to cl). Friction has little effect on the first few modes for which the wind stress is 
largely balanced by an east-west pressure gradient, and there is consequently little 
contribution to the currents from these modes. Instead, the main contributions to the 
current come from the modes for which friction is just large enough to make effects 
of the eastern and western boundaries of secondary importance to local effects, as 
given by the x-independent solution. Examples of a solution obtained by this method 
are shown in Fig. 11.20. 
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Fig. TL20. A meridional cross section of current structure across the equator as obtained from a Knear solution 
by McCreary (ISeia. Fig. 4c). The left panel shows zorul currents (positive eastward) and the right panel shows 
currerrts in the meridiortal plane. The mode) is forced by a surface stress that is westward arK) applied in a region 
limited in both latitude arrd longitude. The region is synrmetric about the equator and in the center of a basirr 
with meridional boundaries. The section shown is the middle one. The density profile consists of a mixed layer 7S m 
deep with a sharp exponential falloff just below and a more gradual decay deeper down. Note the strong eastward 
urrdercurrent (contours are in centimeters per secorrd) with westward flows above and below, and the upweling 
that draws in water from the thernrocline. Calirration veaors in the lower left corner of the right panel have 
amplitudes of 0.005 cm s~' in the vertical arxl 10 cm s~' in the horizontal. The horizontal coordinate is in kilometers. 


TL15 The Tropical Circulalion of the Atmosphere 

It was seen in Chapter I how, in conditions that are uniform in the horizontal, 
an equilibrium temperature profile can be established by a balance between radiative 
and convective processes. A very simple model of convection was used in the examples 
discussed in Chapter 1, but in practice the convective processes are quite complex 
because of moisture in the atmosphere. A moist parcel of air that rises adiabatically 
becomes saturated at some level (cloud base), at which some of the vapor condenses 
and becomes visible as a cloud. The accompanying release of latent heat of con¬ 
densation gives extra buoyancy to the air that can help it to rise further. If a parcel 
remains undiluted by entrainment of air from its environment, all the excess moisture 
is condensed out as it rises, and all the latent heat released is used to warm the parcel, 
then the change of temperature with pressure follows a saturation pseudoadiabat 
(see Section 3.8) and the equivalent potential temperature of the parcel remains con¬ 
stant. The parcel remains buoyant so long as its equivalent potential temperature 
6, exceeds that of the environment, and thus it can rise to a level at which the difference 
between the environment and the parcel 6, becomes zero. In practice, most parcels 
of rising air entrain a lot of environmental air because they are rather small, so small 
cumulus clouds are formed with a rather short lifetime. Other processes, such as 
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reevaporation of the liquid water droplets in the cloud, take place and further reduce 
the potential of the air to rise. 

On the other hand, large parcels of rising air are not diluted so much and can rise 
further. For a small number, the entrainment effects are not very important, so they 
can reach a height at which the equivalent potential temperature difference is zero. 
These are called “undilute hot towers.” The height to which an undilute hot tower 
can rise varies a lot with surface temperature because warm air can hold so much 
more moisture than cool air. For instance, at 30°C (303 K) saturated air at surface 
pressure has an equivalent potential temperature of 386 K, i.e., 83° higher than for 
dry air, which for typical conditions gives a saturated parcel the potential to rise to 
around the 100-mb level. For comparison, a saturated parcel at 20°C (292 K) and 
surface pressure has 6^ = 333 K (42° higher than for dry air), which gives it the poten¬ 
tial to rise to about the 300-mb level. 

A typical profile of potential temperature and of equivalent potential temperature 
for the tropical atmosphere is shown in Fig. 3.5. The ability of undilute hot towers to 
rise to a great height can be seen from the 9^ profile, which shows a decrease with 
height from the surface to a minimum at about 650 mb, then an increase with height, 
the surface value not being reached again until above the 200-mb level. 

The nature of the convection, as deduced from observations, is outlined, for 

example, by Riehl (1979). Undilute hot towers are thought to cover only about one- 
*u r tiio 
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volume flux. A parcel of air may rise to the top of the tower in a matter of hours. 
Between clouds, air slowly descends, perhaps taking I or 2 months to reach the lower 
levels. If the descent were adiabatic, the air would arrive at the ground some 80° 
warmer than when it left since its potential temperature would be conserved. How¬ 
ever, radiative cooling at a rate of 1 or 2 deg day “ * leads to a temperature distribution 
more like that observed. Thus a radiative-convective equilibrium can be established. 
Account also needs to be taken of the mixing due to smaller clouds, particularly in 
the conditionally unstable region (see Section 3.8) in which 9^ decreases with height. 
In this region, motions with small horizontal scale are the most unstable to small 
disturbances, but the small clouds entrain a great deal and do not grow very tall. 
Motions with large horizontal scale can mix over a larger depth because entrainment 
is less important. Thus account needs to be taken of a whole ensemble of clouds of 
different sizes. A convection model that includes the whole cloud ensemble and the 
relevant physical effects has been developed by Arakawa and Schubert (1974) in a 
form that can be used in large-scale numerical models. 

In practice, conditions are not uniform over the tropics, so convection and 
radiation do not balance everywhere. The difference between the two processes (plus 
contributions from other processes that are generally less important) gives the dia- 
batic heating rate (see Fig. 9.10 for zonally averaged distributions). Maximum tropo¬ 
spheric values in the tropics tend to be around the 500-mb level, and the greatest 
heating tends to be concentrated over regions in which the underlying surface is 
warm and moist (high equivalent potential temperature). The average vertical ve¬ 
locity at 500 mb is approximately given by (9.15.8) [see Table 9.1 from Newell et al 
(1974)], i.e., is proportional to the heating rate and upward when heating is positive, 
i.e., when the rate of latent heat release exceeds the radiative cooling rate. Maps of the 




aOOmb 



Fig.tIA Chart of average 650-mbar (upper panel) and 200’fnbar (bwer panel) wirtds for July, after van der Boogaard. [Reproduced with permission from Riehl (1979), 
"Climate artd Weather in the Tropics," Fig. 1.13. Copyright by Academic Press (London) Ltd ] Lines s^arate areas with east and west wind components. Dashes in tawer pane) 
mark positions of semipermanent troughs. 
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vertical velocity at 500 mb for June-August [Newell et at. (1974, plates 9.1 and 9.2)] 
show a concentration of upward motion in the Indonesian region with maximum 
values (of order 100 mb day"') between 90° and 140°E and between 10° and 25°N. 

Some idea of the response to such a distribution of heating can be gained from 
models like that studied in the preceding section (Gill, 1980), although such models 
do not explain why the heating distribution has its observed form. The general 
pattern of winds for that time of year can be seen in Fig. 11.21, which shows velocity 
vectors at the 850- and 200-mb levels. Comparison with the simple model result of 
Fig. 11.19 can be made, with the heating zone centered at about 120°E longitude, and 
many features of agreement can be seen, namely, easterly trade winds to the east of 
the heating zone, poleward motion within the heating zone, a cyclonic circulation 
centered on the western flank of the heating zone, and, the strongest feature of all, 
the westerly jet into the southern part of the heating zone. The zonally averaged 
meridional circulation is shown in Fig. 1.7b and shows a pronounced Hadley cell 
with rising motion in the summer hemisphere. This can also be compared with Fig. 
11.19. A representation of the zonal mass flux at 5°N is reproduced in Fig. 11.22. The 
main rising branch is in Indonesian longitudes, a smaller one being located over 
South America. Each of the rising branches may be compared with the one found in 
the model solution depicted in Fig. 1 l.l9c and associated with the heating zone. The 
Pacific cell, consisting of rising in the West Pacific and sinking in the east Pacific, 

icwcivcu ^aiiiwuiai aiiu lai uauaxijr xcic^iicu lu aa me vraxiwex exxeuxaixuxx* i iixa 

name is applied to other cells as well. Another means of representing the motion to 
highlight the regions of convergence and divergence in the circulation patterns is 
given by Krishnamurti (1971, 1979). 


Zonal mass flux (I0'*gm sec'*) 5°N June-August 



Longitude 

Pacific I I Atlantic I I Indian I I Pacific 

Fig. TI.22. A representation of the zonal mass Dux, averaged over the region 0‘’-10°N for )une-August. Contours 
do not correspond to streamlines, but give a fairly good representation of the velocity field associated with the 
Walker circulation. IFrom Newell et ai (1974), 'The General Circulation of the Tropical Atmosphere," Vol. 2, p. 151, 
Fig. 9.3; reproduced by permission of the MIT Press.) 
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The tropical circulation is by no means constant and is subject to pronounced 
changes on many time scales. For instance, hurricanes are a violent feature of the 
variability at time scales of the order of 1 week. A very brief discussion of their charac¬ 
ter and of their effect on the ocean may be found in Section 9.11, and a review of their 
properties is given by Gray (1979). They originate in latitudes between 5 and 25° 
(the equator is excluded because the Coriolis parameter vanishes there) but only in 
longitudes in which the sea is warm (above 26°C), thus allowing the equivalent poten¬ 
tial temperature at the surface to reach values high enough for strong convection to 
be promoted. Thus hurricanes are mainly a hazard of the summer season. The loca¬ 
tions of their points of origin are shown in Fig. 11.23. There are also many less violent 
features with similar time scales, such as “easterly waves” [see, e.g., Riehl (1979)] that 
propagate westward at speeds typically around 8 m s~ ‘ and are often associated with 
the intertropical convergence zones. The latter are the narrow regions of convergence 
corresponding to convective activity along lines that have a predominantly east -west 
orientation and can be seen in satellite pictures (see, e.g., Fig. 1.2) as lines of cloud 
near the equator. They tend to be found at the latitude at which the sea-surface 
temperature is maximum and to migrate seasonally with this maximum. 

Seasonal variations in the tropics are considerable in some regions, the monsoon 
winds over the North Indian Ocean (see Fig. 11.24) being an example that is referred 
to by Pliny and other early Greek authors. Halley (1686) not only described the major 
seasonal changes but also explained them as a result of seasonal changes in heating. 
In fact, he stated that the changes in the North Indian Ocean confirm his theory that 
the trade winds are a result of buoyancy forces. 

That this has no other cause, is clear from the times wherein these Winds set in: 
viz. in April, when the Sun begins to warm those Countries to the North, the 
S.W. Monsoon begins, and blows during the Heats until October; when the Sun 
being retired, and all things growing cooler Northward, and the Heat encreasing 
to the South, the North-East Winds enter and blow all the winter till April 
again (Halley 1686, p. 168). 

The onset of the monsoon is usually very rapid, not only with respect to the sudden 
change to southwesterly winds over the Indian Ocean (Fieux and Stommel, 1977), 
but also in the spectacular beginning of rains over India and Southeast Asia. Dates 
for these events vary with location, e.g., monsoon rains near the equator begin in 
April, whereas there are more northerly locations where the rains do not begin until 
July. The change in wind over the Indian Ocean is usually in May. An interesting 
feature of the Southwest Monsoon is the strong low-level jet (Fig. 11.25) that forms 
as a western boundary jet against the East African escarpment. It is a dynamic feature 
similar to western boundary currents in the ocean (Anderson, 1976), which are dis¬ 
cussed in Chapter 12. Seasonal changes are not only marked over the Indian Ocean, 
but also in other areas such as the West Pacific and the West African region (see 
Figs. 11.28 and 11.29). 

The tropical regions are noted not only for seasonal changes, but also for large 
variations from year to year. Many of these changes are coherent over large areas of 
the globe, and these coherent changes are called the “southern oscillation,” following 
Walker (1924, 1928). (Walker used the term to distinguish this phenomenon from 
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fig. 11.23. The locaiion of the points oT origin of tropical cyclones during a 20-year period. IFrom Cray (1979)1 

two “northern” oscillations, i.e., variability coherent with the changes in strength of 
the Icelandic low- and of the Aleutian low-pressure centers. The term does not refer 
to the southern hemisphere.) It has been found that time series of such diverse quan¬ 
tities as sea-level pressure, air temperature, sea-surface temperature, precipitation, 
and sea level from a wide variety of locations are remarkably well correlated. Some 
examples are shown in Fig. 11.26. Using a sample set of such time series (usually 
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Fig. 1US. Scxilheriy wind component (contours in meters per second) in a cross section at the equator on 
July 4,1977. The low-level jet is dearly seen. (From Hart et al. 11978, Fig. 6a).) 
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H*. TI.26. A comparison between the rainfall at a series of tropical Pacific islands (mostly dose to the equator 
between T^OPl and ISO'W) and the surface pressure at Darwia In both cases, 12-month running averages have 
been taken. (From Allison et af. (1972, Fig. 2D.I 








rig. \\uf. Correlations (‘w) between (a) sea-ievei pressure and (b| rainraii with the souchem oscillation index for the uec^ber-Febaiary season, i ne index was constructed 
from sea-level pressure time series at eight stations; Cape Town, Bombay, Djakarta, Darwin, Adelaide, Apia, Honolulu, and Santiago, using principal component analysis. The 


dots show the locations of stations at which the coefficients were calculated. [From Wright (1977^.1 
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including pressure at Darwin or Djakarta), a southern oscillation index can be 
constructed, along with maps of correlations between various quantities and the 
index. Two examples, namely, surface pressure and rainfall, are shown in Fig. 11.27 
and indicate the global scale of the phenomenon. Thus when the pressure is higher 
than normal over Indonesia, the region of high pressures tends to extend (in northern 
hemisphere winters) across the equatorial Indian Ocean and into the tropical West 
Pacific on the north side of the equator. Lower than normal pressures tend to be 
found in the central South Pacific and in the Northeast Pacific. Rainfall at these times 
is high along the equator in the Pacific, whereas air and sea-surface temperatures 
(not shown in the figure) are abnormally high along the equator in the East Pacific. 
Figure 11.12 shows a striking example of such an anomaly, and the drastic effects on 
the Peruvian fishing industry have already been noted in Section 11.11. 

Numerical general circulation models of the atmosphere have been used to study 
certain features of the variability, e.g., Manabe et ai (1974, 1979) have studied the 
seasonal cycle by prescribing seasonal changes in insolation and seasonal changes in 
sea-surface temperatures. Encouraged by the success of this model, Manabe and Hahn 
(1977) applied the same techniques for an ice-age simulation that indicated that 
tropical continental regions were much drier then. Models have also been used to 
study certain aspects of the southern oscillation. Low-index (as used in Fig. 11.27) 
years correspond to high surface temperatures in the tropical East Pacific, with large 
anomalies corresponding to El Nino years. For example, Fig. 11.12 shows the huge 
temperature differences between an El Nino year and the previous year (which in this 
case was a year of abnormal coolness). Bjerknes (1966, 1969) argued that in warm 
anomaly years, i.e., in years with small east-west temperature contrast, the Walker 
cell over the Pacific would be weaker, and he discussed other consequent effects. 
Models [e.g., Rownlree (1972, 1979), Julian and Chervin (1978)] have been used to 
look at effects of warm anomalies, and it has been found that not only are there 
changes in the tropics, but also significant changes appear to be produced at mid¬ 
latitudes and at high latitudes. 


TI.16 Tropical Ocean Currents 


Currents at the equator have already been discussed in Section 11.12. The surface 
current is generally in the direction of the wind, being a direct response to the wind, 
but the east-west pressure gradient set up to balance the wind stress drives an east¬ 
ward undercurrent in the thermocline, i.e., just below the mixed layer where the direct 
influence of the wind is felt. In the Atlantic and Pacific Oceans, this normally implies 
a westward surface current and an eastward undercurrent, whereas in the Indian 
Ocean the currents change direction seasonally [see, e.g., Knox (1976), and Wyrtki 
(1973)]. The east-west pressure gradient set up to balance the wind stress in the 
Pacific is shown in Fig. 11.17, together with the corresponding thermocline tilt. This 
brings the thermocline up against the surface in the east, so a great deal of structure is 
“crammed up” near the surface here [see, e.g., Tsuchiya (1975)]. It also means that 
surface temperature patterns are very sensitive to small changes in conditions. In the 
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west, the layer does not become much deeper than 150 m and Fig. 11.17 shows that 
the surface slope, as calculated from the density held, results from an increase in 
temperature of the mixed layer toward the west rather than from a thermocline tilt. 
The Atlantic is not nearly so broad, so these effects are not so great. The east-west 
pressure gradient in the Atlantic and its seasonal variations are discussed by Katz 
et fl/. (1977), whereas seasonal variations in the slope of the thermocline in the Pacific 
are discussed by Meyers (1979b). The core of the undercurrent is not always on the 
equator and can be displaced up to a degree to the north or south. Such displacements 
[see, e.g., Gill (1975)] can be produced by the north-south component of the wind, 
e.g., a northward wind forces the surface layers downwind, thereby depressing the 
thermocline to the north and raising the surface. The associated pressure gradient 
corresponds to a reduction of current to the north and to an increase to the south of 
the equator. In other words, the core of the undercurrent is displaced upwind. 

The mean surface elevation pattern for the Pacific Ocean is shown in Fig. 7.8a 
(part i) along with the associated geostrophic currents. The westward current that 
spans the equator is associated with a trough at the equator as required by geo- 
strophy. To the south, the pressure continues to rise to about 20°S, so the current 
remains westward. To the north, a ridge is found at about 4°N. This marks the 
northern boundary of the South Equatorial Current (i.e., the westward flow extending 
to about 20°S). The ridge is strongest and extends furthest east in November- 
December (Wyrtki, 1975). Further north there is another trough at about 10° latitude, 
north of which a westward current (the North Equatorial Current) is again found, and 
this extends to about 20° latitude. The trough is deepest in Novcmber-December and 
shallowest in March-June. Variations in the trough and ridge amplitude can be 
monitored in the West Pacific from island tide gauges (Wyrtki, 1979a). 

Between the trough and ridge is found a strong eastward jet known as the 
Equatorial Countercurrent. Its strength depends on the difference in surface pressure 
between the ridge and trough. It is strongest (Wyrtki, 1975) in September-October 
when the pressure diflTerence is 40 dynamic cm or more between 150°W and I30°E. 
The transport of the countercurrent increases to the west at all times of year, details 
being given by Kendall (1970). In January-February, however, the pressure difference 
between ridge and trough decreases rapidly, first in the eastern and central Pacific and 
later in the western Pacific, reaching minimum values of about 23 dynamic cm in 
March-April. 

The reason for the asymmetry in the currents may be found in the asymmetry of the 
wind stress pattern, which is shown in Fig. 11.28 for two different times of year. The 
prominent feature that is responsible for the asymmetry is the intertropical con¬ 
vergence zone (ITCZ), which is found at about 10°N in the East Pacific. This is a 
region of marked Ekman convergence in the atmospheric boundary layer, and hence 
one of Ekman divergence in the ocean. The associated Ekman pumping velocity is 
shown in Fig. 11.28c. The associated mass flux (see Section 9.4) is the same in both 
atmosphere and ocean. It becomes very large near the equator because the Coriolis 
parameter /, which appears in the denominator of the formula (9.4.2) for the pumping 
velocity, vanishes at the equator. Also variations in / can be just as important as 
variations in stress for determining the value. In fact the Ekman transport is away 
from the equator over most of the tropical zone because of the easterly trade winds. 




(a) 
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fy. lUBajL Mean suiface wind stress over the tropical Pacific for (a) February and (b) August. The mean wind stress is, to a good appronmation, in the same direction as 
the surface wind with magnitude in newtons per square meter given by OXMIILI^ + Tl). where L/ is the wind speed in meters per secorxL [From Wyrtki and Meyers (1975.19761.1 






Fig.TIJBc. The corresponding Ekman pumping velocity for the ocean for July in units of 10“^ m ^ 0,9cmday'^ 3.2 m yr“‘, i.e., the same units as those used in 
Fig. 9.6. Areas with upward values in excess of 20 units (64 m yr" are hatched, and areas with downward values in excess of 20 units are stippled. The Ekman pumping velocity 
in the atmosphere has the same sign but is greater in proportion to the density ratio (i.e., is 800 times bigger; 20 units correspond to 150 m day'*). 
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The tendency is therefore to upwell water at the equator. However, because / in¬ 
creases with distance fronr the equator, the Ekman transport tends to fall, and the 
resulting convergence produces downwelling. Within 15° of the equator, it takes very 
rapid changes of wind with latitude to counteract this tendency, and changes occur 
only in the intertropical convergence zone, where the downwelling tendency is greatly 
reduced or even reversed. Similar features occur in the Atlantic (see Fig. 9.6). (Note: 
If the wind held used to calculate the Ekman pumping is not well resolved, the region 
of upward velocity associated with the ITCZ may not appear, and therefore models 
driven by such a wind held do not contain a countercurrent.) 

To see how the ocean responds to this forcing, consider hrst the case for which the 
wind is eastward or westward and the response does not vary with longitude. For any 
given mode, the equations are (11.14.1)-(11.14.3) and for small friction the hrst of 
these gives 

v=-XIPypH, (11.16.1) 

i.e., a northward or southward Ekman current is driven directly by the wind stress. 
The corresponding pressure held is found by substitution in (11.14.3), which gives 

rgrj = —c^ dvfdy = d(XIPypH)ldy, (11.16.2) 

In other words, if upward motion is produced by Ekman convergence, the thermocline 
stands higher. Consequently, the dynamic height at the sea surface relative to a hxed 
depth is lower. This is presumably the reason for the trough that is found at about 
10°N. Note, however, that the maanitude of the resoonse eiven bv fl 1.16.21 deoends 

r — r 4^ m 

on the friction parameter, i.e., mixing processes are important. The remaining feature 
of the response is the zonal velocity, and this is simply the geostrophic velocity as¬ 
sociated with the pressure field (11.16.2), i.e., (11.14.2) gives 

rpyu = —rg drj/dy = —c^ d\Xl^ypH)fdy^. (11.16.3) 

The above solution is not valid everywhere because of (a) the boundary layer and 
(b) the effects of meridional boundaries. In the equatorial boundary layer, the friction 
term in (11.14.1) becomes important, the result being that v becomes the solution of 
(11.12.4), i.e., the solution found by Yoshida(1959). Nominally the equatorial bound¬ 
ary layer has thickness equal to the equatorial Rossby radius and the asymptotic 
approximation (11.16.1) is valid at distances large compared with a^. In practice, the 
approximation does not give better than 10% accuracy until a latitude of about 6° 
(for the first baroclinic mode) has been reached [see, e.g., Anderson et al. (1979, 
Fig. 2c)J. 

The effect of the western boundary is felt through Kelvin waves, which are re¬ 
quired to satisfy the boundary condition there (Gill, 1975; McCreary, 1981a), whereas 
the effect of the eastern boundary is felt through planetary waves. Because equatorial 
waves have large phase velocity, they travel a long way before decaying significantly. 
The decay distance may be expected to drop rapidly with mode number, but despite 
this, McCreary (1981a) estimates that about 8 modes would carry information from 
the boundaries to the center of the ocean before decaying. This suggests that a high 
mode-number structure will be evident near the equator, particularly when the forcing 
is time dependent, and observations of currents by Luyten and Swallow (1977) in the 
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Indian Ocean indeed show many reversals of direction with depth. Wunsch (1977) 
has shown that such reversals can be produced by a seasonally varying wind. 

At distances of more than 6° from the equator, the Kelvin wave becomes unim¬ 
portant, so only the eastern boundary can affect the interior solution. Furthermore, 
the phase speed [see (11.8.6)] of long planetary waves has a magnitude that 

falls off inversely as the square of the distance from the equator (cf. Fig. 12.3). Con¬ 
sequently, the distance through which a wave will propagate before decaying falls 
off rapidly with latitude as well. Thus only the first baroclinic mode is likely to affect 
the whole width of the ocean at latitudes of 6° or more. The implication is that the 
east-west pressure gradients seen in Fig. 7.8a (part i) are due to the first baroclinic 
mode, except near the equator and the boundaries. The region in which boundary 
effects are felt is in the east, the width of the affected zone increasing rapidly as the 
equator is approached. 

The planetary wave correction for a given mode can be found by using (11.14.1)- 
(11.14.3) again, but now with x dependence added and forcing removed. For small 
friction, the motion is quasi-geostrophic, so (11.14.1) and (11.14.2) become 

Pyu = -g drj/dy, Pyv = g dtj/dx. (11.16.4) 

However, the weak divergence associated with this held produces vertical motion 
that advects heat upward or downward. For a steady state, this must be balanced by 
a heat flux due to mixing processes. With the representation of these processes used 
in (11.14.3), the resulting equation for a single mode has the form 

rgri -|- c\du/dx + dv/dy) = 0. (11.16.5) 

Substituting in (11.16.5) from (11.16.4), the potential vorticity equation results, namely, 

rgtj = (c^glpy^) dr\jdx = chjy. (11.16.6) 

The solution has the form 

m = PoCy) exp(r^y^x/c^), (11.16.7) 

from which follows, by (11.16.4), 

rpyu = -{Irpyxpo/c^ -I- dpjdy) expirfiy^xfi^). (11.16.8) 

If the eastern boundary is the meridian x = 0, Po is required to have the form 

Po = - d{XjpypH)jdy + A, (11.16.9) 

where >4 is a constant, in order for the sum of the solutions (11.16.3) and (11.16.8) 
for u to vanish at x « 0. It follows that the complete solution for pressure obtained 
by adding (11.16.2) and (11.16.7) is 

rgrj = c^(l — exp{rpy^xlc^))d{XjpypH)ldy -I- A expirpy^x/c^). (11.16.10) 

This has a constant value on the eastern boundary, a condition necessary for ensuring 
that there will be no geostrophic flow across the boundary. The first term of (11.16.10) 
gives pressure variations of the same sign as for those in the interior, but which reduce 
in magnitude as the eastern boundary is approached. The observed surface pressure 
field shown in Fig. 7.8a (part i) also has this property. The value of A depends on the 
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flow near the equator—this part of the solution can, for instance provide a flow into 
(and out of) the equatorial zone to feed (or absorb) an equatorial jet. 

The tropical Atlantic currents show many features similar to those of the Pacific. 
The wind forcing in the Atlantic (shown in Fig. 11.29) is also asymmetrical because of 
an intertropical convergence zone north of the equator. Upward Ekman pumping 
occurs, particularly in summer (see Fig. 9.6). There is a countercurrent north of the 
equator as in the Pacific, but it is highly seasonal. In the July-September season, it 
extends right across the ocean in a belt between 4°N and 10°N, but 6 months later it 
is found only in a small region near the African coast and a small region in the west. 
Model studies by Anderson (1982) indicate that a significant part of these variations 
are associated with the meridional component of the wind. The steady-state response 
to this component of the wind can be calculated from (11.14.1 )-(l 1.14.3). Away from 
boundaries, the zonal current is an Ekman current that is driven directly by the wind. 
The planetary wave correction has the effect of setting up a pressure field that, for a 
given mode, reduces the response as the eastern boundary is approached. 

The transient response away from the immediate vicinity of the equator would be 
expected, on the arguments presented above, to consist of the local response to 
Ekman pumping plus a planetary wave correction associated with the first mode. 
This correction would propagate from east to west and carry information about 
winds near the eastern boundary. When these winds are similar to interior winds, the 
wave tends to reduce that part of the interior response due to the first mode. 

Observations in the Pacific tend to support this view. For instance, Meyers 
(1975, 1979a) has studied changes with time of the depth of the thermocline and 
compared them with Ekman pumping displacements. At latitudes above 10°, the two 
studies indicated that Ekman pumping alone could explain much of the change 
observed. To model seasonal changes at lower latitudes, however, account must be 
taken of the planetary wave effect. In particular, the thermocline depth at 6°N shows 
marked phase propagation of the seasonal wave at a speed of 0.64 m s ^ This agrees 
with the long planetary wave speed [see (11.8.6)], given by 

(o/k = 

if c 3s 2.4 m s" ‘—a reasonable value for the first baroclinic mode. 

The seasonal nature of the currents in the Indian Ocean has already been discussed 
in Section 11.12, the seasonal changes being particularly prominent off the Somali 
coast. An early reference [see Aleem (1967)] to this phenomenon was made by Ibn 
Khordazbeh circa a.d. 846, who noted that “the Sea flows during the summer months 
to the northeast” and “during the winter months to the southwest.” The currents 
found in the summer regime appear to be stronger, and these are shown for a particular 
year in Fig. 11.30. Observations by Leetmaa (1973) and data studies by Diiing and 
Szekielda (1971) seem to confirm the idea that the reversal of the current at the coast 
is initiated locally by a mechanism like that discussed in Section 10.11 and is later 
modified by remote effects propagating to the boundary. 

There are significant changes in the ocean on longer-than-seasonal time scales, 
just as there are in the atmosphere, but these are not very well documented as yet. 
The failure of upwelling in the East Pacific, and hence failure of the Peruvian fishery, 
is well recorded and these events are well correlated with the pressure at Darwin, 
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Fig. 11.30. Dynamic topography of the sea surface in the Northwest Indian Ocean and directly measured 
surface currents at a depth of 10 m during August and September 1964. {From Swallow and Bruce (1%6), Fig. 2.] 


almost on the other side of the globe, and with other indices of the “southern oscil¬ 
lation” (see Fig. 11.27). Also, it is known that the sea-surface temperature in the central 
equatorial Pacific is very well correlated with the local rainfall (see Fig. I i.26). More 
recently, information from hydrographic data (Masuzawa and Nagasaka, 1975) and 
island sea levels in the West Pacific (Wyrtki, 1977) has shown huge changes in the 
structure of the ocean surface layers. In particular, subsurface temperature at 137°E 
has shown changes of up to 8° in a year (at 150 m) with corresponding sea-level 
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community in Guam (Yamaguchi, 1975). The high sea level in the west coincides with 
a low sea level in the east, and appears to be built up during a period when the trades 
in the Central Pacific are stronger than usual in the year preceding an El Niho event 
(Wyrtki, 1977, 1979b). When these winds reduce, there is a rapid drop of sea level in 
the west and a corresponding rise in the east, the changes being up to 40 cm over 1 
or 2 years. The changes are baroclinic, i.e., there is comparatively little change in 
pressure at the bottom of the ocean associated with these events. The amount of near¬ 
surface water moved in the West Pacific has been estimated by Wyrtki (1979b) to 
correspond to an average flux of about 27 Mt s“ *, so these events are of an impressive 
magnitude. 



This Page Intentionally Left Blank 



Chapter Twelve 


Mid-latitudes 


12.1 Introduction 


The aim of this book is to develop an understanding of the atmosphere and ocean, 
and in particular, how they adjust under gravity when perturbed from equilibrium. 
In Chapter 11 we considered these processes in the equatorial region, and this has 
led to an understanding of the effects of variation of the Coriolis parameter with 
latitude. That understanding will now be applied to extratropical regions. 

A particularly significant fact to emerge from the examination of free waves on the 
“equatorial beta plane” was the separation of the waves into two classes that become 
more distinct as the horizontal mode number increases, i.e., as the region affected 
extends further from the equator. One class has high frequencies, and is little affected 
by variations of the Coriolis parameter insofar as its local properties are concerned. 
It consists of the gravity waves studied in earlier chapters, and there is no need to 
examine these further. 

The other class of waves has low frequencies, and its existence depends crucially 
on the fact that the Coriolis parameter varies with latitude. The maximum frequency 
for this class is given by (11.8.3), i.e., is equal to pc/2f, corresponding to mid-latitude 
periods of order 1 year for the ocean, and of order 1 week for the atmosphere. Thus 
there is a large “sp)ectral gap” at mid-latitudes between internal gravity waves with 
minimum frequency / and planetary waves with maximum frequency pc/2f. The 
ratio of these frequencies is the large factor 2/e, where e is given by (11.8.14), i.e., by 

£ = MP- ( 12 . 1 . 1 ) 

For instance, at 45° latitude, the frequency ratio is given by 

2/£ = 2plpc = (1300 m s' M/c- (12.1.2) 

Because the new class of motions is so distinct from gravity waves, it can 
conveniently be studied by approximating the equations in an appropriate way. As 
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first discussed in Section 8.16, low-frequency motions have the property of being in 
approximate geostrophic balance, but departures from geostrophy are very important, 
as Brunt and Douglas (1928) pointed out, because the vertical motion is associated 
only with these departures. Brunt and Douglas were interested in vertical motions in 

ii/JtK rQinfall Kilt it ic alcn npr'sccarv tn Vnniv i/^rtifal HicnlQ<'(»tnffntc ivhpn 

WV./AAAAWW VAWX* TTAVXA l_r M V XX XU UXUV XXX^WWUVTWX^ XV XVXXVTT TWXXXWXXX W XU^ XM W V X X X W X X X U 

considering gravitational restoring forces. The quasi-geostrophic equations were 
derived in Section 11.8 in a form appropriate to the equatorial region, but simple 
modifications show that the same form of equations is valid in mid-latitudes. The 
modifications are outlined in Section 12.2. It is not difficult to include vertical vari¬ 
ations and nonlinear effects in the mid-latitude quasi-geostrophic formulation as 
well, and this is done in Section 12.8. The formulation was developed by Charney 
(1947, 1948), a review was given by Phillips (1963, 1973), and a detailed discussion was 

- u.r M fnm tu A ax 4 « r ^ ax 1>%tr 
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(1937, 1938a, 1940), is particularly useful for discussing quasi-geostrophic motion. 

The freely propagating, quasi-geostrophic waves are called planetary waves, and 
their horizontal propagation characteristics are studied in Section 12.3 for the case of 
a single vertical mode. Such waves are generated in the ocean by the wind, and in 
Section 12.4 we examine the spin-up process that occurs when the wind is suddenly 
“switched on.” This leads to an understanding of the east-west asymmetry of the 
ocean’s response to the wind, in that strong boundary currents are found on the 
western flanks of ocean basins, these currents completing gyres (hat involve relatively 
slow flow in the interior of the ocean. A discussion of steady ocean circulation models 
is given in Section 12.S. 

The vertical propagation of planetary waves is also important, and the structure 
and dispersive properties of such waves are dealt with in Section 12.7. One way in 
which these waves can be cenerated is bv flow over tonoeranhv. Since the freauencv of 

---—- - - - - ^ - - -- - - r ~ ^ - 1 - ^ - -- 1 ’- ^ 

encounter of topographic features must be small enough for planetary waves to exist, 
such waves are generated only by the major features of the earth’s topography with 
scales of order 1000 km. With such large scales, the concept of perturbations about a 
uniform flow is rather inadequate, so a study is made (in Section 12.9) of small pertur¬ 
bations on a flow that varies with both latitude and height. This leads to a discussion 
of the stationary waves observed in the atmosphere. These waves can be generated not 
only by topography, but also by longitudinal variations in heating of the atmosphere, 
and by effects of smaller-scale waves. In winter, stationary waves can propagate high 
into the stratosphere because the wind distribution with height is favorable, but in 
summer this is not so. 

The large-scale field of vertical motion in the atmosphere is of great importance 
because strong upward motion is associated with the development of severe weather 
conditions. The vertical motion cannot be directly measured, but deductions can be 
made from properties of the pressure field. The so-called “omega equation” is 
particularly useful in this regard, and this is derived and discussed in Section 12.10. 


12.2 The Mid-latitude Beta Plane 

High-frequency motions in mid-latitudes, i.e., motions with frequencies of inertial 
magnitudes and larger, have been considered already in earlier chapters, so attention 
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will now be focused on mid-latitude motions with lower than inertial frequency. The 
special “quasi-geostrophic” character of these motions has already been brought to 
light in Section 8.16 for cases in which the frequency is still not low enough for effects 
of the earth’s curvature (“beta” effects) to be important. The beta effect is necessary to 
allow freely propagating waves, i.e., planetary waves, and the application of the 
quasi-geostrophic approximation to those waves was made in Section 11.8 for waves 
near the equator. 

However, the approximation of Section 11.8 can be applied equally well away 
from the equator, and when used in mid-latitudes, it is called the mid-latitude beta- 
plane approximation. The basic requirement of the approximation was found, in 
Section 11.8, to be that e, given by (12.1.1), must be small, which means that the locality 
of interest is more than an equatorial Rossby radius from the equator. Of course, the 
north-south scale must be small enough for fractional changes in / to be small over 
such a distance, but this follows automatically if the wave scale is assumed to be of the 
same order as the local Rossby radius. 

The derivation of Section 11.8 was somewhat special in that the equatorial 
beta-plane approximation was used, but it can be generalized to yield the same 
equations at mid-latitudes as well. The starting point is the pair of horizontal mo¬ 
mentum equations (11,2,1) and (11.2.2) on the sphere, and the object is to obtain a 
quasi-geostrophic approximation to these equations with the Cartesian form of 
(11.8.15) and (11.8.16). First, it is necessary to define suitable coordinates and the 
natural ones are those corresponding to a local Mercator projection [see, e.g., Haltiner 
(1971) and Phillips (1963, 1973)]. Coordinate lines are latitude and longitude as 
before, but they are relabeled to give an approximately isometric system near the 
latitude (Pq about which the expansion is being made. Thus if R is the radius of the 
earth and A the longitude, local Mercator coordinates x, y are defined by 


X = RA cos (po, 


=«r 

J Vo 


d(p' cos (Pq 


fft 


= R cos (pQ 


ln|‘- 


(1 -I- sin (p) cos (po 


.. I 


cin /-A _ \ pr^c m . 
«*** YU/ Y J 


1 - 


( 12 . 2 . 1 ) 


Also, because of the form of the continuity equation, it is useful to use slightly modified 
velocity components u, v, defined by 


where 


u = u/p, V = vIp, (12.2.2) 

p = cos (po/cos(p = R~^ dyId(p (12.2.3) 


is a factor that is close to unity near the central latitude of the approximation, (v is a 
useful quantity because it is proportional to the volume flux per unit depth between 
meridians.) Substituting for dA, dcp, u, and v in (11.2.1) and (11.2.2), there results 


Du/Dt -fv = 
DvjDt + fu + R~^p(u^ -I- v^)tan(p = 


D 

'Dt 




-p ^dp/dx. 

(12.2.4) 

-p~^ dp'Idy, 

(12.2.5) 

d 

(12.2.6) 


where 
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f = 2Q sin (p. 


(12.2.7) 


These are the exact forms of the momentum equations on the sphere, and the 
corresponding form of the incompressibility relation [see (4.12.11)] is 


ti^(du/dx + dvjdy) + dw/dz = 0. 


( 12 . 2 . 8 ) 


Naturally enough, these equations are not precisely the same as the Cartesian ones 
because of the earth’s curvature, but they are approximately so near the chosen 
latitude since is close to unity. 

For small-amplitude motion, the quadratic terms are ignored, so the momentum 
equations (12.2.4) and (12.2.5) in Mercator coordinates become 


dii/dt — fv = —p ‘ dp'/dx, 
dv/dt + /u = —p~^ Sp'/dy, 


(12.2.9) 

( 12 . 2 . 10 ) 


which is precisely the form for the /-plane, but now / is a function of y. The beta-plane 
approximation relies on expanding / about the chosen latitude as a linear function of 
y, and is obtained just as it was in Section 11.8 for the more special case. The first step 
is to introduce the scaled variables 


X* = -x/T, 


V* = v/I. 

J J f 


t* = lilt 

' r 


u* = u/Vo, V* = V/Vo, p* = p'/pLfVo, 


( 12 . 2 . 11 ) 


where Vq is a velocity scale and L is a horizontal length scale. As far as deriving the 
approximation to the momentum equation is concerned, it is not necessary to assume, 
as in Section 11.8, that L is equal to a, the Rossby radius, nor is it necessary to assume 
that p' is independent of depth. These two assumptions become relevant only when 
the continuity equation is being considered. 

With the above scalings, the Coriolis parameter f can be expanded in y*, giving 

/ «/o(l + Cl/), (12.2.12) 

where/o is the value at the central latitude and is the small parameter defined by 

=Lcot(po/R = /?L//o, (12.2.13) 

where ^ is the gradient of the Coriolis parameter, namely, 

^ = (2n//?)cos(po. (12.2.14) 


Note that is identical to e as defined by (12.1.1) when L is chosen as the Rossby 
radius. The expansion procedure relies on being small, i.e., on the horizontal scale 
being small compared with the earth’s radius and the central latitude being not too 
close to the equator. At first order in Cli the linearized-momentum equations are 
(11.8.11) and (11.8.12), just as in the equatorial case, and so the quasi-geostrophic 
approximation is (11.8.15) and (11.8.16). (Note that if L is not chosen equal to a, then 
£l replaces e in the formulas.) In other words, at the first approximation the flow is 
geostrophic, so u = Wg and u = Ug, where in dimensional terms 

/oMg = -p“* ^P'/Sy, foV^ = P“‘ dp'/dx. 


( 12 . 2 . 15 ) 
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The tilde over the velocity variables will now be dropped from the approximate 
equations. (It is used only once more for an exact equation.) 

Because of the degeneracy in the equations due to the fact that the geostrophic 
flow given by (12.2.15) is nondivergent, it is necessary to know the flow to the next 
order of approximation in order to calculate how the flow changes with time. So it is 
useful to define an ageostrophic part of the flow (Ug, Ug) by 

u = Mg + Ug, u = Ug + Vg. (12.2.16) 

By (11.8.15) and (11.8.16), the ageostrophic motion is of order Cl relative to the 
geostrophic part, and is given in dimensional terms by 

/oMa = -Pytig - = p~VoHPydp'/^y - d^p'fdtdx}, (12.2.17) 

foV„ = -PyVg + dujdt = p~^fo^{-py dp'/dx - d^p'jdtdy], (12.2.18) 

These are the linear quasi-geostrophic momentum equations that govern the way in 
which such flows develop. 

There are two parts to the ageostrophic velocity field as given above. The beta 
part (distinguished by the factor p) represents the fact that, for a given pressure 
gradient, velocities that are in geostrophic balance with that gradient at each latitude 
(not just the central latitude) become larger toward the equator. Consequently the 
motion is divergent and the 

beta part of ageostrophic velocity = -(^y//o)(Wg, fg), (12.2.19) 

which has 


divergence = -pvjfo = -(li/pfl)dp'/dx. 

The other part is the isallobaric part already encountered in Section 8.16, namely, 
isallobaric part of ageostrophic velocity = — p~ '/o~^(5/5x, d/dy) dp'fdt, (12.2.20) 
which has 

divergence = -/o'^ dCJdt = -p~^fo^(d^/dx^ + d^/dy^)dp'ldt, 

where is the geostrophic part of the vertical component of the relative vorticity. In 
the formal scaling procedure, the time scale iPL)~^ was chosen so that the two 
components of the ageostrophic velocity would formally be of the same order. All 
that is required for the approximation to be valid, however, is that the ageostrophic 
motion be small compared with the geostrophic part. The condition « 1 ensures 
that this is true for the beta part of the ageostrophic motion. The condition for the 
isallobaric part to be small is really an independent one, namely, that the time scale 
be large compared with /o'*, as found in Section 8.16. 

It is a simple matter to generalize the above equations to their nonlinear form. The 
formal procedure for doing this is merely to choose the velocity scale Uq in (12.2.11) so 
that the nonlinear advective terms in (12.2.6) are of the same order as the time 
derivative, i.e.. 


Vq = pL?. 


(12.2.21) 
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This velocity scale is the product of beta and the square of the horizontal scale. Then 
all the approximate equations follow as above, but with d/dt replaced by the first 
approximation to (12.2.6), namely, 

D,/Dt = d/dt + Ug d/dx + d/dy, (12.2.22) 

which is the time derivative following the geostrophic part of the motion. The third 
term on the left-hand side of (12.2.5) is small compared with those retained, 
provided that 

L{an(pQ«R, (12.2.23) 

which is equivalent at mid-latitudes to requiring that be small [see (12.2.13)]. 
Thus (12.2.17) and (12.2.18) have become 

foU. --Pyu,- D,vJDi ^ ‘ ^ I], (12.2.24) 

fov. = -M + D,u,/D, = p-‘U' \-l1y%- ^ |J}. (12.2.25) 

and there is now a third part to the ageostrophic motion, namely, 
nonlinear nart of aceostroohic velocitv 

-- j — —G - g - -- j 

= i/o“ ‘(- ^/3y, d/dx)(ul v]) - Jo 'Cg(Ug. Ug), (12.2.26) 

which has 


divergence = -/q ^(u^d/dx -I- v^d/dy)Cg^ 

In (12.2.26), the acceleration term has been written in Lagrange’s form (see Section 
7.10) as the sum of a Bernoulli term (which gives no contribution to the ageostrophic 
divergence) and a product of vorticity and velocity (which does contribute to 
ageostrophic divergence). 

The choice (12.2.21) for velocity scale makes the nonlinear part of the ageostrophic 
velocity formally of the same order as the other parts. For the geostrophic approxi¬ 
mation to be valid, however, the condition on the velocity scale is really independent 
of the other conditions, and is that the nonlinear part of the ageostrophic velocity be 
small compared with the geostrophic velocity. The condition is that the parameter 
Ro, defined by 


Ro = Vo/JoU (12.2.27) 

be small, where L is the horizontal length scale. The parameter is called the Rossby 
number or KibeP number, and was first introduced by KibeP (1940) [see Phillips 
(1963)]. Thus the quasi-geostrophic approximation requires three conditions, asso¬ 
ciated with the three components of the ageostrophic motion: (1) « i for the beta 
part to be small, (2) the lime scale »* for the isallobaric pjart to be small, (3) and 
Ro «1 for the nonlinear part to be small. 

For the particular case of shallow-water motions, p'/P ‘s independent of depth and 
equal to grj, where ^ is the acceleration due to gravity and rj is the surface elevation. To 
complete the set of governing equations, the continuity equation (11.2.4) is required. 
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In Mercator coordinates for a constant-depth ocean, this-becomes [cf. (12.2.8)] 

(H -I- rj)ij,^{du/dx -I- dvfdy) -I- Di]/Dt = 0. (12.2.28) 

The first approximation (a) replaces ju by unity, (b) replaces the divergence of total 
velocity by the divergence of ageostrophic velocity (this is an identity because the 
divergence of the geostrophic part is zero), (c) replaces D/Dt by DJDi, implying that 
terms like m, dr\ldx are ignored, and hence (d) terms like rj du^ldx are ignored as well. 
Thus the approximate equation is 

H(du^jdx -I- dv^jdy) + D^tj/Dt = 0. (12.2.29) 

The scaled version can be obtained as in Section 11.8, and has its simplest form when 
the horizontal scale L is chosen to be equal to the Rossby radius a because this makes 
all the terms in (12.2.29) formally of the same order. 

An equation in one variable only can now be obtained by substituting (12.2.24) 
and (12.2.25) in (12.2.29). The result is 


Dt dy^ 



(12.2.30) 


This iS the LjUaSi-gcuStruphiC furiii of the shalluw-WEtcr iJutcntiai VurtiCity cquatiuii 


(11.3.1), which can be seen by expanding (11.3.2) about the central latitude (Pq and 
using the approximation rf « H. This gives 

HQ^ q=fo + fiy + C, -fon/H, (12.2.31) 

where q is called the quasi-geostrophic potential vorticity. This satisfies the equation 


D^q/Dt = 0, 


(12.2.32) 


which is another way of writing (12.2.30). 

The kinetic energy equation for quasi-geostrophic flow can be obtained by 
multiplying (12.2.24) by and subtracting it from Ug times (12.2.25). The result is 


1 D, 

2 Dt 


(ul + vj) = 


“a ^ 

p dx p dy 


(12.2.33) 


For the shallow-water case, H times (12.2,33) can be added to p’( == P»”) times (12.2.29) 
to give the total energy equation 

^|^^//(uj -t- uj) -I- -I- ^{gHrjuJ -I- ^(gHrjvJ = 0. (12.2.34) 

This may be compared with the nonrotating equivalent (5.7.4). The expression for the 
potential energy is the same, but only the geostrophic velocities contribute to the 
kinetic energy in the quasi-geostrophic approximation. Also, the geostrophic flow, 
being parallel to isobars, does no work and so the flux terms in (12.2.34) involve only 
the ageostrophic part of the motion. 
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12.3 Planetary Waves 


The dispersion properties of equatorial planetary waves were examined in 
Chapter 11. Now extratropical planetary waves of the form 

f] = rjocosikx + /y — tor) (12.3.1) 

will be considered. These waves are also known as Rossby waves, following the 
pioneering work of Rossby et al. (1939) [see Platzman (1968)]. Substitution in 
(11.8.20), which is the linearized form of (12.2.30), gives the dispersion equation 

to = -fik/ik^ + P + /oVc"), (12.3.2) 

showing that all planetary waves have westward phase velocity. Contours of constant 
frequency to in wavenumber space are the circles 

(k + /}/2co)^ + /" = (p/2co)^ - (/o/c)^ (12.3.3) 

and these are depicted in Fig. 12.1. By the definition (5.4.11), the group velocity is the 
gradient of to in wavenumber space, and is therefore normal to the to contours, as 
shown in the figure. The expressions for the components of group velocity obtained 
by differentiating (12.3.2) are 

Cg = (^to/5/c, 5to/5/) = Pik^ - - fllc^,2kl)l{k} + + fl/c^)^. (12.3.4) 



Fig. 12.1. Dispersion diagram for midlatitude planetary waves. Contours are of frequency in units of 
The group velocity, being the gradient of frequency in wavenumber space, is normal to the contours in the direc¬ 
tion shown by the arrows and is inversely proportional to the spacing between contours. The contours are circular 
in shape and reduce to a single point when lo = 0.5 /fc/fQ. No planetary waves exist when the magnitude of the 
frequency is larger. The dashed line is the hyperbola that separates waves with eastward and westward group 
velocity. 
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The line dividing eastward-propagating from westward-propagating waves (in the 
group-velocity sense) is thus the hyperbola 

^fHc\ (12.3.5) 

and this is shown in the figure. The sign of is opposite to that of w//, so waves with a 
northward component of phase velocity have southward group propagation and vice 
versa. (Note: Changing the signs of k, /, and to in (12.3.1) does not alter the wave, so 
drawing contours of positive co in the left half of the wavenumber plane is equivalent 
to drawing contours of negative to in the right half of the wavenumber plane.) 

The velocity field associated with the planetary wave is, at first order, simply the 
geostrophic velocity field given by 
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An example is shown in Fig. 12.2. It is interesting to note that this is almost identical 
to the atmospheric wave sketched by Birt (1847) and reproduced in Fig. 7.7. The only 
difference is in the direction of the phase velocity, which may be attributed to the fact 
that Fig. 12.2 shows the direction relative to the medium, whereas Birt's sketch shows 
the direction relative to the ground. 

Although the predominant motion in the planetary wave is the geostrophic 
motion, an essential feature for the dynamics of the wave is the small ageostrophic 



Fig. 12.2. A plane progressive planetary wave. The predominanl motion is geostrophic and so is in Ihe direction 
indicated by the large arrows in the northern hemisphere. There is also a small ageostrophic component shown by the 
small dashed arrows. The part normal to the isobars is the isallobaric wind, whereas the component parallel to isobars 
represents the effect of the Coriolis parameter decreasing toward the equator so that, for a given pressure gradient, 
velocities are larger near the equator and smalleraway from the equator. This latter (beta) part is drawn relative to zero 
on the line of high pressure (or high surface elevation), and is convergent to the west of that line. In the limit of very 
short (non-divergent or barotropic) waves, this convergence must be balanced by divergence in the isallobaric part, 
which requires westward phase propagation as shown. For finite wavelengths, the total motion is convergent to the 
west of the high, consistent with the surface rising there. In the southern hemisphere, the geostrophic part of the 
motion is reversed, but the ageostrophic part is unchanged. 
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component given by (12.2.17) and (12.2.18), and shown by small dashed arrows in 
Fig. 12.2. There are two parts to this field: the isallobaric wind, which is at right angles 
to pressure surfaces in a plane wave, and the beta part, which is parallel to pressure 
surfaces. The latter merely represents the fact that for a fixed pressure gradient winds 
are stronger near the equator because of the smaller Coriolis parameter. Both of these 
components of the ageostrophic motion lead to convergence to the west of the high- 
pressure ridge. Consequently, the free surface rises here, thereby raising the pressure 
and causing the whole pattern to migrate westward. 

The energy equation (12.2.34) for quasi-geostrophic flow recognizes only the 
geostrophic contribution to the kinetic energy, and so for the planetary wave (12.3.1) 

kinetic energy density = jpH(ul -|- Vg) ~ pg^Hik^ -I- t^)riol4fo- (12.3.7) 

The overbar re^^resents the average over a wavelength, as in Cha^^ter 6. The potential 
energy (or available potential energy) density is given by the usual expression for a 
shallow-water wave, namely. 


potential energy density = ^pgt]^ = ipgrjo ■ 

Thus the ratio 


kinetic energy density 
potential energy density 


= + i^)9H/fo = 


(12.3.8) 

(12.3.9) 


where Kh is the horizontal wavenumber and a is the Rossby radius. It follows that long 
planetary waves, i.e., those with scale large compared with the Rossby radius, have 
most of their energy in the potential form, whereas short waves have most in the kinetic 
form. This statement is generally true of any quasi-geostrophic motion. 

Energy fluxes can also be calculated, e.g., (12.2.34) shows that the northward 
energy flux density is given by 

_ 

pHgtjv^ = (12.3.10) 

[Note that this result is true only if the energy flux density is defined in terms of the 
ageostrophic velocity. See Longuet-Higgins (1964b).] The first equality is based on the 
expression (12.2.18) for the second on substitution from (12.3.1), and the final one 
uses the expression (12.3.4) for c^y. E is the total energy density given by the sum of 
(12.3.7) and (12.3.8). It follows that when the group velocity is northward, so is the 
(ageostrophic) energy flux, and vice versa. Planetary waves also have an associated 
northward flux of eastward momentum, given by 


puv = -{pkl{gr}Jfo)^, (12.3.11) 

which has sign opposite to that of the energy flux since co and k have opposite signs by 
(12.3.2). In other words, westward momentum is carried away from a source in the 
direction of group propagation. This result is of some interest since when this flux 
varies because, say, planetary wave energy is dissipated, there must be a corresponding 
westward acceleration of the mean flow (cf. Section 8.15). The effect has applications 
to sudden stratospheric warmings (O’Neill and Taylor, 1979; Palmer, 1981), to waves 
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produced by the Gulf Stream (Thompson, 1971), etc., and is reviewed by Dickinson 
(1978). Further discussion is given by Rhines (1977) and Rhines and Holland (1979). 

Additional distinctions can be made between long and short planetary waves. For 
short waves (KhU » 1), i.e., those whose energy is mainly kinetic, the dispersion 
relation (12.3.2) is approximated by 

cu = -Pk/(k^ + P). (12.3.12) 


This corresponds to ignoring the contribution of depth variations to the potential 
vorticity (12.2.31). In other words, vertical motion and the corresponding changes in 
potential energy are unimportant, and the dispersion relation approximates that 
which would apply if the motion were purely horizontal. [Rossby’s analysis (Rossby 
et at., 1939) was for short waves, and the results for the sphere were found much 
earlier by Margules (1893) and Hough (1898)as a limiting form of solution of Laplace’s 
equations since the rotation rate goes to zero but cu/Q remains finite.] 

The long planetary waves (jchO « 1), whose energy is mainly potential, are 
approximately nondispersive, since (12.3.2) is approximated in this case by 

colk — —^a^ = —fic^lfl = — cos (Pq/2QR (Pq, (12.3.13) 


the equality on the far right making use of (12.2.7) and (12.2.14). This corresponds to 

ignoring the contribution of the relative vorticity to the potential vorticity (12.2.31) 

__ 1 *__________ 

aiiu lu ^uiiMuciiiijg trier c/trtu pFu/i-ui me eigcusiiliiuiiuii* i iie lui liiuia i 

for the phase velocity is particularly appropriate for baroclinic waves in the ocean 
because the Rossby radius is small (typically 30 km), and so (12.3.13) applies to any 
waves with larger scale. Note, however, the strong inverse dependence of phase (and 
group) speed on latitude that is implied by (12.3.13)and shown graphically in Fig. 12.3. 
This graph may also be interpreted as showing the distance that long waves have 
propagated from a straight (north-south) eastern boundary in a given time. A wave 



Fig. 12.3. Phase (or group) speed (westward) of long (nondispersive) planetary waves as a function of latitude 
(solid line). The numerical values shown are for the first baroclinic mode in the ocean with c = 2,5ms'*.A dashed 
line is drawn at 10 cm s' * to help give the scale for the slower waves. Near the equator the set of possible wave 
speeds becomes discrete, and the arrows show the first five equatorial modes. They have phase speed given by 
(11.8.1) and fall on the curve if each mode is associated with its turning latitude, as given by (11.7.1), 
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front of this shape is often seen when an ocean with a straight eastern boundary is 
“spun up” from rest by imposing a wind stress at some initial time. Near the equator, 
(12.3.13) is replaced by (11.8.1), which can be written 

co/k = -c/(2n + 1) = -cV2^2K(p„^ (12.3.14) 

where = y^/R is the critical latitude defined by (11.7.1). Thus the continuous curve 
(12.3.13) is replaced by a series of discrete points, given by (12.3.14) (and shown by 
arrows in Fig. 12.3), which approach one another as the mode number n increases. 

Barotropic waves in the ocean can be produced by the wind and therefore have 
north-south scales /“ ^ that are typical of wind systems, i.e., 1000 km. This is smaller 
than the barotropic Rossby radius (which is about 2000 km), so they may be regarded 
as short waves whose energy is mainly kinetic, and they propagate westward with 
phase speeds of order [see (12.3.12)] 

P/1^k20 ms-'. (12.3.15) 

The nearest equivalent to a barotropic wave in the atmosphere is the “Lamb” mode 
(see Section 6.14), since this has a velocity that becomes independent of depth in the 
incompressible limit Wg oo. The appropriate value of c for this mode is the speed of 
sound (about 300 m s"'), so the Rossby radius is about 3000 km. For smaller values 
of / -' the westward phase progression relative to the air of a planetary wave with the 
Lamb-mode vertical structure is given by (12.3.15). For instance, Pratt and Wallace 
(1976) identified such a wave with a period of 20 days and with east-west wavenumber 
2 (two wavelengths around the globe). The westward phase progression relative to the 
mean westerly wind of 15 m s" ‘ was 23 m s"', so that relative to the ground the wave 
had westward or retrograde (i.e., counter to the direction of rotation of the earth) 
phase progression at 8 m s'Madden (1978) identified a similar wave with a period 
of between 1 and 3 weeks, which was most easily detectable north of 50“N. Pratt and 
Wallace (1976) also found a wave with baroclinic structure with the same period (20 
days) and zonal wave number (2) as for the Lamb mode. However, this had eastward 
or prograde phase progression relative to the ground, implying westward phase 
progression atl5 — 8 = 7ms-' relative to the air. 

If the meridional scale /"' becomes comparable with the radius of the earth, the 
beta-plane approximation breaks down, and wave properties must be examined on 
the sphere, using spherical polar coordinates. Sinusoidal variations with longitude 
and time are possible, but the corresponding functions of latitude need to be calcu¬ 
lated. They are (for perturbations on a state of rest or solid rotation) called Hough 
functions, and their properties are given by Longuet-Higgins (1968b). The original 
equations of Laplace (1778-1779) were, of course, developed for the sphere, and the 
discovery of planetary waves could be attributed to Margules (1893) and Hough 
(1897, 1898), who noted that the solution of Laplace’s tidal equations could be 
subdivided into two classes—one giving purely gravitational oscillations in the limit 
of no rotation, but the other having frequency proportional to the rotation rate in 
the limit as this goes to zero. This latter class comprises what we now call planetary 
waves, and their limiting form, obtained by both Margules and Hough, and later 
rediscovered by Haurwitz (1940), is the nondivergent planetary wave, whose energy 
is all kinetic. Margules’ calculations were for the case of the external or “Lamb” 
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mode (Section 6.14) in an isothermal atmosphere, and include a westward-propagating 
wave with a period of just over 5 days. Figure 12.4 is a reproduction of his diagram 
showing this wave, which is now well-known from observational studies (Madden, 
1978) and is most easily detected south of 50°N. 

Hough (1897) showed a remarkable understanding of the nature of adjustment to 
geostrophic equilibrium for zonally symmetric flows on a sphere. 

Suppose now that a disturbing force... tending to increase the surface-ellipticity 
of the ocean, is suddenly applied to our rotating system when in a configuration of 
relative equilibrium. It will immediately set up oscillations, the initial motion ... 
[involving] a flow of water directed from the poles towards the equator. The 
water however coming from higher latitudes into lower will reach these lower 
latitudes with an amount of rotation less than that which is appropriate for 
these latitudes if the whole were in a state of steady motion as a rigid body. There 
are no forces acting which tend to modify the angular momentum about the polar 
axis of an elementary ring of water, which coincides with a parallel of latitude, 
and consequently currents will be started, in virtue of which each particle of 
fluid will move along a parallel of latitude from east to west. The effect of the 
disturbing force is therefore to modify the state of steady motion about which the 
free oscillations take place from a uniform rotation of the whole system as a rigid 
body to a state in which there exist horizontal westerly currents (Hough, 1897, 
pp. 248-249). 



Fig. 12.4. Margules’ (1893, Fig. 11) diagram, showing surface pressure pattern (in millibars) for the external 
('lamb'') mode of a 273 K isothermal atmosphere. The corresponding surface velocities for this arbitrarily chosen 
amplitude are shown by arrows and are given in brackets in meters per second. Margules described it as a "West- 
warts Wandernde Welle zweiter Art ersteClasse Typus I" and calculated the period as 130.7 hr. Here "erste Classe" 
means wavenumber 1 and "Typus (" refers to the first symmetric meridional mode. The other classification is into 
two groups or species of waves that behave differently in the limit as the rotation rate tends to zero. The first 
species become ordinary gravity waves in this limit, whereas the second species are what we now call planetary 
waves. Their limiting strucure is that of a nondivergent planetary wave with frequency divided by twice the rota¬ 
tion rate, being 2 ^ 3 = 6 for this wave in the limit. The structure calculated by Margules is very close to that 
of the 5'day wave, whose properties have been identified in long observational records by Madden (1978). 
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He had already pointed out that if “fluid particles are moving along parallels of 
latitude, it is possible by a proper adjustment of the free surface to ensure that such a 
motion should be permanent (p. 248).” Hough’s work followed the discussion by 
Lamb of long-period tides that first appeared in the 1895 edition of his Hydrodynamics 
and referred to the idea of conservation of angular momentum coming from Hadley 
(1735). Hough (1897) also solved the problem of slow forced adjustment through a 
succession of geostrophic equilibrium states in connection with ocean circulation 
driven by evaporation (see Section 9.14). In addition, he proved that for slow motion of 
a rotating homogeneous fluid, the velocity is the same at all points on lines parallel to 
the axis of rotation, a result now referred to as the Taylor-Proudman theorem. 
Further, he showed that in steady flow of a homogeneous layer of depth h, the quantity 
fjh (which is equal to 2i2//i cosec q> on the sphere) is conserved for fluid particles, and 
that the same would be true for a stratum of a stratified fluid. In other words, he 
obtained a special form of the equation for conservation of potential vorticity. 

Planetary waves have a maximum frequency (in a frame moving with the medium) 
that is given [see (12.3.3)] according to the beta-plane approximation by 

= Pcjlfo = (c/2/?) cot (po- (12.3.16) 


Alternatively, this may be interpreted as giving the maximum latitude at which waves 
of a certain period can exist. For first-mode baroclinic waves in the ocean, with 
c = 2.5 m s“\ for instance, the maximum latitude for annual period waves is 45'’. 
Kang and Magaard (1980) have studied annual period temperature fluctuations in 
the North Pacific between 32° and 40° latitude, and found the data to be consistent 
with dispersive properties close to those of first-mode westward-propagating plan¬ 
etary waves, modified somewhat by the mean flow. Inverse wavenumbers are of order 
100 km. White and Saur (1981) have identified annual period waves emanating from a 
region near 125°W where the amplitude of Ekman pumping is particularly large. The 
westward phase propagation typical of phenomena for which beta effects are im¬ 
portant has also been observed in ocean eddies (Bernstein and White, 1975; Freeland 
et ai, 1975) and McWilliams and Flierl (1976) have found that much of the low- 
frequency variability observed in the Mid-Ocean Dynamics Experiment can be 
explained by assuming the presence of barotropic and baroclinic planetary waves 
with periods of 4-11 months and wavelengths of 170-300 km. Price and Rossby (1981) 
identified a barotropic planetary wave in the western North Atlantic with a wave¬ 
length of 340 km (kh ‘ « 50 km), a period of 2 months (a>“' w 10 days), a phase 
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are not uncommon, so nonlinear effects are often likely to be important. Such effects 
are discussed, for example, by Rhines (1977), Killworth (1979), and Charney and 
Flierl (1981). 

Dispersive properties of planetary waves [given by (12.3.2)] can be illustrated 
nicely by considering the response of an ocean to a localized forcing. Various idealized 
examples are discussed by Longuet-Higgins (1965b), Lighthill(1966,1967), and Rhines 
(1977). Laboratory experiments are discussed by Platzman (1968), and reviews of 
planetary wave properties are given by Dickinson (1978, 1980). 
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Much of the forcing of the atmosphere by heating or of the ocean by the wind is at 
time scales large compared with 1 day and consequently produces a response that is 
at all times close to being in geostrophic equilibrium. The response can be calculated 
by adding forcing terms to the quasi-geostrophic equations developed in Section 12.3. 
Here the problem of the response of an ocean of uniform depth to a suddenly imposed 
wind stress will be considered because this gives useful insight into the nature of the 
ocean circulation and of its transient behavior. 

Before introducing forcing into the quasi-geostrophic equations, it must be 
remembered that quasi-geostrophic flow is always close to an equilibrium [namely, 
the geostrophic equilibrium given by (12.2.15)] that is horizontally nondivergent at the 
leading order of approximation. It is the weaker ageostrophic flow field that has 
divergence and causes changes in equilibrium. Forcing effects likewise cause the 
geostrophic equilibrium to change by the indirect means of creating divergence, and 
therefore forcing terms are added to the ageostrophic equations. (If they were added 
to the geostrophic equations, an inconsistency would arise if they resulted in nonzero 
divergence at the leading order). For example, the mechanism by which the wind 
causes changes in the ocean was discussed in Section 9.4 and is illustrated in Fig. 9.4. 
The direct effect of the wind is to produce an Ekman transport at right angles in the 
surface layers. If this flow is convergent or divergent, vertical motion is produced, and 
it is this vertical motion that alters the pressure field and hence the geostrophic motion 
balancing the pressure field. In other words, the Ekman pumping is part of the 
ageostrophic field of motion that changes the pressure field and geostrophic velocities. 

For small perturbations in a homogeneous ocean, Eqs. (12.2.17) and (12.2.18) 
(with p'jp replaced by gt], where rj is the surface elevation) for the ageostrophic part 
of the motion are modified by the addition of the stress term first introduced in Eqs. 
(9.9.10). Thus if bottom friction is ignored, (12.2.17) and (12.2.18) become 


fou. [fiy 




d^t) 
dt dy 


(12.4.1) 


(12.4.2) 


where (AT,, TJ is the wind stress at the surface and H is the ocean depth. For a 
stratified ocean, the equations for each mode have the same form, as shown in Section 
9.10, with H replaced by a quantity that can be called the equivalent forcing depth 
for the mode in question. 

The ageostrophic velocity for the linear problem now has three parts: the beta, 
the isallobaric, and the Ekman parts. Each part contributes to the divergence, and when 
substituted in the linear version of the continuity equation (12.2.29), the result is 

ot \Cx" Cy" c* 7 ' Cx pgti \ax oy j 


(12.4.3) 
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This is the quasi-geostrophic form of the potential vorticity equation [compare with 
the /-plane from (9.9.19)], whieh now includes a forcing term equal to the Ekman 
divergence or curl of the wind stress. 

An example that illustrated the behavior of solutions of this equation is that of an 
eastward wind stress varying sinusoidally with latitude 


Xg = Xq sin ly. 

In this case, the solution has the form 

rj = rj' cos ly, 


where t) satisfies the equation 

P / f2\ \ 


— I '' 
dt \ dx^ 




(12.4.4) 


(12.4.5) 
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(12.4.6) 



The boundary conditions of zero normal velocity reduce, at leading order, to 

fj' = 0 at X = 0, —b (12.4.7) 

in the case of meridional boundaries at x =0, —b since rj plays the role of a stream 
function at this order by (12,2.15). 

The properties of the solution depend on the value of a single parameter 

A = (l^ + f^lc^)b^ (12.4.8) 

and have been discussed in detail by Anderson and Gill (1975). For the barotropic 
mode,/o/c is usually smaller than I, the inverse of the wind stress scale /“ ‘ (which is 
typically 1000 km). Thus A is determined by the ratio of the basin width b to the wind 
scale r \ and typical values of A are in the range 30-200. For the baroclinic modes, 
on the other hand,/o/c is much larger than /, so A is determined by the ratio of the 
basin width to the baroclinic Rossby radius. Values of A in this case are in excess of 
10,000. Because A is large, the term involving the second derivative with respect to x 
is unimportant except near boundaries, so (12.4.6) is approximated by 

-d" + /o/c') Sn'/dc + p dri'Idx = - IfoXoJpgH. (12.4.9) 

Away from boundaries, there is no x dependence, so the solution is 

»/' = lfoXot/{pgmi^ + n/c^)}, (12.4.10) 

and n' grows uniformly with time. This solution represents a local response to Ekman 
pumping of the type illustrated in Fig. 9.4, which in this case can be taken as a merid¬ 
ional section. The wind stress drives an Ekman transport in the surface layers away 
from the latitude at which the surface air pressure is a minimum, i.e., from the latitude 
at which the wind stress changes sign. The baroclinic response is therefore a raising 
of the thermocline under the region of low air pressure, as depicted in the figure. The 
barotropic response, on the other hand, would involve a lowering of sea level, as 
required by mass conservation. Associated with these pressure changes would be 
geostrophic zonal currents that would also grow linearly in time. 

Now consider boundary effects. These will propagate into the interior in the form 
of free planetary waves, whose behavior is governed by the dispersion equation 
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(12.3.2), (11.8.6), or (11.6.8). The corresponding graph of co against k is shown in 
Fig. 11.5. Effects of the eastern boundary are carried by waves with westward group 
velocity, and the fastest of these are the long nondispersive waves. These will be 
expected to dominate because of the scale assumption, i.e., the behavior of the 
solution will be dominated by (12.4.9), except near the western boundary. The 
solution is (12.4.10) ahead of the wave front due to the long waves, i.e., for 

X < +n/c^y (12.4.11) 

After the wave front has passed, the solution is the steady one, satisfying the boundary 
condition at x = 0, namely, 

pv = gfo^lidrj/dx = dXJdy rj'= {lfoXo/pgH)x. (12.4.12) 

This is Sverdrup’s (1947) solution for ocean currents, discussed in Section 11.13, since 
it is the steady forced solution of the potential vorticity equation. The interpretation 
is that fluid particles are acquiring potential vorticity at a given rate through Ekman 
pumping, which forces vortex lines to undergo changes in length and hence in their 
vorticity. For small slow perturbations, however, the total vertical component of 
vorticity is constrained to remain close to the local value/. The only way a fluid 
particle can achieve this in steady motion is to have a meridional velocity v given by 
(12.4.12). In other words, a material vortex line element that is being stretched will 
move poleward at a rate given by (11.13.3) and one that is being squashed will move 
equatorward. The effect has been clearly demonstrated in the laboratory [see 
Beardsley (1969) and Faller (1981)]. 

Thus after the long wave from the eastern boundary has passed, the solution 
becomes virtually steady, with the east-west pressure gradient being given by (12.4.12). 
The steady solution is sketched out, for the baroclinic case, in Fig. 12.5. The time taken 
for the long-wave adjustment is very much dependent on the mode concerned. For 
the barotropic mode, the wave speed of the long wave is approximately given by 

pr^KlO ms“S 




Fig. 12.5. Sverdrup's steady wind-driven circulation for the case of a sinusoidally varying eastward stress. The 
assumed stress is shown in the panel at the left, with values for the latitudes that approximately apply in practice. 
Near 30°, where the surface air pressure is a maximum, the Ekman pumping also has a maximum magnitude and 
is directed downward. The solution is shown by solid contours at the right. The response in practice is mainly 
baroclinic (in the sense that the largest currents are confined to the upper layers), so the contours may be interpreted 
as corresponding to either dynamic height or thermocline depth. The direction of the wind-driven currents is 
shown by the arrows. The results of numerical calculations for real ocean basins look very similar (see, e.g., Anderson 
et at. (1979)J. The dotted lines at the bottom left of the diagram are added to show how the beginnings of the western 
boundary current (see Section 12.6) relate to the Sverdrup solution. 
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i.e., this wave would take about 3 days to cross the Atlantic, and this gives the 
approximate adjustment time for the barotropic part of the flow. For the baroclinic 
mode, the wave speed is 

where a is the Rossby radius. For a typical mid-latitude value of a of 30 km this speed 
is only 2 cm s" ‘ or 1/1000 of the speed of the barotropic wave. The time to cross the 
Atlantic therefore is of the order of a decade! At lower latitudes, however, the speed 
increases rapidly as the equator is approached (see Fig. 12.3), so adjustment is much 
quicker there. 

Figure 11.5 shows that waves with eastward group velocity are very different from 
those with westward group velocity, and this is the basic reason for the east-west 
asymmetry in the ocean circulation, which is such an obvious feature in any map 
(like that of Fig. 7.8a) that shows dynamic topography or currents. The largest 
eastward group velocity is only one-eighth of the speed of the long waves, and the 
scale of these waves is quite small. For the barotropic mode, it is about 

(\/3 600 km, 

whereas for the baroclinic mode, it is only 3“ times the Rossby radius, typically 
about 20 km. The transient solution in the neighborhood of the western boundary 
(Lighthill, 1969; Anderson and Gill, 1975) soon becomes dominated by even shorter 
waves since these have smaller group velocity and remain near the western boundary. 
The consequence of this dispersive property is a boundary layer that gets thinner with 
time, its width being inversely proportional to time. The solution for the correction of 
the long-wave solution has the form 

{t/ib + x)yi^U2{Pib + x)0‘/='), (12.4.13) 

where v is a constant and is the Bessel function of order v. When the interior 
solution is (12.4.10), i.e., is growing with time, the appropriate value ofv is unity. After 
the long-wave has reached the western boundary and the interior solution is 
Sverdrup’s solution, the appropriate value of v is zero. 

An example ofthe complete solution of(12.4.6) is shown in Fig. 12.6 for A = 2400. 
Graphs of r}' are shown at intervals of one-twelfth of the time it takes for a long wave 
to cross the basin. The sloping solid line near the western boundary marks the wave 
front corresponding to the wave with greatest eastward group velocity, and behind 
this the thinning western boundary layer may be observed. Elsewhere it can be seen 
that the long-wave solution produces a good approximation. 

Numerical experiments (Anderson et ai, 1979) with a basin that has the shape of 
the North Atlantic show that the above analysis gives a good description of the 
response of the ocean to an impulsively applied wind stress when topographic effects 
are removed, i.e., the ocean has uniform depth. There is one additional feature, 
however, in the barotropic response, which is that reflections of wave energy from 
boundaries result in energy being established preferentially in “basin modes” with 
particular frequencies. The method for calculating the properties of basin modes is 
given by Longuet-Higgins (1964a, 1965a). When topography is included, the rever¬ 
beration of basin modes is not so prominent, but a mode with a period of about 2.6 
days is still found (Anderson et al., 1979). 



72.4 


Spin-Up ol the Ocean by an Applied Wind Stress 


511 



Fig. 12.6. Displacement of the thermocline as a function of longitude (east to the right) for a baroclinic mode 
at different times (marked 1-14) after the wind is switched on at time zero. The diagram shows the thermocline 
moving uniformly downward through Ekman pumping until boundary effects are felt. Long planetary waves, 
moving rapidly out from the eastern boundary, establish a Sverdrup balance with a uniformly sloping thermocline 
almost as soon as they arrive. The fastest traveling waves from the western boundary are much slower short waves. 
Their speed is indicated by the solid diagonal line and its intercepts on the thermocline displacement curves. 
There is a precursor to these waves, indicated by the dashed line. The diagram may also be interpreted as a graph 
of the eastward velocity versus longitude, (From Anderson and Gill (1979), /. Ceophys. Res. 84, 1836 (Fig. 2); copy¬ 
righted by the American Geophysical Union ! 


Topography also has a strong influence on the form that the barotropic response 
takes after the initial transients (basin modes, etc.) have died out. This is so because 
the potential vorticity Q of the unperturbed state is [see (7.10.10)] given by 

Q =//H, 

i.e., the lines of constant potential vorticity are circles of latitude only when H is 
constant. When H varies, they are contours of////, maps of which are given by Gill 
and Parker (1970). In the absence of forcing, the only steady motion possible is along 
contours of f jli (Hough, 1897). With wind forcing, the equivalent of Sverdrup’s 
relation gives the velocity component normal to these contours, and the pressure field 
can be obtained (Gill and Niiler, 1973) by integrating along contours of//H from the 
eastern boundary. The procedure breaks down where there are closed contours of 
//H and a larger response might be expected. 

Stratification, however, reduces the influence of topography a great deal. In the 
spin-up calculation, stratification takes some time to remove this influence, however, 
because of the long time scale of this response. It occurs because vertical motion is 
induced by flow over topography, and the part of this due to the baroclinic modes acts 
as a forcing term for the barotropic mode (Anderson and Killworth, 1977). After this 
mode has come into adjustment, the flow near the bottom of the ocean is very small, 
and therefore topography has relatively little effect. In fact, the vertically integrated 
transport in stratified ocean models with topography is very similar to that found in 
flat-bottom barotropic models. 
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Although the spin-up problem discussed above was for the special case of a wind 
that was held steady once imposed, it shows what might be expected of forced tran¬ 
sient features of the extratropical ocean circulation. Apart from boundary currents, 
the main response for that part of the forcing with periods of less than 1 yr is 
barotropic, the baroclinic part being a direct local response to Ekman pumping 
(Willebrand et ai, 1980). At periods less than 3 days, the forcing falls off rapidly and so 
does the response, which is mainly direct since planetary waves do not propagate far 
in 3/27r days. For periods between a month and several years, the barotropic response 
is an equilibrium response, i.e., a Sverdrup balance as modified by topography. The 
forcing does not vary much with frequency and neither does the response. At periods 
in between, the effects of westward propagation are important and prominent, and 
resonant responses are possible. Willebrand et af. (1980) calculated the response of the 
North Atlantic, using observed wind forcing and found the root-mean-square 
currents were a few centimeters per second with the largest values in the west and near 
topographic features. There was essentially no coherence between oceanic and 
atmospheric variables at any frequency, presumably because of the small scale of 
inhomogeneities associated with topography. 

The large-scale response at annual period has been discussed analytically by Gill 
and Niiler (1973), with contributions to sea-level change from various causes cal¬ 
culated for the extratropical North Atlantic and North Pacific. Small-scale features 
caused by boundary effects are ignored. The baroclinic response to the wind is simply 
a direct local response to Ekman pumping, moving the thermocline up and down (as 
in Fig. 9.4), if planetary waves cannot propagate far compared with the scale of the 
forcing in the time scale of the forcing. This is true of large-scale forcing at annual 
period outside the tropics but is not so in the tropical belt, where planetary waves 
propagate much faster (see Fig. 12.3). [Seasonal response in the tropics is discussed 
by Schopf et al. (1981) and Cane and Sarachik (1981).] The barotropic part is quasi¬ 
equilibrium and changes the surface elevation by only 1 or 2 cm, but since the associ¬ 
ated currents are spread over the whole depth, changes in transport can be 5 Mt s" ^ 
Changes in sea level due to expansion and contraction of the upper 200 m were 
calculated from observations and were found to have amplitudes of up to 10 cm, 
whereas changes due to adjustment to atmospheric pressure (see Section 9.9), which 
have no dynamic effect, were found to have the largest amplitudes of 3-6 cm in higher 
latitudes. Seasonal changes in currents in the North Atlantic have been studied with 
the aid of a numerical model by Anderson (1982), who found that many changes, such 
as those of the Gulf Stream near Florida, are due to changes in the meridional 
component of the wind. 


12.5 Steady Ocean Circulation 


It is useful at this stage to consider the picture of the steady ocean circulation that 
emerges from the calculations of Section 12.4. This shows that a Sverdrup balance is 
achieved in all the ocean except the western boundary layer, where a steady state 
cannot be reached until additional effects, such as nonlinearity and dissipation, come 
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into play. Thus it is possible, using Sverdrup’s equation, to calculate a steady-state 
response of the ocean to the wind in all but the western boundary layer, and this has 
been done many times. Topographic effects are ignored, and this appears to be 
justified at least partially because of the stratification effect referred to in Section 12.4 
(Anderson and Killworth, 1977). 

The quantity that is usually calculated is the stream function \f/ for the vertically 
integrated mass transport. Only the barotropic component contributes to this, so i}/ 
is related to v and t] by 


dll/ 


pgH ^ 

/o 


1 /^ 

P\dx 


d^\ 

dy y 


(12.5.1) 


the last expression coming from the steady-state version of (12.4.3). This form of the 
equation was also introduced in (11.13.6). The stream function if/ is then calculated by 
integration westward from the eastern boundary. The result for the North Atlantic is 
given, e.g., by Leetmaa and Bunker (1978). They also calculated what they called the 
vertically integrated geostrophic transport, which is shown in Fig. 12.7a. This quantity 
represents the contribution to the transport from the geostrophic flow, i.e., it ignores 
the Ekman transport. This flow is not nondivergent, so a stream function cannot be 
precisely defined. The figure is based on an integration of the meridional geostrophic 
transport westward from the eastern boundary to either the western boundary or the 
point at which the curl goes to zero. 

The steady geostrophic currents in the ocean are not known precisely since only 
currents relative to a given level can be calculated from a knowledge of the temperature 
and salinity fields. Therefore it is not possible to calculate precise transport quantities 
for comparison with the Sverdrup relation. However, some comparison can be made, 
e.g., Fig. 12.7b shows the currents in the North Atlantic at 100 m depth relative to 
those at 1500 m depth (Stommel et ai, 1978). Assuming the latter to be relatively small, 
this gives a picture of near-surface geostrophic currents. There are many striking 
similarities with Fig. 12.7a, suggesting that wind-driving explains much of the surface 
current pattern. On the other hand, there are also important differences, suggesting 
that other processes, such as buoyancy forcing, are also important. Worthington 
(1970, 1976), for instance, calculated that sinking in the Greenland Sea draws in large 
volumes of surface water from the North Atlantic, and this must have a significant 
influence on the circulation pattern. 

A feature of Sverdrup’s solution is that it allows a calculation to be made of the 
total transports of the western boundary currents. This is because, for instance, the 
southward transports in the main ocean parts of the subtropical gyres can be calcu¬ 
lated, and these must be balanced by the northward transports of the western 
boundary currents such as the Gulf Stream and Kuroshio. The calculated Sverdrup 
transport for the Gulf Stream (Leetmaa and Bunker, 1978) at 31“N is 32 Mt s“ ^ This 
compares favorably with the estimated transport of 32 Mt s~ ‘ through the Florida 
Straits (W. S. Richardson et al., 1969) and estimates of the geostrophic transport 
across the interior of the Atlantic at 32°N (Leetmaa et ai, 1977). However, the 
measured transport of the northward-flowing Gulf Stream increases rapidly north¬ 
ward to values of order 100 Mt s“ ^ [see, e.g., Gill (1971)], contrary to the expectations 




Fifr 12.7. (a) Contours of the annual mean geostrophic transport (Sverdrup minus Ekman) for the North Atlantic. Units are megatons per second (Sverdrups). Values are 
obtained by integrating the meridional geostrophic transport along circles of latitude from the eastern boundary to either the western boundary or the longitude where the curl 
of the wirKl stress goes to zero, (b) Chart of the dynamic topography of the 100-db surface (i.e., at approximately 100 m depth) relative to the 1500-db surface. Units are dynamic 
millimeters. [Both diagrams are from Leetmaa and Bunker (1978, Fig. 4).J 
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of Sverdrup theory. There are a number of factors that can lead to enhanced transport, 
e.g., joint effects of stratification and the continental slope topography (Sarkisyan, 
1977; Holland, 1973; Simons, 1979) that tend to displace laterally the southward¬ 
flowing deep undercurrent from the northward-flowing current in the upper layers. 
However, the principal factor is probably the presence of eddies due to instabilities 
(see Chapter 13) in the currents since models with a fine enough scale for such eddies 
to appear spontaneously [see Holland (1977)] produce recirculating flow patterns 
like those observed (Worthington, 1976; Wunsch, 1980), with associated eddy 
statistics that are also similar to those observed (Schmitz and Holland, 1981). The 
dynamics of such systems has been discussed by Rhines (1977). 

The Antarctic Circumpolar Current is rather unique because it is the only current 
which can flow entirely around the globe. [It shows up nicely in the tracks of drifting 
buoys [see J. F. Garrett (1980) ]]. This is significant dynamically because, as Hough 
(1897) pointed out, steady currents can flow freely along circles of latitude (or rather 
contours of sin cp/H, where (p is latitude and H depth), but cannot cross these contours 
unless forced. Hough also showed that if there are no meridional barriers and if a 
zonally symmetric forcing is applied, the response will grow linearly in time, until a 
frictional balance is achieved. The early models of the circumpolar current [see, e.g., 
Munk and Palmen (1951)] were of this type, with the current occupying a zonal 
channel. In practice, the channel does not have walls, but for small friction, a strong 
current would be expected at the latitudes at which there were no barriers (i.e., the 
latitudes of the Drake Passage). At other latitudes, the continental barriers (South 
America and the Antarctic Peninsula) would impose a Sverdrup regime with weak 
currents, whose amplitude would not increase if friction were reduced. Thus there is a 
problem as to the way in which the two regimes link up, and this question was studied 
by Gill (1968b) for the case of a homogeneous ocean of constant depth. In practice, 
however, the Drake Passage is a greater obstacle to the current than that which a 
uniform-depth model would suggest because it is somewhat shallower than the rest of 
the ocean, and Stommel (1962) proposed a simple model to take account of this fact. 

Because of the special character of the dynamics of the circumpolar current, the 
response of numerical models of the ocean circulation in this region is especially 
interesting. Numerical models have been reviewed by Gill (1971), Pond and Bryan 
(1976), Holland (1977), Bryan (1979), and Anderson (1979); the techniques have been 
outlined by Bryan (1969). It is found, e.g., in the model of Cox (1975), that when the 
ocean is made homogeneous, there is little flow through the Drake Passage because of 
the topography, but that a stratified ocean is much less sensitive to topography, and so 
there is considerable flow when the ocean is stratified. It is interesting to note that 
Hough (1897) explained the fact that currents do not, in general, follow contours of 
sin (p/H (where tp is latitude and H is the total depth) by pointing out that in a stratified 
ocean currents in a particular stratum would follow contours of sin tp/SH (where dH 
is the depth of the stratum). He concluded that the only place where they would have 
to follow contours of sin tpIH would be at the equator, because zonal flow is then 
implied for each stratum! 

A more detailed look at effects of geometry was made in a numerical study by Gill 
and Bryan (1971). Some interesting results were obtained when a wall was placed like 
a dam across the bottom part of a gap in the meridional boundary, the gap 
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representing the Drake Passage. In particular, cold water accumulated on the bottom 
to the east of the barrier (as is observed), leading to zonal pressure gradients below the 
sill level that actually enhanced the flow in the circumpolar current. More recently, 
McWilliams et al. (1978) have examined models that show the possible role of eddies 
in the circulation. Wearn and Baker (1980) have studied pressure measurements in the 
Drake Passage and find that fluctuations in transport with periods of longer than 30 
davs are hiehlv correlated with fluctuations in the wind stress, inteerated over the 
Southern Ocean. 

There is little doubt that the major surface currents are predominantly wind- 
driven, and the mechanisms through which wind stress generates currents have been 
dealt with in Sections 10.14 (eastern boundary currents), 11.12 and 11.16 (tropical 
currents), in this section (extratropical gyres and the circumpolar current), and will 
be continued in the next section (western boundary currents). However, buoyancy 
driving, as discussed in Section 2.7, is also important, particularly since it helps to 
establish the thermal structure that is responsible for the wind-driven currents being 
concentrated near the surface (i.e., above the thermocline). As stated in Section 2.7, 
bottom-water formation tends to be localized and intermittent, and the associated 
dynamics is extremely interesting. One major region of bottom-water formation is 
the Weddell Sea, where water is made dense by brine release (Gill, 1973; Foster and 
Carmack, 1976; Foster and Middleton, 1980), and a model of the process has been 
constructed by Killworth (1974). A different form of bottom-water formation, which 
occurs away from boundaries, has been observed in some detail in the Gulf of Lyons 
in the Mediterranean Sea tMEDOC Grouo. 1970; Gascard. 19781. and this mav be a 
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prototype of what happens in other locations. Models of the process have been 
constructed, e.g., by Killworth (1976), and similar effects have been observed in the 
Labrador Sea (Clarke and Gascard, 1982). The dense water that is formed in such 
regions flows equatorward in deep western boundary layers (Warren,' 1981), whose 
position is determined by the bottom topography (see Fig. 10.8). The flow may con¬ 
tinue into the opposite hemisphere. Little bottom water is formed in the Pacific Ocean, 
so most of its volume is occupied by dense water that enters from the south and may be 
traced back to sources in the North Atlantic and in the Atlantic (Reid and Lynn, 1971). 
Numerical models of the ocean (e.g., Bryan and Lewis, 1979) include effects of 
buoyancy, but there are many problems involved in simulating these effects accurately. 

More detailed discussion of the ocean circulation is given by several authors in 
Warren and Wunsch(1981 ),and much useful information about relevant observations 
can be found in the classical textbooks of Sverdrup et al. (1942) and Defant (1961). 
Dynamical models are discussed by Stommel (1965), Stem (1975), and Pedlosky 
(1979). Sources of data and regional studies are given in Appendix 5. 


12.6 Western Boundary Currents 

In Section 12.4, the calculation of the linear response of an inviscid ocean to the 
wind showed that, apart from some transient basin modes, a steady circulation is 
eventually reached everywhere except near the western boundary, where a boundary 
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layer is formed that becomes thinner as time goes on; consequently the currents 
become increasingly strong. At some time tg, effects not included in the model, such as 
nonlinearity or friction, will become important, and these may lead to a steady 
boundary current as well. By (12.4.3), the width W of the boundary layer at this time 
has order of magnitude given by 

w = (fit,r\ ( 12 . 6 . 1 ) 

Inspection of the expression (12.4.1) for the ageostrophic velocity component Ug across 
the boundary layer shows that this is just the width that makes the isallobaric con¬ 
tribution to Ug of the same order as the beta contribution. On the other hand, because 
X derivatives are large in the boundary layer, the beta term dominates Vg and the 
other terms arc relatively small. 

Now consider how friction and nonlinearity affect the behavior of the solution in 
the boundary layer for the case of a homogeneous ocean that satisfies the “rigid-lid” 
(see Section 6.3) approximation [c“‘ equals zero in (12.4.3) or equals zero in 
(12.2.29)]. Two forms of friction will be considered—one a simple decay process with 
time scale r~ ‘ simulated by replacing d/dt by d/dt -I- r in the equations. The other 
form of friction that will be considered is lateral friction, with a corresponding lateral 
eddy viscosity coefficient A. This is introduced by replacing d/dt by 


dt dx\ dx) dy^ 


( 12 . 6 . 2 ) 


in the equations. In model studies, A is very often taken to be constant, although in 
practice A varies a great deal and is even negative in places (Webster, 1965; Rhines, 
1977). However, it is not yet known how to model the variations of A with any con¬ 
fidence, so constant values are still used. Models with constant A can be useful 

frir cVirMi/irtrr r*oTi oflTia/'t tVij* it ic 
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Inclusion of lateral friction can also be important in numerical simulations to ensure 
that irregularities on the scale of the mesh spacing do not become too large. 

If nonlinearity and the two forms of friction are included, the approximate forms 
of (12.4.1) and (12.4.2) in the boundary layer become 






(12.6.3) 




(12.6.4) 


The stress Yg is regarded as a function of y only since it changes very little across the 
thin boundary layer. Since the barotropic motion is nondivergent, the divergence of 
these equations gives 


4- A^ 

dx \ Dt dx dx dx- 


.dr\ 


(12.6.5) 
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which integrates to give 


Dt dx dx dx^ 


+ P(.f} - >?o(>')) = 0 . 


( 12 . 6 . 6 ) 


where i;o( is the value of the surface elevation at the outer edge of the boundary layer. 

The type of boundary layer to be formed will depend on which of the new terms in 
(12.6.3) first becomes important as the boundary layer thins. If it is the bottom-friction 
term, this will happen when t, = r“‘, so by (12.6.1) the width W = W^ ’in this case 
is given by 

W\ = r/p. (12.6.7) 

The main attraction of this solution is its simple form, since (12.6.6) in this case gives 
the steady solution near the western boundary x = — h as 


ri = ^/o(3')(l - exp(-)7(x -t- b)/r)). (12.6.8) 


This was used by Stommel (1948) to show how the beta effect causes asymmetry in the 
ocean circulation. However, if r~ ^ is 100 days, is only 5 km, which is much too thin 

tri matr'V> r»Kc<»rvfatir»nc 

If, on the other hand, lateral friction becomes important first, this will happen 
when tj is of order W^/A, so (12.6.1) gives 

W = ()7t,)-‘ = A/W^p or W = Wm= (A/P)^’\ (12.6.9) 

For typical values of A of 10^-10“^ m^ s“', is 20-80 km. This model was used by 
Munk (1950), and the corresponding steady solution of (12.6.6) in this case is 


ri = rioiy) 



(x + b)\ . { y3(x -f b) n 
2IVMj""V 2W^ 3 


(12.6.10) 


The third possibility is that nonlinear terms become important first. In this case, 
the velocity component across the boundary layer will have the same magnitude U as 
that in the interior (it falls from a value of order U at the outer edge to zero at the 


tU 
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for the width 


W = = U/PW, i.e., W = Wi = {U/pyi^. (12.6.11) 


Equation (12.6.6), after using the expressions (12.2.22) for DJDt and (12.2.15) for 
geostrophic velocity, becomes, when the motion is steady. 


dr\ d^rj 
dy dx^ 


df] d^rj 
dx dx dy 


— (»? - ^o()')) = 0. 
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( 12 . 6 . 12 ) 


An exact solution exists for the special case of a constant inflow velocity U at the outer 
edge of the layer [see, e.g., Morgan (1956)], namely, 

gri = foUyi\ - exp(-(x -h b)/W,)). (12.6.13) 

XKiis coliitinn hnc the r»rr»r»ertv that 
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(12.6.14) 
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which is the special form of the conservation of potential vorticity relation (7.10.12) 
that is appropriate to this solution. The left-hand side of (12.6.14) is proportional to 
the potential vorticity (7.10.10) because the depth of fluid in barotropic flow is approx¬ 
imately constant. The right-hand side of (12.6.14) is a function of the stream function ij/ 
since tj is proportional to if/ in quasi-geostrophic flow. The scale assumptions used to 
derive the quasi-geostrophic equations is Section 12.2 do not strictly apply in the 
boundary layer because the x scale is now W, not L. However, it has already been 


shown that u^/u^ and v^/v^ are still of order Cl the boundary layer, so the quasi- 
geostrophic approximations may still be used. 

It is not possible to complete a gyre with a purely inertial boundary layer because 
fluid leaving the boundary layer would retain the potential vorticity it had acquired 
in lower latitudes (for the case of a subtropical gyre) before it entered the boundary 
layer, and so would not match that of the interior flow [see Greenspan (1962)]. Some 
form of friction or mixing is needed to remove whatever excess relative vorticity 
exists so that the fluid can reenter the interior. Kamenkovich (1977) discusses baro¬ 
tropic models that involve both inertia and friction. The boundary current is found 
to go further north than in the noninertial case before returning fluid to the interior, 
and then the eastward flow out of the boundary layer looks like a damped stationary 
planetary wave with a structure similar to that given by (12.6.14) when the sign of U is 
reversed [see Moore (1963)]. Numerical studies show (Bryan, 1963) that the solution 
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ditions. Further discussion of boundary layers is presented by Stern (1975), 
Kamenkovich (1977), Pedlosky (1979), and Veronis (1981). 

The barotropic models are not directly applicable to the ocean circulation because 
it is highly baroclinic, but it is possible to devise simple baroclinic models that can 
have a rather similar structure. A particularly simple example consists of an ocean of 
two homogeneous layers as in Section 6.2, but with the (much deeper) lower layer at 
rest. Then (6.2.2) and (6.2.6) show that changes of pressure in the upper layer are equal 
to changes of g’ times the depth of the layer, where g' is the reduced gravity given by 
(6.2.8). This connection between pressure and layer depth is extremely useful and can 
be exploited to calculate the structure of a baroclinic inertial boundary layer, as was 
done by Morgan (1956) and Charney (1955b). Details are also given by Stommel 
(1965). In particular, use is made of the fact that the Bernoulli function (7.10.3) is 


constant on streamlines [see (7,10.13)]. If H is the layer depth, the boundary-layer 
form of this equation is 


g‘H + W = Bin 


(12.6.15) 


where B is known, as a function of the stream function tf/, from conditions at the outside 
edge of the layer. When it is combined with the geostrophic equation, 


/qV = g' dH/dx = f^H * d\l/jdx, (12.6.16) 


a simple first-urdcr cquatiun fur the boundary-layer structure results. The equation is 
usually too complicated for analytic solution, but the procedure for integrating it 
numerically is straightforward. The behavior near the beginning of the inertial 
boundary layer is similar to that in the barotropic case, but marked differences 
between the two models develop as particles progress downstream because of the 
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(b) 

Ftg-12.8. (a) The velocity of the Gulf Stream (Florida Current) at four sections (as shown on the map) between 
the place (27.5'^), where it emerges from the channel between Florida and the Bahamas, and a point (33^) about 
600 km downstream, well before It leaves the coast of Cape Flatteras. Velocity contours are In centimeters per 
second and are at intervals of 20 cm s" * . Arrows at the top indicate where the mean surface current is. [From W. S. 
Richardson et a/. (1%9, Fig. 3b).| (b) Mean velocity and density structure of the Agulhas Current off Durban (BO^S) 
and Port Edward, about 140 km downstream to the south (see Fig. 12.9a for the location). The structure can vary 
considerably from day to day due to eddies and meanders, and examples are given by Pearce (1977). The potential 
vorticity (Gill, 1977c) is fairly constant offshore from the current maximum, but increases by a factor of 3 in the 
cyclonic shear zone. The potential vorticity does not change significantly between the sections, but the current 
structure does because of topographic changes [see Gill and Schumann (1979)1. The 1000-m contour is 60 km 
offshore at Durban, but only 12 km offshore at Port Edward. [From Pearce (1977, Fig. 9).l 
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depth changes that occur in the baroclinic case. These can result in the relative 
vorticity dv/dx becoming comparable to /. (The structure of boundary layers with 
vorticity of order / will be examined in Chapter 13 in connection with fronts.) The 
calculations described above are usually done for a coastline in the form of a vertical 
wall. If, however, the inertial boundary layer extends over a continental shelf, changes 
in the structure of the layer can be forced by changes in the geometry of the shelf [see 
Gill and Schumann (1979)]. 

Figure 12.8 shows some sections across two poleward-flowing western boundary 
currents, namely, the Gulf Stream (or Florida Current) and the Agulhas Current. The 
longshore flow is close to geostrophic balance and consequently the isopycnals slope 
upward toward the coast. The vorticity seaward of the maximum current is anti- 
cyclonic and may have values as large as —0.5/ (i.e., a velocity difference of 1 m s“ Mn 



(Q) 

F'B- 12.9. (a) Acceleration potential contours (at intervals of 5 dyn cm) on the isopycnal tr, = 26.6. These 
contours may be considered as equivalent to dynamic height contours, but at the level of the appropriate density 
surface rather than at the fixed level (Montgomery and Spilhaus, 1941). (b) Sigma-t (tr,) section from about 25'’£, 
35°S (station 183) to about 27‘’E, 40'’S (station 193) across the Agulhas Current, and its retroflection. The 3000-m 
depth contour on the continental slope is near station 185 and is encountered again near section 190 on the edge 
of the Agulhas Plateau. IBoth parts of the figure are from Harris and van Foreest (1978, Fig. 5 and Appendix, Sec¬ 
tion |).| 
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30 km at 30° latitude), in the shallow water inshore of the stream, velocities are small 
because of friction, and consequently large cyclonic vorticities, often with values 
larger than /, are found there. The behavior of western boundary currents, partic¬ 
ularly at their downstream ends, can vary a great deal. The Gulf Stream system is 
discussed by Stommel(1965), Worthington (1976), and Fofonoff(1981). An interesting 
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switch from one to the other at intervals of years. A volume on the Kuroshio system 
has been edited by Stommel and Yoshida (1972). The Agulhas Current (see Fig. 12.9) 
follows the continental slope to its southernmost point, and then “retroflects” (Bang, 
1970) or turns back on itself. Consequently there are two oppositely directed intense 
currents in the 300-km gap between the mainland continental slope and the Agulhas 
Plateau. The associated spectacular changes in the density structure are shown in 
Fig. 12.9b. 

Equatorward-flowing western boundary currents have a different character 
because isopycnals slope downward toward the coast. This gives the possibility of a 
wedge-shaped light water mass being held against the coast and not appearing at ail 
in the ocean interior. An example is the East Greenland Current. This may be con¬ 
sidered [see Wadhams et al. (1979)] as a drain of light fresh water from the Arctic 


Ocean that carries pack ice with it as it moves south. It could be driven purely by 
buoyancy forces in the manner of the boundary currents formed in wide channels and 
discussed in Section 10.7, but wind effects act in a direction to enhance the current. 
Other examples of wedge-shaped boundary currents are found in the Mediterranean, 
and this type of current need not be on a western boundary. 
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12.7 Vertical Propagation of Planetary Waves in a Medium at Rest 


Consider small-amplitude low-frequency perturbations to a uniformly stratified 
incompressible fluid that have the wavelike form 

exp(i7cx + ily + imz). 

As shown in Section 6.11, the dispersion relation is the same as that for a single mode, 
but with the wave speed c replaced by N/m, where N is the buoyancy frequency. In 
other words, (12.3,2) becomes 

CO = —pk/{k^ + (12.7.1) 

The horizontal components of group velocity are given by (12.3.4), and the vertical 
component is given by 


dco Ifolikm 

dm N^{k^ + 


(12.7.2) 


and thus has sign opposite to the phase velocity. [For an oceanic wave at mid latitudes 
withk“* = 1000 km and = 1 km, « 500 km yr“ ^ and ^ lkmyr"‘.For 
an atmospheric wave with k~^ = (N/f)m~^ = 1000 km, c,, = 0 and « 
5 km day" *.] 

It follows that an upward-propagating wave has the structure shown in Fig. 12,10, 
with phase lines tilting toward the west with height. This tilt is often observed in the 
atmosphere [see, e.g., van Loon era/. (1973)and Lau( 1979b)], indicating that upward- 
propagating waves have larger amplitude than do downward ones. The polarization 
relations that give the phase relationships between the different fields can be deduced 
as follows for the wave (f = 0) shown in the figure, with pressure given by 


p = Po cos(kx + mz — cot). 


(12.7.3) 


where k and m are positive, and hence co as given by (12.7.1) is negative. The horizontal 
velocity components are given by (12.2.15)-(12.2.18), and the vertical component 
is given by (6.11.4), so 


u = -{kcopo/ Pq/q) cos{kx + mz — cot), 

V = -(kpo/pofo)(l - Py/fo)sin{kx + mz - cot), (12.7.4) 

w = —(mcopo/P qN^) cos{kx + mz — cot). 


The density perturbation p' is given by the hydrostatic equation (6.11.2), i.e.. 


p' - (mpolg) sin(kx + mz - cot). (12.7.5) 

The quantity po in (12.7.4) is the undisturbed density. An alternative description of the 
wave can be obtained by using the log-pressure coordinate z^ in place of z. For small 
perturbations, the only difference in the formula is that z is replaced by N is 
replaced by [see (6.17.25) and (6.17.24)], and that p'/po is replaced by <I>" [see 
(6.17.17)]. Thus if Oq is the amplitude of geopotential variations on a pressure 
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drawn a quarter of a wavelength apart. "High" indicates a line of maximum pressure on a level surface or a maximum 
of geopotential anomaly on a pressure surface. "Low" indicates the opposite phase. "Warm" indicates where the 
temperature perturbation is a maximum ("Cold," the opposite), and "Poleward" indicates where the meridional 
velocity is a maximum. The small dashed arrows indicate the ageostrophic motion (which is relative to the medium). 
Descent along the "Low" corresponds to warming, so the whole pattern moves westward, relative to the medium. 
The diagram can also be interpreted as a standing planetary wave in which the air is moving from left to right 
(westerly flow) at a speed that exactly balances the westward phase velocity. The corresponding flow over a sinu¬ 
soidal topography is shown at the bottom along with a neighboring particle trajectory. The pressure is high (H) 
on the upstream side and low (L) on the downstream side, so the air exerts a force on the topography in the direc¬ 
tion shown. The diagram is drawn with vertical exaggeration N/f for the case in which phase lines then appear to 
have 45° slope. The group velocity for this case is vertically upward relative to the air, whereas relative to the 
ground it is at right angles to the phase lines when the exaggerated coordinate system is used. It can be seen 
from looking at the vertical distance between streamlines that vortex lines are stretched most on the line marked 
"High" and this stretching gives a cyclonic contribution to their relative vorticity here. However, particles also 
have their maximum poleward displacement on this line, and the beta effect results in an anticyclonic contribution 
to stretching. Thus the relative vorticity is anticyclonic on the line marked "High," as can be seen from the merid¬ 
ional velocity field. 

surface, Pq is replaced by 

Po = Po^o- (12.7.6) 

There is a divergence in the plane of the wave (i.e., du/dx + dw/dz > 0) away from 

the “warm" phase line in Fig. 12.10 that may seem peculiar, but this is in fact balanced 

by convergence in the meridional velocity {dvjdy < 0) due to the variation of / with 
latitude, as can be seen from (12.7.4). An important property of the upward-prop¬ 
agating wave is that warm air is carried poleward and cold air equatorward, i.e., there 
is an apparent net poleward transport of heat. From (12.7.4) and (12.7.5), the 
corresponding buoyancy flux is given, to first order, by 

vp' - -kmpl/lgpofo = -kmpo<bl/2gfo. (12.7.7) 

[For a proper interpretation of this flux, account must be taken of changes in the 
mean flow to the same order of approximation, i.e., to second order in perturbation 
amplitude—see McIntyre (1980) and Matsuno (1980).] Such buoyancy fluxes can 
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play an important role in the atmosphere, e g., in the phenomenon known as a sudden 
stratospheric warming, which occurs in winter and can be driven by upward-prop¬ 
agating planetary waves [see, e.g., Matsuno (1971) and Holton (1980b)]. In a major 
event of this type, the temperature at the 10-mb (about 31 km) level at the North Pole 
may increase bv 40—60 K in less than 1 week. The near-zonal flow is strongly distorted 
by the waves that produce the warming, and the associated increase in thickness (see 
Section 7.7) between 10-mb and lower iso baric surfaces means that the height of the 
10-mb surface increases by perhaps 3 km. Reviews of observations of this phenomenon 
are given by Mclnturff (1978) and Schoeberl (1978). 

The study of topographically generated waves, begun in Chapter 6 for small 
scales and continued in Chapter 8 for moderate scales, can now be carried to larger 
topographic scales k~^ that correspond to lower encounter frequencies 

(D=-Uk (12.7.8) 

for an observer traveling with the mean flow at speed U. If this flow is uniform, it was 
found in Chapter 8 that disturbances are trapped (evanescent) at scales k ~ ‘ larger 
than that given by 

-oj =Uk=f, (12.7.9) 

i.e., for scales greater than about 100 km. This is because gravity waves do not exist 
at such frequencies. 

If, however, the scale of the topography is further increased, thereby reducing the 
encounter frequency to levels at which variations with latitude of the Coriolis 
parameter become important in the dynamics, the situation is changed once again 
because planetary waves may now be possible. The variation in the vertical is given 
by the wavenumber m, the expression for which comes from substituting (12.7.8) in 
(12.7.1) to give 

= (iV//)2(C^-V - k^ - /2). (12.7.10) 

This may be compared with the approximation in Section 8.8 and Table 8.1 for the 
/-plane quasi-geostrophic regime [regime (v)]. From the discussion in the intro¬ 
ductory section of this chapter, it is clear that regime (v) occupies the “spectral gap,” 
defined by 

)[///! « k-^ « (12.7.11) 

and there is a new regime 

(vi) beta-plane quasi-geostrophic regime 

for k~ ’ of order | This is about 1000 km for the atmosphere, i.e., the scale of 

the major topographic features of the earth’s surface (these are listed in Table 12.1), so 
the response to these features falls within regime (vi). The corresponding scale for 
the ocean is 30-100 km. 

In the new regime, there is a major asymmetry [see Charney and Drazin (1961)] 
between eastward {U > 0) and westward directions of the undisturbed flow. West¬ 
ward currents (or easterly winds) are in the same direction as the phase propagation 
of planetary waves, so stationary waves are not possible. Consequently disturbances 
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TABLE 1:Z.1 

Dominant Topographic Features of the Land Surface" 




Horizontal 



Height 

dimensions 



(m) 

(km) 

Center 

Antarctic 

3500 

5000 

90°S 

Himalayas 

4000 

3000 

30=’N. 90'’E 

Andes 

2500 

2700 X 7000 

20“S. 70°W 

o_ 

c\uwA.icai 

^lAnj 

XUUU A OUUU 

AnoKT 1 1 AOtl/ 

•tU 1 iU TY 

Greenland 

2000 

2000 

70°N, 40°W 

South and 

1000 

2000 X 4000 

20°S,OO^E 

East Africa 





"The height and dimensions correspond to those obtained after 
smoothing on a scale of about 250 km [based on Hoskins (1980)]. 


remain evanescent no matter how small the wavenumber. The vertical e-folding scale 
has its maximum value [see (12.7.10)] for the longest horizontal waves, this value being 

(//N((lt/|//J)‘/^ (12.7.12) 

This quantity has values of 5-10 km for the atmosphere in mid-latitudes and 1- 3 km 
for the deep ocean. 

For westerly winds or eastward currents (t/ > 0), however, the e-folding scale of 
evanescent waves becomes larger as decreases until reaches the 

value 

(12.7.13) 

For larger horizontal scales, propagating waves are possible, and since these must 
have upward group velocity when the forcing is from below, the structure of the wave 
is as depicted in Fig. 12.10. The significance of this particular scale can be seen from 
the vorticity balance for a material column. If dy denotes the northward displacement 
of a column from its mean latitude, the change in planetary vorticity is 6y. The 
northward velocity is equal to the rate of change U d{5y)/dx of so by geostrophy, 
it is related to the perturbation geopotential by 

=foU^y- (12.7.14) 

Since by (12.2.15) the relative vorticity dv/dx — du/dy is equal to the Laplacian of 
P'lPofo = ^"/ /o» change in total vorticity of the wave is given by 

{i6y + (d^/dx^ + d^ldy^Wlfo = (t/"'/? - !fo> (12.7.15) 

where the last expression makes use of (12.7.14) and the assumed wavelike form 
(12.7.3). Thus poleward displacement gives cyclonic total vorticity perturbation [i.e., 
the right-hand side of (12.7.15) is positive] only when the horizontal scale Kh * is 
greater than the value given by (12.7.13). 

The conservation of potential vorticity [see (7.10.9)] of a material column can be 
used to relate O" to the field of vertical displacement h. For if 6z is the height of a 
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column in the undisturbed state, it will be Sz + (dh/dz) dz in the disturbed state, and 
consequently the fractional change is dh/dz. The conservation principle requires that 
this be equal to the fractional change in total vorticity, which is given by (12.7.15) 
over /o, and hence 

+ dVdx^ + d^/dy^W = fl dhjdz^. (12.7.16) 

(The asterisks are included for consistency with Section 6.17, because the log-pressure 
coordinate is used.) The streamlines at the bottom of Fig. 12.10 show that because of 
the westward tilt of phase lines with height, material columns are shortest on the 
eastern or leeward slooes and conseauentlv f bv (12.7.1611 have lowest eeonotential or 

* - 'j 

pressure perturbations at those locations and also [by (12.7.14)] have their greatest 
equatorward displacements there. It follows that the fluid exerts a force on the 
topography in the direction of the wind, as found in other cases (see, e.g.. Fig. 8.8) 
in which propagating waves are generated. In other words, there is wave drag on 
the topography. 

The other equation that can be applied to a material particle is the conservation of 
potential temperature, so upward displaced particles have low perturbation potential 
temperature. The hydrostatic equation therefore requires that the perturbation 
geopotential (or perturbation pressure) decrease with height over the mountain, and 
Fig. 12.10 shows that this indeed occurs when the phase lines tilt westward with 
height. The equation that expresses the above relationship is (6.17.27), i.e., 

NX + = 0- (12.7.17) 

dz^^ 

If h^ is eliminated from (12.7.16) and (12.7.17) and a wavelike solution is assumed, the 
dispersion equation (12.7.10) is recovered, thus verifying that conservation of potential 
temperature and of potential vorticity contains the whole dynamics. 

The above analysis for uniform incompressible flow over topography is very useful 
for a qualitative understanding of what happens and can be extended to the case of an 
isolated mountain (Queney, 1977), but it is not sufficiently general as it stands. This is 
because variations of IJ with heieht and latitude cannot be ienored at the scales under 
consideration, so it is necessary to generalize the quasi-geostrophic equations to 
include advection by nonuniform flows. This is done in Section 12.8 and is applied to 
small disturbances in Section 12.9. 


12.8 Nonlinear Quasi-geostrophic Flow in Three Dimensions 


To understand how the atmosphere and ocean respond to imposed changes, it is 
necessary to appreciate how continuously stratified fluids on a rotating globe adjust 
under gravitational forces. The process of acquiring this understanding has been 
spread over many chapters of this book. The first step was to study adjustment in the 
absence of rotation, and this was done for the continuously stratified case in Chapter 6 
after examining the homogeneous case in Chapter 5. The effects of uniform rotation 
about a vertical axis were introduced in Chapter 7 and applied to a continuously 
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Stratified fluid in Chapter 8. This showed that the analysis, neglecting rotation, is 
applicable for scales small compared with the Rossby radius and for times small 
compared with the inertial period (typically meaning length scales of kilometers or 
less and time scales of hours or less). The theory, assuming uniform rotation can in 
practice be applied on the rotating globe as well if account is taken only of effects of 
the vertical component of rotation and if the fractional change of this component is 
small over the length scale of the disturbance. This theory works well for adjustments 
on time scales comparable with the inertial period, but there is an upper bound on 
time scales for which it is applicable. 

However, many of the most important atmospheric and oceanic phenomena have 
time scales longer than the inertial period, so it is extremely important to understand 
these slow adjustment processes. Not only that, it is also important to have a mathe¬ 
matical approximation to the equations that describe only the slow adjustment 
processes and not the faster ones. For, as Charney (1948, p. 3) states. 

This extreme generality whereby the equations of motion apply to the entire 
spectrum of possible motions—to sound waves as well as to cyclone waves— 
constitutes a serious defect of the equations from the meteorological point of view. 
It means that the investigator must take into account modifications to the large- 
scale motions of the atmosphere which areof little meteorological importance and 
which only serve to make the integration of the equations a virtual impossibility. 

It was this problem, in fact, which led to the failure of Richardson's early attempts at 
numerical forecasting (see Section 7.13) since the forecast was dominated by the 
rapidly adjusting motions associated with errors in the initial field. 

The appropriate equations for describing the slow adjustment process were 
derived in Section 8.16 for the case of small disturbances on an/ plane. They were 
extended to the beta plane in Sections 11.8 and 12.2 for a single mode, and will now 
be generalized to include nonlinear effects in three-dimensional flow. The basic 
concepts, as seen already, stem from an appreciation (Shaw, 1908) that the motion is 
always close to geostrophic balance, but that departures from geostrophy are very 
important (Brunt and Douglas, 1928) for determining how the motion develops. The 
appropriate equation for studying such departures, including nonlinear effects, is 
(8.16.6), first derived by Hesselberg (1915) and used by Brunt and Douglas (1928) to 
develop the isallobaric method of determining convergence. The connection of this 
equation to the potential vorticity equation, which Rossby (1937/1938a) showed to be 
of such fundamental importance, is discussed in Section 8.16. Charney (1947, 1948) 
was the first to derive systematically the full set of “quasi-geostrophic” equations for 
baroclinic motion, taking account of the appropriate scales and making direct use of 
the potential vorticity equation. 

In studying the adjustment of a continuously stratified fluid in Chapters 6 and 8, 
it was found convenient to reduce the equations to two relationships between vertical 
velocity w and pressure perturbation p' (or if pressure coordinates are used, between 

and geopotential anomaly <I>"). The first relationship was derived from the 
horizontal momentum equations, and was really a relationship between horizontal 
divergence and pressure. The second was derived from the buoyancy equation and 
the vertical component of the momentum equation. 
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The quasi-geostrophic approximation to the momentum equations and the 
corresponding expressions for the horizontal divergence have already been found in 
Section 12.2. However, the two-dimensional version (12.2.28) of the continuity 
equation must now be replaced by the three-dimensional form, which in the case of an 
incompressible fluid is (12.2.8). To obtain the scaled version of this equation, it must be 
remembered that only the ageostrophic velocity components contribute to the 
divergence, and these have scale ti^Vo , where Cl is given by (12.2.13). If H is the vertical 
scale, it follows that the appropriate scaled variables are defined [cf. (12.2.11)] by 

u: =foiiJliLvo, vt =foVjfiLvo, z* - zjH, w* ^f^wipHvo- (12.8.1) 

It follows that the first approximation to (12.2.8), reverting to the unsealed form and 
dropping the tilde as in the latter part of Section 12.2, is 

dUaldx + dv^ldy + dwjdz = 0. (12.8.2) 

The fact that w is related to the ageostrophic velocity by (12.8.2) and therefore has 
the scale given by (12.8.1) is very significant when considering the first approximation 
to the advection operator (12.2.6). The term p^v d/dy is of order Vq/L, but by (12.8.1) 
the term w djdz is only of order CiVq jL and thus does not contribute to the first 
approximation. Therefore D/Dt is approximated by DJDt, as defined by (12.2.22), 
just as in the two-dimensional case, i.e., it is only the geostrophic velocity that con¬ 
tributes to advection to the first order, and vertical advection can be ignored. The 
equation for dwjdz can now be found by substituting (12.2.24) and (12.2.25) in (12.8.2). 
The result is 


dw 


dp' D 


PoJ 0 ^ = P ^ + 


dz 


dx 


_g 

Dt 


d^p' d^p' 
dx^ ^dy\ 


(12.8.3) 


This should be com.pared with the linear/^-plane counterpart (8.4.8) (which, of course, 
does not contain the beta term), the two-dimensional counterpart (12.2.30), and £q. 
(12.7.16), derived in a special case from the potential vorticity equation. 

The quasi-geostrophic approximation is essentially an approximation to the 
momentum equations, and the second equation, relating w and p', is just the one used 
in earlier chapters that was derived by combining the buoyancy equation with the 
hydrostatic equation. Its linear form is (6.11.4), and the nonlinear quasi-geostrophic 
form has d/dt replaced by D^/Dt, namely, 

PqNV = -DJidp'/dz)lDt. (12.8.4) 

In the case in which the buoyancy is solely derived from potential temperature 
perturbations O' from the value 9q at the level concerned, the equations that give rise 
to (12.8.4) are the temperature equation 

Djd'/Dt + {N^/a'g)w = 0, (12.8.5) 

where a' is a thermal expansion coefficient, defined in Section 3.7.4 (it is equal to Oq ‘ 
for an ideal gas), and the hydrostatic equation 

dp'/dz = ga'pQd'. 


( 12 . 8 . 6 ) 
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A single equation for p' can now be obtained by eliminating w from (12.8.3) and 
(12.8.4). The result 


dy^ dz\N^ dz J/ 


dp' 


(12.8.7) 


is called the equation for quasi-geostrophic potential vorticity. It differs from the linear 
/-plane form (8.16.13) by the inclusion of the beta term and the nonlinear terms. Since 
the nonlinear advection operator (12.2.22) is defined in terms of pressure by (12.2.15), 
this equation contains only one dependent variable, namely, p'. 

The quasi-geostrophic form of the energy equation is obtained by ^adding 
po^N~^ dp'/dz times (12.8.4) to po times (12.2.33). This gives 


'T Mg l/p / ~T t'u up l^y 'T rv up / U^ — Vj 


where E is the energy density (cf. Section 6.7), defined by 


E = \poiul + yj) + ^ 


1 


2poN^ 2pof 


(djy fdpy- 

Kdx) \SyJ 


+ 


2poN‘ 


(\'\ Q Q\ 

1 ^.U.U ^ 


V 

dz 


, (12.8.9) 


where p' is the density perturbation at a given level. The energy equation can also be 
derived by multiplying the potential vorticity equation (12.8.7) by p' and integrating 
by parts. A divergence form of the energy equation can be obtained by adding (12.8.8) 
and p' times the incompressibility condition (12.8.2). The result 


^ IT ^ ^ ^ 

® ( 12 . 8 . 10 ) 


dy 


dz 


shows that the energy flux has one part associated with products of the pressure 
perturbation and the ageostrophic part of the flow (which includes the vertical motion) 
and another part associated with the advection of energy by the geostrophic part of 
the flow. 

The equations are easily converted to the form corresponding to use of the 
log-pressure coordinate in place of the vertical coordinate z. The rules are that z is 
replaced by z,,, w by w^, p'/p by [see (6,17.17)], and N by [see (6,17,25) and 
(6.17.24)]. Also, effects of compressibility are easily included by replacing the 
incompressibility condition (12.2.8) by the continuity equation (6.17.11). Then 
(12.8,3) becomes 




rv / ^ 2 tt 

, ^8 I ^ , 




(12.8.11) 


the buoyancy equation (12.8.4) has the form 

Nlw^ + Dj[d<J>ydzJIDt = 0, (12.8.12) 

and the quasi-geostrophic potential vorticity equation obtained by eliminating w,^ 
from these two equations can be written 

D^q/Dt = 0, 


(12.8.13) 
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where q is the quasi-geostrophic potential vorticity, defined by 


Q - fo + Py + 

j( 


0 _ 


d (fl 


a^®" i 

dzJi 


( 12 . 8 . 14 ) 


The relationship with Ertel’s (1942a) potential vorticity Q (from which q must be 
carefully distinguished), can be seen by writing 


9 « Po(Co + Q'Wdoldz), 


(12.8.15) 


where Qq and Q' are defined by (7.12.10) and (7.12.11), and the approximation is in 
accordance with the scalings given above. The incompressible case can be recovered 
by taking the limit H/H^ -► 0. 

There are many circumstances in which the quasi-geostrophic equations can 
themselves be further simplified. For instance, in the ocean, the baroclinic Rossby 
radius is only about 30 km, and much of the motion has very much larger scale. If 

hnriTr^fitn] f ic rrttjrh thntt ^ f-f / f. if 

•'AAV •rvr ^ t-M-* A-V7 AA 

foL » NH, (12.8.16) 


then the horizontal Laplacian in (12.8.7) is small relative to the vertical derivative 
and therefore (12.8.7) is approximated by 


Dt dz[N^ dz r ^ dx 


(12.8.17) 


whi^h 


IS 


it tiiiic-dcpciidciit vcrsiuii uf whtit arc called the thermocUne equations m 


oceanography. In this approximation, only the beta term contributes to the ageo- 
strophic velocity [as defined in (12.2.24) and (12.2.25)] ; changes in relative vorticity 
have negligible effect on change in potential vorticity, and changes in kinetic energy 
can be ignored relative to changes in potential energy. The vorticity equation is 
approximated by the form (11.13.3), which applies to steady flow. This equation does 
not require the horizontal scale to be small compared with the radius of the earth, 
and so (12.8.17) can be generalized to a form valid over the whole sphere (Phillips, 1963). 

The approximate equations for the sphere are as follows. First, the horizontal 
velocity is related to pressure by the general form of the geostrophic relationship 
[see (11.2.1) and (11.2.2)], namely. 


2Qpru sin (p = —dpldq), IQprv sin (p ^ sec (p dp/dX. (12.8.18) 

Secondly, w is determined from the vorticity equation (11.13.3) or 

r dw/dz = V cot (p = (cosec^ (p/2Clpr) dp/dX. (12.8.19) 


The remaining equation is the buoyancy equation (6.4.2), combined with the 
hydrostatic equation (3.5.8), to give 

D{dp/dz)lDt = 0, (12.8.20) 

with the possible addition of diffusion terms on the right-hand side. Solutions of this 
set of equations are discussed by Veronis (1969, 1981), by Welander (1971), and by 
Anderson and Killworth (1979). Because the balance is valid over the whole sphere, it 
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can be regarded as a type of geostrophic motion that is distinct from the quasi- 
geostrophic motion first discussed [see Phillips (1963) for a detailed discussion]. The 
equations may also be used to make deductions about the vertical velocity and the 
absolute (rather than relative) horizontal velocity field in the ocean (Killworth, 1980b). 

In the atmosphere, the horizontal Laplacian can rarely be neglected compared 
with the vertical derivative, but the beta term can sometimes be neglected compared 
with the nonlinear terms, so that a nonlinear/- plane approximation suffices. In other 
words, beta can be put equal to zero in (12.8.14), (12.8.11), or (12.8.7). The condition 
for this is that Vq be large compared with the value (12.2.21) at which nonlinear terms 
are of the same order as beta terms, i.e., that 

1^0 » or L «(i?o/j3)‘^^. (12.8.21) 

The scale is about 1(X)0 km for the atmosphere, so beta effects can certainly 

be ignored on the scale of fronts, and they often play a secondary role even on the 
scale of developing cyclonic systems. 


12.9 Small Ditturbances on a Zonal Flow Varying 
with Latitude and Height 


The disturbances generated by flow over topography were studied in Chapters 7 
and 8 for scales small enough for beta effects to be ignored, the illustrative examples 
being for cases of uniform flow. The corresponding solutions for planetary waves 
were studied in Section 12.7, where it was found that beta effects become important 
for scales of order (|L/|/^)*/^, which is around 1000 km for the atmosphere. This is the 
scale (see Table 12.1) of the major topographic features of the earth, and on this scale 
the atmospheric flow can hardly be treated as uniform. Therefore it is appropriate to 
consider the quasi-geostrophic equations for small perturbations on a mean-zonal 
flow L/(y, z) that varies with both latitude and altitude. In other words, the geopo¬ 
tential d>" is expressed as the sum of a steady longitudinally independent part [i.e., a 
function of y and z such that d<^"/dy = —foU( y, z)] and an infinitesimal perturbation 
O'. (It would perhaps be more logical to use the notation O'", but the single prime is 
more convenient.) The linearized form of (12.8.13) for quasi-geostrophic potential 
vorticity is then 


(d/dt -f- V d!6x)q' -t- vdq/dy = 0, 


(12.9.1) 


where by (12.8.14) and the geostrophic equation, the perturbation potential vorticity 
q' is given by 


, _ 1 /g^O' a"0' ^\\ 

^ ^ dz^JJ’ 

the perturbation meridional velocity v is given by 

1? = /o ‘ d(t>'/dx, 


(12.9.2) 

(12.9.3) 


and dq/dy, the latitudinal gradient of the mean quasigeostrophic potential vorticity, 
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is given by 


dy a/ dz^ \Nl dz^ 


(12.9.4) 


The relationship between <!>' and the associated field of vertical motion is obtained 
from the perturbation forms of (12.8.11) and (12.8.12), which are 


and 




(12.9.5) 


+ (d/dt + U d/dx) d(t>'/dz^ - (dU/dz^) d<t>’/dx = 0. (12.9.6) 


The second equation is used to give the boundary condition at the surface, which, in 
the case of small-amplitude topographic forcing, is that is given at the mean- 


surface pressure. The eejuatiou is really one expressing ccnservaticn of potential 
temperature, and the new feature (not present in models with uniform flow) is the 
term representing horizontal advection of mean temperature by the perturbation 
meridional velocity, which can now occur because the mean temperature varies with 
latitude. The latitudinal gradient of mean temperature is related to dU/dz^ by the 
thermal-wind equation (7.7.10). The new term can give rise to important new effects 
that do not occur in the uniform-flow case, and such effects will be studied 
in Chapter 13. 

Tf _—___ 

11 me uisiui uaiiec iias wavciiKC luiiii, ^ eaii uc cApicaseu iii me luiiii 


<!>' = ij/ exp(z^/2//, + ily + ik(x — cf)) (12.9.7) 

and therefore (12.9.1)-(12.9.3) reduce to 

+ "jV = 0. (12.9.8) 

where 

= (NJfonV - cY^dqjdy - k^) - (12.9.9) 

and 

Kl, = k^ + Y (12.9.10) 


is the square of the horizontal wavenumber. The sinusoidal variation with latitude 
can be assumed, of course, only if the fractional change of (cf. Section 9.12) over a 
meridional distance /~Ms small. 

The important information about wave disturbances is contained in the coefficient 
nY, which determines the transmission characteristics of the atmosphere, and effects 
that can be produced by variations of m with height have already been studied in 
Chapters 6 and 8. Application to quasi-geostrophic waves in the atmosphere was 
first made by Charney and Drazin (1961), who explained why stationary waves (i.e., 
ones with c = 0) propagate into the middle atmosphere in the winter hemisphere 
but not in the summer hemisphere. The explanation comes from an examination of 
the zonal wind profiles shown in Fig. 12.11. The temperature pattern in the middle 


atmospnere is largely oetermineo oy a raaiationai oaiance, ana tne corresponamg 
thermal wind gives easterlies in the summer hemisphere and westerlies in the winter 
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fig- 12,11. Meridional section showing the longitudinally averaged (a) temperature (°C) and (b) wind speed 
(m s” *) up to 100 km at the time of the solstices. Dashed lines in (a) indicate the positions of the tropopause, 
stratopause, and mesopause, (Courtesy of R. K. Reed.) [From Wallace and Hobbs (1977, Figs. 1.10 and 1.12),] 

hemisphere. On the other hand, the tropospheric mid-latitude winds tend to be 
westerly in both hemispheres. This is the direction for which, in uniform winds at 
least, sufficiently long stationary waves can propagate vertically, and the same is 
generally true (i.e., > 0) for real conditions in which U is nonuniform. However, 

Eq. (12.9.9) shows that changes sign by going from positive infinity to negative 
infinity at the level where U = c, i.e., in the case of stationary disturbances, where 
U = 0. Near such critical levels (see Section 8.9.4) waves tend to be absorbed ac¬ 
cording to linear theory, although the possibility has been raised that nonlinear 
effects can cause partial reflection (or overreflection) at such levels instead [see, e.g., 
Warn and Warn (1978) and Stewartson (1978)]. In any case, since is mainly 
negative in the easterly regime, waves cannot propagate and wave energy can be 
transferred only by “tunneling” (see Section 6.9; the requirement for significant 
transfer is that the reduction in amplitude across the evanescent region is not too 
large). A striking verification of the lack of waves in the summer stratosphere is a 
picture due to Hare (1968) [reproduced by Holton (1975)] of the circulation at 30 mb. 
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It is so close to zonal that it is hardly worth reproducing! The opposite is true of the 
winter stratosphere, in which departures from zonal symmetry are often large [see, 
e.g., van Loon et al. (1973)]. Figure 12.12 is another illustration of the effect. This 
shows variation with latitude and pressure of the amplitude of the wavenumber 1 
component of the perturbation of height of pressure surfaces for January and July. In 
January, the amplitudes above 100 mb are large and increase with altitude (the 
increase is to be expected because of the reduction in density—see, e.g., Sections 6.14 
and 6.17), whereas in July there is a big reduction in amplitude just above 100 mb. 
This is consistent with the switch from westerly to easterly flow at such levels (see 
Fig. 12.11). 

Near the levels where goes through infinity, friction is important because of the 
short vertical wavelength (see Section 8.9). Consequently, waves are dissipated and 
there are effects on the mean flow like those discussed in Section 8.15. A useful way of 
examining these meridional fluxes of momentum and heat [see (12.3.11) and (12.7.7)] 
comes from multiplying (12.9.1) by q' to give 

{djdt + U 5/5x)(jq'^) + q'vdq/dy = 0. (12.9.11) 

Averaging with respect to x over a wavelength and assuming that a wavelike form of 
solution (12.9.7) (with steady amplitude) is appropriate, it follows that if dq/dy 
is nonzero. 


q'v = 0. (12.9.12) 

In other words, if the wave amplitude is not changing significantly with time and if 
friction and mixing effects are negligible [as is assumed in the derivation of (12.9.1)], 
then the meridional flux of quasi-geostrophic potential vorticity is zero. If now the 
expressions (12.9.2) and (12.9.3) for q’ and v are substituted in (12.9.12), and (12.9.12) 
is integrated by parts, it follows that (12.9.12) can be written in divergence form as 

P*Wv = |-(i^,) + ^(^.) = 0, (12.9.13) 

oy ■ dz^ 

where and are the components of what is known as the quasi-geostrophic 
approximation to the Eliassen-Palm flux (Eliassen and Palm, 1961; Edmon et ai, 
1980), given by 


^ /o dx dy 




P*^^^ foGP^ 
Nl dx * Nl 


(12.9.14) 


The expressions at the extreme right make use of the geostrophic relationship [(12.9.3) 
and a similar equation for m'] and the expression (6.17.20) for potential temperature. 
In the neighborhood of any locality, the wave approximately has the form (12.7.3) and 
(12.7.4), and substitution in (12.9.14) and comparison with (12.3.4) and (12.7.2) show 
that the Eliassen-Palm flux is in the direction of the wave group velocity projected 
onto the yz^ plane. If conditions are steady and dissipation-free, as assumed in the 
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Fig. 12.12. Amplitude (meters) of the zonal wavenumber 1 component of the perturbation height of pressure 
surfaces in the northern hemisphere in (a) December-February and (b) July. IFrom van Loon el a/. (1973), /. Ceophys. 
Res 78 (Figs. 2 and 5); copyrighted by the American Geophysical Union.) 


MILLIBARS 



72.9 Smsil Disturbances on a Zonal Flow 


S37 


AMPLITUDE 



90* ao* 70* 60* 90* 40* 30* 20* 10 * 0* 

NORTH LATITUDE 


(b) 

Fig. 12.12. (continued) 

derivation of(12.9.13), the flux is divergence-free and there is no effect of the waves on 
the mean flow [Charney and Drazin (1961): The result is known as the Charney- 
Drazin nonacceleration theorem and also follows from the exact equations of Andrews 
and McIntyre (1978a)]. In practice, there is divergence due to nonstationarity and 
dissipation, so calculations of the flux can be useful in assessing where this divergence 
and its consequent effects on the mean flow take place. For instance, Dunkerton 
et u/.(1981) have used the method to study a stratospheric warming that occurred in a 
model simulation, and to examine the extent to which critical lines do act as reflectors 
in the model. 

In order to further study stationary waves (c = 0), it is useful to write (12.9.9) in 
the form 


= kI- k^, (12.9.15) 

where »CL(y,z*) is a known property of the mean flow [cf. Matsuno (1970)], given by 

\ Pin / f. \2 1 / pi^Tj /■? 1 \ 
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There are two interpretations of Kl that follow from (12.9.15). First, it determines the 
value of m for very long wave disturbances (% —► 0). Second, it gives the limiting value 
of the horizontal wavenumber above which waves are evanescent. The types of 
behavior possible when kI, and hence m^, is a function of height only were discussed 
in Chapters 6 and 8, and various investigators [e.g., Tung and Lindzen (1979) and 
Tung (1979)] have made calculations using profiles of kI appropriate to a particular 
latitude, such as 45°N during mean winter conditions. Then ^ is about 800 km in 
the troposphere and increases to a value of about 1500 km between altitudes of 15 
and 70 km. Consequently, waves with * between 800 and 1500 km would be 
expected to reflect (see Chapters 6 and 8) at about the 15-km level, whereas waves 
with Kh ^ over 1500 km would be expected to penetrate to 70 km. Above that level, 
the mean velocity goes through zero, so waves may be absorbed there. For circum¬ 
stances in which waves reflect (see Section 6.9), resonances are possible, and Tung and 
Lindzen (1979) suggest these may be important for the blocking phenomenon. 

In nractice. the variations of k, with both latitude and heieht are imoortant. and 
it is useful to use ray-tracing techniques (see Section 8.12) to explain the nature of the 
response. Karoly and Hoskins (1982) have shown that rays are refracted toward the 
direction of the gradient of Kj^, and hence a region of maximum acts as a wave¬ 
guide, whereas rays tend to avoid regions of low Kl. For mean wintertime conditions, 
the effect on waves of zonal wavenumber 1 produced in the troposphere at 60°N is to 
confine them to two main paths. One set of waves, with more nearly vertical initial 
propagation, reach levels of40-50 km before refracting toward the equator and being 
absorbed near 20° latitude, where the westerlies are starting to give way to easterlies. 
The other set, with more nearly horizontal initial direction, are trapped in the 
troposphere and propagate equatorward to a latitude of about 10°. 

Stationary waves can be generated not only by topography [the effects of which on 
planetary-scale motions were first studied by Charney and Eliassen (1949)], but also 
by diabatic heating (Smagorinsky, 1953), the effects of which can be calculated by 
adding a buoyancy forcing term to (12.8.12) as in (9.13.5). Stationary waves can also 
be forced by transient disturbances, tending to occur in preferred locations (storm 
tracks), which can give rise to a convergence of vorticity [thus adding a forcing term 
to (12.8.11)] and of heat [thus adding another forcing term to (12.8.12)]. Calculations 
of these flux convergences have been made by Lau (1979a) and indicate that they are 
not insignificant. It is generally thought [see reviews by R. B. Smith (1979) and 
Dickinson (1980)] that heating and topography are about equally important in 
producing the observed stationary waves, whose structure in the wintertime northern 
hemisphere is shown in Fig. 12.13. Similar pictures for summer conditions have been 
calculated by White (1982). The stationary waves make an important contribution to 
the zonally averaged heat and momentum budgets, values of the fluxes having been 
computed by Lau (1979b) and White (1982). The westward phase tilt, with height seen 
in Fig. 12.13, indicates a substantial poleward heat flux (see Section 12.7) in winter; the 
flux is, in fact, as much as that due to transient eddies above 500 mb, but the transient 
eddies’ contribution becomes rather larger near the surface. In summer, the stationary- 
wave heat flux is very small. Stationary waves also have a westward momentum flux 
(see Section 12.3) into the westward-moving jet stream, the flux they carry being about 
half that of transient eddies. Wintertime fluxes are about twice as big as those in 
summer. 




Fig. 12.13. Longitude-height cross sections of the departure from zonal symmetry of the lime-averaged 
geopotential height field taken along (a) BO^N, (b) 45‘’N, and (c) 25“N. The contour interval is 50 m, and local orog¬ 
raphy is depicted at the bottom of the figures. The horizontal pattern can be seen in Fig. 7.8. The associated de¬ 
parture from zonal symmetry of the time-averaged meridional velocity at 300 mb is shown in (d). The contour 
interval is 2 m s"IFrom Lau (1979b, Figs. 2a-c and 10b).I 
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(d) 

Fig. 12.13. (continued) 


The vertical structure of the observed stationary wave field is very interesting. In 
extratropical latitudes (typified by the sections at 45°N and 60°N in Fig. 12.13), the 
structure has a “barotropic” character, with perturbations having the same sign at all 
levels shown (up to 100 mb). In the tropics, by contrast, the structure is baroclinic, 
with the sign of the perturbation at upper levels (say, 200 mb) generally opposite to 
that at lower levels. The “barotropic” nature of the disturbances in extratropical 
regions indicates the usefulness of studying the horizontal propagation characteristics 
of barotropic disturbances. Putting m = 0 in (12.9.15) and using the definition 
(12.9.10), it follows that changes of meridional wavenumber / with latitude are given by 

= (12.9.17) 

with the limiting wavenumber Kl being defined by (12.9.16), where for consistency the 
variations of U with z should be ignored. Using the 300 mb winds, Hoskins and 
Karoly (1981) found large values of Kl, corresponding to zonal wavenumber 7 on the 
equatorward side of the westerly jet centered at 30°N, with a rapid change to smaller 
values, corresponding to zonal wavenumbers 3 to 4 on the poleward side of the jet. 
Consequently, waves propagating through the westerly regime from the tropics tend 
to split into two groups, with the higher wavenumbers (4-7) confined to the southern 
side of the jet, whereas the lower wavenumbers (1-3) penetrate to high latitudes, in a 
time of the order of 1 week. Behavior of oerturbations to the winter zonal flow in a 

K 

five-layer model was found to be similar, and Fig, 12.14a shows the pattern of height 
perturbation at 300 mb that was produced by a deep elliptical heat source (shaded 
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(b) 


Rg 12.14. (a) The 300 mb height field perturbation due to a deep elliptic heat source (shaded area) at IS^N 
perturbing the northern hemisphere winter zonal flow. The result was obtained by using a linear five-layer nu¬ 
merical model. Negative contours are dashed, the zero contour is dotted, and positive contours are continuous. 
IFrom Hoskins and Karoly (19B1, Fig. 3c).1 (b) Composite anomaly map of 700-mb height for five winters that were 
cold in the eastern United States and had 700-mb ridges over western Canada, namely, 1%0-1%1,1%2-1963, 
1967-1960,1969-1970, and 1976-1977. The pattern is known as the Pacific-North American Pattern. The contour 
interval is 20 m. Note that the outer edge is at 20“N, not at the equator as in (a). [From Wallace and Cutzler (1981).) 
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area) centered at 15°N. The dominant pattern is that corresponding to the low wave- 
number paths, and high energies are found near the limiting latitudes (where / = 0), as 
predicted by Liouville-Green or WKBJ theory (Section 8.12). Similar patterns have 
been identified in the atmosphere by Wallace and Gutzler (1981), and Fig. 12,14b 
shows an example of such a pattern. There are two patterns of this type—the “Pacific 
North American” pattern, which appears to originate from the Southeast Asian region 
of deep convection, and the “West Atlantic” pattern, which appears to originate in the 
convective zone of northern South America. It appears that the zones produce two 
types of response: a baroclinic one confined to the tropics (discussed in Chapter 11) 
and a predominantly barotropic one at higher latitudes. 

Another quasi-stationary pattern of great interest is the so-called “blocking” 
pattern associated with weather conditions that are unusually persistent [see, e.g., 
Rex (1950)]. An example of such a pattern is shown in Fig. 12.15, which shows the 
time-mean height of the 700 mb surface in January 1963, a month of exceptional cold 
in North America, Europe, and the Far East. Note the huge meridional excursions of 
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the isobars, especially those associated with the strong ridges over the East Pacific and 
East Atlantic. Studies of forcing of barotropic flow by topography (Charney and 
DeVore, 1979; Hart, 1979; Davey, 1980) indicate that it is possible to have two stable 
response patterns for the same forcing. In one, the forcing produces a strong zonal 
flow, which is so fast that standing waves are not produced by the topography ((///3 is 
larger than the square of the inverse wavenumber). Consequently, there is little wave 
drag, and so the strong flow can persist. The alternative pattern has the flow slightly 
subcritical, i.e., just below the value at which standing waves are possible. This 
produces a very high drag that keeps the flow subcritical. However, changes from one 
pattern to the other can be produced by changes of forcing and by random internal 
changes (i.e., effects of other disturbances), and such changes are found to occur in 
practice. The second (subcritical) pattern is the one similar to observed blocking 
patterns, and these are important because they can be responsible for persistent, 
strongly anomalous conditions, e.g., the very cold winter of 1963 (Fig. 12.15) in which 
the January mean temperature in Warsaw was 10 K below normal (O’Connor, 1963). 


12,10 Deductions about Vertical Motion 

from the Quasi-geostrophic Equations 


For weather forecasting, it is vital to be able to make deductions about the field of 

11/jf mnfinn r*annr»t Ko moQciiroH Koi'anco iiriu/orH motir»n nrnHiir'PC 
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precipitation and plays an important role in the development of fronts, etc. One 
method of doing this has already been discussed in Section 8.16. This is based on the 
realization by Brunt and Douglas (1928) that the field of horizontal convergence in 
quasi-geostrophic flow is related to the isallobaric wind, i.e., the wind that flows down 
the gradient of the rate of change of pressure [see (8.16.7)]. This gives rise to a system 
whereby charts of rate of change of pressure were prepared, contours being called 
isallobars, and convergence would be associated with flow into an “isallobaric low.” 

Since taking the convergence of Brunt and Douglas’s equation gives rise to the 
quasi-geostrophic vorticity equation (12,8,3) or (12.8.11), their method is equivalent 
to using that equation to deduce w from the pressure field. However, there are two 
equations relating the vertical velocity w to the geopotential perturbation (or 
pressure perturbation p') that were derived in Section 12.8, namely, the vorticity 
equation and the buoyancy equation [(12.8.4) or (12.8.12)]. Either equation, or a 
combination of the two, could be used to obtain information about w. The combi¬ 
nation that is particularly useful is the one that does not involve time derivatives, for 
then deductions can be made from the field of geopotential at a fixed time. It is 
convenient to use the compressible form in the following since the incompressible 
equivalent is easily deduced by letting the scale height tend to infinity. 

The form without time derivatives is obtained by adding the derivative of( 12.8.11) 
with respect to to the horizontal Laplacian of (12.8.12). The result is 


n 


a /a... ... \ /a2... a2,,. \ a2/T»" 



544 


12 Mid-latitudes 


where NL represents the contribution of the nonlinear terms. There are several ways 
of writing the nonlinear terms (Hoskins et ai, 1978), and one of these will be deduced 
in the following by a different method. Equation (12.10.1) is known as the ''omega 
equation" because of the use of the symbol omega (cf. Section 6.17) to denote the 
equivalent of vertical velocity in pressure coordinates, and this is an equation for that 
quantity. An approximate version of this equation was first developed by Sutcliffe 
(1947), who wanted a method that took into account differences in rate of divergence 
at different levels. This was wanted because many highly baroclinic situations were 
missed through looking at the surface isallobaric field alone, and so Sutcliffe’s version 
of (12.10.1) consisted of a two-level approximation. 

A more illuminating approach (Hoskins et aL, 1978) is to eliminate the 6/dt terms 
from the quasi-geostrophic momentum equation and the buoyancy equation directly. 
Thus if /o ^ times the derivatives of (12.2.24) and (12.2.25) [expressed in terms ofO", 
using (6.17.17)] are subtracted, respectively, from the x and y derivatives of (12.8.12), 
the result has the form 

( 12 . 10 . 2 ) 

(12.10.3) 

where 




* Bx 




'-ir - = 2Q, + fiy 


dz* dy 

520" 

8z. Bx' 

- -m - - - 
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(12.10.4) 


^ \ B^O" B^<t>" B^<i>"\ (Bu.Be" Bu.Be"\ 

5z*dx BxByBz^By)~ °^*^\ByBx Bx By)' ^ ‘ ^ 

The hydrostatic equation has been used in the form (6.17.20). An interesting aspect of 
the derivation is that there is a contribution of to the right-hand side of (12.10.2) 
from each of the original equations. Another interesting property is that the left-hand 
sides of (12.10.2) and (12.10,3) have the form of horizontal components of vorticity if 
the scaled vertical coordinate z^ (and a corresponding vertical velocity), defined in 
(8.8.25), is used. When the x derivative of (12.10.2) is added to the y derivative of 
(12.10.3), (12.10.1) is obtained with 

NL = 2(BQJBx + BQ^/dy). (12.10.6) 

The vector Q can be calculated if the geopotential and temperature are given on a 
pressure surface, and the divergence of this vector field gives a clear indication of where 
rising motion will take place, with the vectors Q pointing in toward a region of 
rising motion, as has been demonstrated by Hoskins and Redder (1980). If s is a 
cooiuinale measuring distance along an isotherm (see Section 7.10), and n is the 
normal coordinate such that s, n, and the vertical form a right-handed system, then 
Q is given by the simple formula 

Q = (k X BvJBs)gix^ BB”jBn, 


(12.10.7) 
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where k is the unit vector pointing vertically upward. Thus Q is proportional to the 
rate of change of velocity along isotherms. 

Two model situations (northern hemisphere) are shown in Fig. 12.16. In both, 9" 
is decreasing uniformly poleward, i.e., 

9" = -Gy. (12.10.8) 

In the first case, it is the flow normal to the isotherms that is varying along the 


Cold Cold 



Worm 


(b) 

Fig. 12.16. Q-vectors used to deduce vertical motion due to the nonlinear part of the ageostrophic velocity. 
The vertical motion is associated with the divergence of the Q-vector field, with the Q-vectors tending to point 
toward regions of rising motion. There are two cases, each with isotherms (dashed line contours) running hori¬ 
zontally across the page, the horizontal temperature gradient being uniform. Solid contours represent geopoten¬ 
tial height, and arrows on these contours show the direction of motion (northern hemisphere). In case (a) there is 
a trough normal to the isotherms, with associated jets running parallel to the trough. The Q-vectors (thick arrows) 
are parallel to the isotherms and point toward the "coldward" jet, which will therefore be ascending. Conversely, 
the "warmward" jet will be descending. This behavior is typical of a developing cyclone. In case (b) there is a di¬ 
verging "warmward" jet, with velocity normal to each isotherm independent of distance along the isotherm. The 
Q-vectors (thick arrows) in this case are normal to the isotherms and point toward an ascending zone that runs 
parallel to the isotherms as shown. This sort of behavior is encountered at cold fronts. 
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isotherms, thus producing ageostrophic motion. In the second example, it is the flow 
along the isotherms that is varying along them, thus producing the ageostrophic 
motion. 


Model A. This example represents a developing cyclone with 

- a^gGyz^ -a>o exp(-xVL^). (12.10.9) 

In this case, Q is in the x direction and is given by 

Q, = a^gGdvJdx = 2a*0/o - 2 xVL^) exp(-xVL^). (12.10.10) 

The vectors point toward the region of maximum “coldward” velocity, and this is 
where the rising motion takes place, as illustrated in Fig. 12.16. Note that although 
the horizontal component of motion is “coldward,” the vertical comnonent, being 
upward, is toward higher potential temperature. For the jet to be “coldward” at the 
actual angle of ascent, and hence to release available potential energy (see Section 7.8), 
this angle must be less than the slope of the isentropes. Motions that can draw on 
available potential energy will be discussed in Chapter 13. 


Model B. This example represents a frontogenetic situation with the geostrophic 
flow tending to cause isotherms to come closer together. Suppose 


so that 




/oMg = xFXyl /oVg = -F(y). 

The Q-vector is now directed normal to the isotherm and is given by 

Q, = -o(^gGdu,/dx - oc^gfo^GF'iy). 

Figure 12.16b illustrates this, with the case 

Ftut = F.fv/r. 4- n 4- 

- -uv^/ — ' V ' v-r/ —/ / / 


( 12 . 10 . 11 ) 

( 12 . 10 . 12 ) 

n 7 10 nt 


corresponding to a decelerating and diverging “warmward” jet. The Q-vectors are 
uniform far upstream, where the motion is one of plain strain, and zero far down¬ 
stream, where the flows tend to zero. Consequently, the divergence in the Q-vector 
held and the associated rising motion are centered on y = 0 (and marked “rising 
motion” in the figure). 


In a real situation, both types of situation arise, e.g.. Fig. 12.17a shows the analysis 
of the 700 mb chart for 0000 GMT on 10 November 1975, at a time when a major 
storm was developing over the midwest of North America. The position of the surface 
fronts is indicated and the Q-vectors are shown in Fig. 12.17b. A region of rising 
motion is indicated northeastward of the low, where a strong “coldward” jet is found 
as in model A. Conversely, there is a region of descent in the “warmward” jet south- 
westward of the low. This jet diverges at the cold front, as in model B, so rising motion 
is indicated along the front. 
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Fig. 12.17. (a) Analysis of the 700 mb chart for 0000 GMT on November 10,1975. Height contours are drawn 
every 30 dynamic meters and temperature contours every 2°. The surface frontal analysis is indicated, (b) Q-vectors 
(arrows) and contours of their divergence tzero lines marked solid) for the situation shown in (a). IFrom Hoskins 
and Redder (1900)1 
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Chapter Thirteen 


Instabilities^ 

Fronts^ 

and the General Circulation 


13.1 Introduction 


Halley’s (1686) idea of the atmospheric circulation, with hot air rising in the 
tropics and cooler air descending at higher latitudes, was presumably based on 
experience with nonrotating fluids. In a nonrotating system, however, a zonally 
symmetric distribution of heating and cooling would give us no eastward or westward 
motion, and it was in this respect that Halley’s scheme was deflcient. The importance 
of rotation was later recognized by Hadley (1735), who showed that the tendency to 
conserve angular momentum can explain the eastward component of the trade winds 
(although he wrongly used conservation of angular velocity rather than angular 
momentum). Subsequent developments of models of the circulation are discussed 
by Lorenz (1967). In the nineteenth century, these were largely attempts to construct 
models that were qualitatively consistent with the observed surface distributions 
and with principles such as those outlined by Hadley. A rather different approach 
was the attempt by Vettin (1857) [see Fultz et al (1959)] to model the circulation 
by using a rotating vessel that contained air as the working fluid and sources and 
sinks (such as ice) of heat to drive the motion. This approach was promising, but 
appears not to have been followed up until nearly a century later. 

A major obstacle to progress was the lack of appreciation of the role of instabilities 
and of the transient and nonaxisymmetric motions that develop thereby. Helmholtz 
(1888) saw that instabilities could be important, but he placed most emphasis on 
the sort that gives rise to billow clouds and thereby aids vertical mixing. The instability 
idea was later utilized by V. Bjerknes (1937) [see Lorenz (1967)] to develop a picture 
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in close accord with present ideas. He concluded that the circulation would be rather 
different if it were forced to be zonally symmetric, and that such a zonally symmetric 
flow would be unstable to small longitude-dependent disturbances. Hence the ob¬ 
served circulation contains fully developed disturbances that take the form of cyclones 
and anticyclones. 

Mathematical models of the instability that leads to cyclone development were 
developed by Charney (1947) and Eady (1949), and these are discussed in Sections 
13.4 and 13.3, respectively. The process that they studied is called baroclinic instabil¬ 
ity, and the source of energy for the disturbances is the available potential energy 
(see Section 7.8) of the original zonally symmetric flow. The mere presence of avail¬ 
able energy does not, however, imply instability, as the counterexample of Section 
13.2 shows. In fact, certain conditions are necessary for instability to be possible, 
and these are considered in Section 13.5. 

Another form of instability of geophysical interest is called barotropic instability. 
In this case, the source of energy is associated with horizontal variations in the velocity 
of the mean flow. The example that is chosen (in Section 13.6) to illustrate this process 
is based on Rayleigh’s (1880) study of parallel-flow instability. As well as being 
directly applicable to the barotropic instability problem, the mathematics of this 
example is very similar to that of the Eady problem studied in Section 13.3. 

The instability theories deal only with the initial development of small disturb¬ 
ances, whereas the role of eddies in the general circulation depends on their mean 
effect over a life cycle. The life cycle of a baroclinic disturbance is discussed in Sec¬ 
tion 13.9 for a model pertinent to the atmospheric circulation. The eddies (i.e., 
cyclones and anticyclones) transport heat poleward, as expected from the fact that 
they take available potential energy from the mean flow. However, they also trans¬ 
port zonal momentum poleward, apparently because planetary waves propagate 
upward and equatorward from the seat of the instability and tend to be absorbed 
in the equatorward side ofthe jet stream. The eddy momentum transports have direct 
consequences for the surface wind distribution because of the angular momentum 
balance requirement. This is discussed in Section 13.10 along with other aspects of the 
circulation problem. An important feature is that the zonal flow is close to being 
in hydrostatic and geostrophic balance, as realized by Ferrel (1859/1860) (see Sec¬ 
tion 7.6). 

Baroclinic eddies are a prominent feature of the ocean as well as of the atmosphere, 
and these are discussed in Section 13.7. Although they are dynamically similar to their 
atmospheric counterparts, their horizontal scale is about a tenth of that for the at¬ 
mosphere (100 km instead of 1000 km) and their time scale is much longer. Another 
phenomenon of great interest is that of fronts. In the atmosphere, they are usually 
associated with developing baroclinic disturbances, and an example of a front form¬ 
ing through nonlinear development of an Eady wave is considered in Section 13.8. 


13.2 Free Waves in the Presence of a Horizontal Temperature Gradient 

In Chapter 7 it was found that a rotating fluid adjusts to a geostrophic equilibrium 
rather than to a state of rest, and this equilibrium state is characterized by having 
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potential energy that is available for conversion into other forms. It is of great interest 
to examine the behavior of small disturbances to such equilibria to see whether the 
dynamic constraints allow the disturbances to draw on this supply of available 
potential energy. If they can, such disturbances will grow spontaneously and become 
an important feature of the flow. If not, the behavior of the disturbances is still of 
interest, and it is useful to consider why potential energy is not released. 

To begin with, the problem will be studied in a uniformly rotating system (/plane) 
and complications due to the beta effect will be ignored. The fluid will be assumed to 
have reached an equilibrium state in which the temperature 0 has a uniform gradient 
in both the y (horizontal) and (vertical) directions. It will be convenient to refer 
to the y direction as northward, although the significance of this direction is due to 
the temperature gradient rather than to the beta effect. Because of the horizontal 
temperature gradient, the system has available potential energy, as discussed in Sec¬ 
tion 7.8, and this energy could be released if the isotherms could be made horizontal. 

By the thermal wind equation (7.7.10), the x component of velocity U has uniform 
shear in the vertical that is related to the horizontal temperature gradient by 


fdUjdz^ = - 0 L^gd@ldy, 


(13.2.1) 


where/is the Coriolis parameter, g the acceleration due to gravity, and ol^ the effective 
“expansion” coefficient defined by (6.17.21). The fluid is assumed to be incompres¬ 
sible (so the scale height //, is infinite), log-pressure coordinates will be used, and 
only quasi-geostrophic processes will be considered. 
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Section 12.9 and have an especially simple form in the present case in which ^ = 0, 
dVIdz^ is uniform, and the frequency is constant. In fact (12.9.1) and (12.9.2) 
reduce to 


dx^ dy^ ^ Nl dzl 


(13.2.2) 


which becomes Laplace’s equation if the stretched vertical coordinate z^ = N^zJf 
[see (8.8.25)] is used in place of z^. Solutions exist that are wavelike in the horizontal 
and in time, and have a form such as 


<I>' = Oq sin /y sin(/c(x — c/))exp( —7,,/^^), (13.2.3) 

where (k, /) is the horizontal wavenumber and c is the phase speed of the disturbance 
in the x direction (i.e., in the direction of surface level isotherms). The solution decays 
with altitude on the scale [see (8.7.22)] of the Rossby height Hr, which is given by 

= (13.2.4) 

where Kh = {k^ + /^)'^^ is the horizontal wavenumber. The associated potential 
temperature perturbation 6 is given by the hydrostatic equation (6.17.20), i.e., by 




rfi'/U 

'i'/JjR, 
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Thus for perturbations that decay upward, cold is associated with high geopotential 
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(i.e., with high pressure on level surfaces) and warm is associated with low pressure. 
Lines of constant phase are vertical. 

Laplace's equation does not allow solutions that are wavelike in all directions, 
so the only possible form of wave is a “surface” wave trapped against a boundary 

ckQ Q ciirfan^ ara\i\i\i wtckv^ P'rtr cimVi q trt pvict flip annrrtnnafp 

kJWWA* WU W VT U VWA U BM VW VT%BTW> M. VB hBWVBB W TTUTW VBBV %B|^|^BW^B V 

surface condition must be satisfied. In the present case, the condition to be applied 
at the horizontal boundary = 0 is = 0, i.e., by the temperature equation [cf. 
(12.9.6)] 


(d/8t + U d/dx)e + V d&/dy = 0 at z^ = 0, (13.2.6) 

where u is the perturbation velocity component in the y direction. Using (12.9.3) for 
i; and (13.2,5) for O' in terms of 6, this becomes 


86/dt + (U(0) + Hr dU/dzJ 86/8x = 0 at z,, = 0, (13.2.7) 

showing that the wave translates at a speed c given by 


c = + H^dVjdz^, (13.2.8) 

i.e., at the wind speed one Rossby height (or one e-folding scale) above the surface. 
This level, where phase speed equals wind speed, is called the “steering level."' 

The structure of the boundary wave is shown in Fig. 13.1 in a frame of reference 
that is stationary relative to the wave. At ground level, the streamlines are sinusoidal 
and air is warm for its latitude when displaced furthest poleward. Consequently, by 
(13.2.5) the surface pressure is low, and this is consistent with the streamline pattern 
only if the flow is easterly as shown in Fig. 13. Id. At the steering level there is no mean 
flow relative to the wave, so the motion is purely “coldward” east of the low and 
purely “warmward” (i.e., in the direction of the mean horizontal temperature gradient) 
west of the low. This is just the situation found in model A of Section 12.10, and 
consequently rising motion is expected in the “coldward” Jet and descent in the 
“warmward” jet. Such is indeed the case. The value of is given by (12.9.6), using 
(13.2.3) and (13.2.8), with the result (for c = 0) 

w* = ^o^*^^(.dU/dz^)s\nlyco&kx{zJHJ^)expi — zJHJ^). (13.2.9) 

Streamlines of the ageostrophic motion in the east-west vertical plane are shown 
in Fig. 13.1b and are obtained by integrating (13.2.9) with respect to x. Figure 13.1c 
shows isotherms (dashed lines) and contours of meridional velocity in the east-west 
vertical plane. Where isotherms are depressed the most, the air at that level is warmest, 
but the meridional velocity is zero. Figure 13.1e shows particle trajectories in the 
meridional plane. These can be calculated from (13.2.9), (12.9.3), and (13.2.3), which 
give 


6®/8y 

V ~ NlH^ dz^ ~ Hr 8&/8z^' 


(13.2.10) 


The last equality makes use of the definition (6.17.24) of JV^. The formula shows that 
trajectories are less steep than are isotherms below the steering level and steeper 
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Fig. 13.1. Properties of a wave trapped against a horizontal boundary in a uniform shear flow in a uniformly 
rotating environment. Isotherms are uniformly sloping in the y-z plane as shown by the solid lines in (e). (a) Stream¬ 
lines (which coincide with isobars and isotherms) in the horizontal for the flow relative to the wave at a high level 
where the disturbance is weak. As at all levels high pressure (or high geopotential) is associated with cold air. The 
coldness is due to the air being displaced upward, (b) Streamlines of the ageostrophic flow (i.e., of the disturbance 
in the y-z. plane. Ascent is associated with a "coldward" flow, coldward meaning that there is a horizontal com- 

k •. .dJ.! A M ^ A Am* i I PA ^ /caa 
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Section 12.10). (c) Contours of v, the y component of velocity (solid) and of potential temperature in the x-z, plane. 
Where the air is warmest (isentropes most depressed), there is no poleward flow, and where the poleward flow is 
strongest, the temperature perturbation is zero. Thus there is no poleward heat transfer by the wave, (d) Surface 
streamlines relative to the wave. The flow is easterly, and high pressure (where streamlines are displaced furthest 
equatorward) is associated with cold air, the coldness being due to the equatorward displacement, (e) Particle 
trajectories (arrows) in the y-z. plane relative to the isentropes (solid sloping lines). Near the ground, where the 
amplitude is large, the slope of these trajectories is more nearly horizontal than are those of the isentropes, so 
equatorward-displaced air is cold. At high levels where the amplitude is small, the slope of the trajectories is greater 
than that of the iseniro(jes, so equatorward-displaced air is warm because of its relatively large downward dis¬ 
placement 
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above. Because trajectories are steeper than are isotherms above the steering level, 
poleward-displaced particles are cold relative to their surroundings, as seen in Fig. 
13.la and c. 

A similar analysis can be done for an interfacial wave on a horizontal boundary 
at which there is a discontinuity in N^. This provides a model of the tropopause if 
the high value of is above the interface. The geopotential anomaly d>' is continuous 
at the interface and decreases exponentially away from the interface. It follows that 
the temperature perturbation changes sign at the interface and therefore is discon¬ 
tinuous ! This is possible because the isotherm slope changes discontinuously at the 
interface and the particle trajectories in the meridional plane have a slope in between 
the two isotherm slopes. If the value of above the interface is very large compared 
with that below, the tropopause behaves as a solid boundary and the solution is the 
same as that in Fig. 13.1, but with the signs of w^, 2 ^, v, U, and reversed, those of 
6 and x being unchanged. 

Another variant of the solution arises when the boundary slopes in the y direction. 
Waves propagate relative to the flow at the boundary, provided there is a temperature 
gradient there. The solution has a form similar to that found above [it is more appro¬ 
priate to give the solution in terms of(5©/5y)u rather than ofdUfdz^t where (d&/dy)i, 
is the temperature gradient along the boundary] even if the isothermal surfaces are 
horizontal and the boundary slopes. In that case the waves are those that were studied 
by Rhines (1970) not only for the quasi-geostrophic case but also for frequencies not 
small compared with / 

The above solution (i.e., that depicted in Fig. 13.1) is interesting because disturb¬ 
ances do not grow despite the availability of potential energy in the mean flow. For 
some reason, the dynamic constraints do not allow the disturbances to tap this energy 
source, and it is worth investigating why. Figure 13.2 is a reminder of the concept 
of available potential energy (see Section 7.8) in the form of an example in which 
isopycnals are sloping (Fig. 13.2a). For simplicity, it is assumed there are six homo¬ 
geneous layers as illustrated, the large dots indicating the center of gravity of each 
layer. Figure 13.2b shows the minimum potential energy configuration of the layers 
with the new positions of the centers of gravity and arrows indicating the change in 
position of these centers. This illustrates the principle that release of available poten¬ 
tial energy is associated with heavy (cold) fluid moving equatorward and light (warm) 
fluid moving poleward. 

In the wave solution above, the dynamic constraints do not allow this to happen. 
The mean poleward heat flux over a wave is proportional to 


— 1 54)' 1 54)' 54)' 

vd = - 6 = -, 

J dx CL^gf 5x dz^ 


(13.2.11) 


where the overbar denotes an average over a wavelength in the x direction. The rela¬ 
tion (13.2.5), however, requires this to be identically zero at all levels, because B is 
proportional to 4)', and so 


vB oc 4)' 54)'/5x = 5(i4)'")/5x = 0. 
Thus no heat is carried poleward and no energy is released. 


(13.2.12) 
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Fig. 13.2. Illustration of displacements associated with rearranging a fluid with sloping isentropes (a) to a 
minimum energy condition with horizontal isentropes <b). The fluid has been divided into six layers, each treated 
as being homogeneous. The solid circles denote the center of gravity of each layer and the arrows in (b) show 
the displacement of these centers that is required to achieve the state of minimum potential energy. Heavy (cold) 
fluid moves downward and equatorward, whereas light (warm) fluid moves upward and poleward. Consequently, 
there is a net poleward transfer of heat. One layer is shown hatched and another stippled for ease of identification 


To escape from the consequences of (13.2.5), it must be possible for the v and 6 
fields to be phase-shifted relative to each other. This can happen in various ways. 
One is confining the disturbance between two horizontal boundaries or between the 
surface and tropopause as shown in Eady’s (1949) celebrated paper, for then there are 
two solutions in the vertical, one decaying away from the upper surface and one from 
the lower surface. If the two surfaces are many Rossby heights apart, the waves on 
the two boundaries affect each other only slightly, so no new effects are found. For 
thg yua vgg trt have SL large effect on each other, the Rossby height must be comparable 
with the height of the model tropopause, i.e., the inverse wave number must be com¬ 
parable with the Rossby radius based on the tropopause height (i.e., Nff times the 
tropopause height, or about 1000 km). The phase shift can have different signs, 
depending on the relative positioning of the waves on the upper and lower boundaries. 
The sign that gives release of potential energy can be seen from the last expression 
in (13.2.11) because if phase lines tilt westward with height (as in Fig. 12.10, for in¬ 
stance), d)' increases with x when it increases with so the poleward heat flux is 
positive. When the two waves are able to coexist with this phase shift, it will be shown 
in Section 13.3 that they grow spontaneously. Conversely, if the phase shift results 
in eastward tilt with height, the disturbances decay. 
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13.3 Baroclinic Instability; The Eady Problem 


Now consider the same problem as that in Section 13.2, but with an upper bound¬ 
ary provided by the tropopause. To simplify the mathematics, the limiting case is 
taken for which the value of above the tropopause is large, so the upper boundary 
behaves as a solid boundary. Then the symmetry of the problem can be exploited by 
taking a frame of reference fixed in the flow at the level = 0, midway between 
the two boundaries that are located at = ± H. The flow is thus given by 

U = z^dUldz^, (13.3.1) 

where dUJdz^ is a constant satisfying (13.2.1). The solution of(l 3.2.2) for a disturbance 
of fixed horizontal wavenumber Kh can now be written in the form 

0)' = y4(x, y, 0 sinhfz^///^) -|- fl(x, y, 0 cosh(z^///R), (13.3.2) 

where is given by (13.2.4). The boundary condition of no vertical motion, which 
gives rise to the temperature condition (13.2.6), now applies on the two boundaries 
at z^ = +H. The alternative form in terms of is (12.9.6) with = 0. Substituting 
(13.3.2) and taking odd and even parts give 


SA . dUf„_ , H 
T' ■;— I « lann — 

dt dz^ \ //, 

— + — ( H coth — 
dl dz, V H, 


.. \SB „ 


Solutions exist in which A and B are proportional to 

cos /y exp(//c(x — ct)). 


(13.3.3) 


(13.3.4) 


where the wave speed c is given by 

= {dllldz^)\H tanh(/////R) - //r)(H coth(H///R) - Hr). (13.3.5) 

This is one of the results obtained by Eady (1949). 

In the limit, in which the two boundaries are many Rossby heights apart, i.e., 
H » Hr [by (13.2.4), this corresponds to the shortwave limit], the tanh and coth 
functions both tend to unity and (13,3.5) gives 


c ±idUldz^){H - Hr). (13.3.6) 

In other words, c is ecjual to the wind speed one Rossby height from the boundary, 
i.e., these are the boundary waves found in Section 13.2. 

In the long-wave limit, where the boundaries are a small fraction of a Rossby 
height apart, i.e., H « Hr, (13.3.5) gives 

ss -jHHdU/dzJ\ (13.3.7) 


i.e., c has become purely imaginary. In general, if c is expressed in terms of its real 
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part c, and imaginary part c,, i.e., 


c = Cr + ici, 


(13.3.8) 


the amplitudes A and B vary as does (13.3.4), i.e., as 


cos lyc\p(ik(x — c,t)) exp(/ccit). (13.3.9) 


If Cj is positive, disturbances grow spontaneously, whereas Cj < 0 corresponds to a 
decaying disturbance. Formula (13.3.7) shows that both types of disturbance exist, 
but the growing one will soon dominate because of its exponentially growing ampli¬ 
tude. In fact, there will be a wavenumber selection in favor of the fastest-growing 
disturbance. Figure 13.3 shows the growth rate a = kc-, as a function of wavenumber 
(k, /). It is small for long waves because (13.3.7) gives 


a = kc;i^ l-^'^kHdUjdz^, (13.3.10) 
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//tanh(///f/R) <//r. i.e., H < 1.1997 //r or iV„K„// < 1.1997/ (13.3.11) 

by (13.2.4). Maximum growth is achieved when 

J = 0 and // = 0.8031 Hr. i.e., N^kH = 0.8031/, (13.3.12) 

the maximum value being given by 

= 0.3098f f/N. )dU/d7^. n3.3.I31 

IIIJXJX -- N ' 



Fig. 13.3. Growth rate tr of an Eady wave as a function of wavenumber (k, /). Contours are shown in units of 
(//N, dU/dz^, Values are zero onk = 0 and when the magnitude Kh of wavenumber equals 1.1997. The maximum 
value 0.3098(//NJ dU/dz, is achieved when / = OandN,HKH/f = 0.8031. For fixed ratio fc/i the maximum is at the 
same value of Kh- The maximum for a fixed / (corresponding to a baroclinic zone of fixed width) is at a value of 
k that decreases as / increases (longer unstable waves for narrower baroclinic zones). 
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For this value, (13.3.3) shows that 

B \H coth(/f///R) - hJ 


(13.3.14) 


This gives the general formula for A/B. For the fastest-growing mode it is also 
equal to coth(H/HR), and thus the solution (13.3.2), taking the real part in (13.3.9), 
has the form 






sinh(///HR) cosh(/////R)_ 


I 


cos kx 


coshjzJHj^) 

sinh(///HR) 


+ sin kx 


sinh(r,/tf„) ' 

cosh(H/H^) 


exp((7t). 


(13.3.15) 


Figure 13.4 shows the structure of this fastest-growing mode solution in a format 
similar to that in Fig. 13.1. Near the lower boundary, the Eady wave is very much 
like the boundary wave except for the very important phase shift of 21 ° between the 
positions of isotherms and isobars, i.e., the warmest air is just ahead (eastward) of 
the surface trough. Conversely, the Eady wave is similar to a trapped wave on an 
upper boundary at that boundary. For the growing wave, the highs and lows are 
displaced 90° to the west on the upper boundary relative to the lower boundary. Thus 
the phase lines for the d)' held tilt westward with height and the same applied to t;, 
which is proportional to the x derivative of d)'. The same is also true for the ageo- 
strophic field because m, is proportional to U dvjdx by (12.2.24). The phase lines for 
temperature, however, do not tilt westward, but are displaced about 48° eastward 
between the lower and upper boundaries. At the middle level, the warmest air is 
actually the air that is moving most rapidly poleward, so v and 9 are perfectly corre¬ 
lated at this level. The heat flux v6 at any level can be found by substituting the solu¬ 
tion (13.3.2) in (13.2.11). This gives 


rt, Cn W_ fifl ^ 


d M W f 


_ Ji ^ A /^Y 

V..V, 


rn X 1 

^ A » A V/ 


which is independent of altitude for all waves and can be shown to be positive for 
all growing waves by use of (13.3.3). Particle paths in the plane are ellipses that 
expand with time. At the middle level = 0, and (13.3.2), (12.9.3), and (12.9.6) show 
that particles follow rectilinear paths along a line of constant slope equal to 0.5347 
times the slope of the isentropes. (It is of interest to note, before discussing cases with 
I = 0, that the I = 0 solution exactly satisfies the nonlinear quasi-geos trophic equa¬ 
tions.) 

Figure 13.5 shows the structure in the horizontal of a square (k = 1) Eady wave 
at the steering level. Warm air is carried poleward as shown and ascends at 0.5347 
times the slope of the isentropes. The characteristics are very similar to those of 
observed cyclonic and anticyclonic disturbances at the 700- or 600-mb level (see, 
e.g.. Fig. 12.17). The zonal wavelength of this wave is 2‘^^ times the value given by 
(13.3.12), namely, 11.1 NH/f » 4000 km or about zonal wavenumber 6 at the latitudes 
where disturbances are generally found. The shortest e-folding time for growth of a 
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H* 13.4. Properties of the most unstable Eady wave, i.e., the most unstable wave in a uniform shear flow 
between two horizontal boundaries in a uniformly rotating environment. The solution is independent of y. (a) The 
pattern on the upper surface and Id) the pattern on the lower surface, the solid line being an isobar and the dashed 
line an isotherm. The pattern on the lower surface is very similar to that of the boundary wave shown in Fig. 13.Id, 
except that isotherms are now phase-shifted 21° to the east relative to the isobars. (The phase shift is exaggerated 
in (a) and Id) for clarity, but (b) and (c) are accurate representations.) The poleward flow is now on the warm side 
and the equatorward flow is on the cold side so there is net poleward heat flux. At the furthest poleward point 
of the isotherm, the flow is still poleward because displacements are increasing with time. The pattern at the upper 
surface can be obtained from that at the lower surface by symmetry, (b) The stream function for the ageostrophic 
flow in the x-z, plane. Ascent is associated with "coldward" flow and descent with "warmward" flow as was found 
in Section 12.10. The most unstable wave has wavenumber such that there are 1.6 Rossby heights Hj between 
the two horizontal boundaries, (c) Contours of normal velocity v (solid) and isentropes (dashed) in the x-z, plane. 
The lines marked H (high geopotential) and L (low geopotential) are zero lines for v. The points marked W (warm) 
and C (cold) on the boundary show where the air is warmest and coldest. At all levels, air going poleward is generally 
warmer than air going equatorward, so there is a net poleward heat flux. The phase lines of the v Reid (as for O') 
tilt westward with height, the total change in phase between the two boundaries being 90°. 
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the atmosphere is 2 or 3 days. 

Thus the Eady problem provides a qualitatively plausible (and mathematically 
straightforward) model for developing disturbances. It explains how they can form 
spontaneously through instability of the mean flow and draw on the energy avail¬ 
able there. It also explains how a particular structure will tend to emerge by selection 
of the disturbance that grows most quickly. The properties of this disturbance also 
agree well with observation, i.e., (a) there are growing waves of wavenumber 6, (b) 
there is usually a warm tongue a little ahead of the surface trough, (c) at the steering 
level (located roughly midway between the surface and the tropopause) warm air 
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fig- 13.5. Ceopotential anomaly contours (solid) and temperature contours (dashed) for a growing square 
(k = 1) Eady wave at the steering level. The warm poleward jet is descending at about half the slope of the isentropes 
and the cold cquatorward jet ascends at the same angle, so there is a net poleward heat transfer and release of 
potential energy. The relationship between the two fields is similar to that in the synoptic situation shown in Fig. 
12.17 although the fields are considerably distorted in the real situation. 


flows poleward and descends at about half the slope of the isentropes, etc. (No/e: The 
observed steering level tends to be a bit lower than the Eady model predicts. Models 
that include beta effects can explain this lowering—see Section 13.4.) 

Laboratory models have been found to be very useful for studying the properties 
of baroclinic systems and, in particular, the variety of behavior of disturbances that 
can be found in such systems. A review of this work has been given by Hide and Mason 
(1975). Numerical models [e.g., Williams (1971)] show that the initial structure of 
freshly growing disturbances is very similar to that predicted by Eady’s analysis, 
especially if this is generalized to take account of nonuniform gradients (but still 
with uniformly sloping isentropes (G. P. Williams, 1974)), and of Ekman friction 
at the horizontal boundaries (Williams and Robinson, 1974). Some very interesting 
phenomena occur when the disturbances reach Unite amplitude, and these are dis¬ 
cussed in Hide and Mason’s review. 

The Eady problem also points to the possibility of eddylike disturbances that 
grow spontaneously in the ocean, although the model of the mean flow is not very 
realistic. However, since the preferred scale of the disturbances is of the order of the 
Rossby radius, it might be expected that the preferred wavelength in the ocean would 
be of the order of 271 x 30 » 200 km and this is in agreement with observed scales. 
Also, since the shear is so much smaller in the ocean, the growth rate given by (13.3.13) 
is small and therefore e-folding times of order 100 days are to be expected (Gill e/ al., 
1974). 

13.4 Baroclinic Instability: The Charney Problem 


The previous two sections ignored the beta effect, and it is important to find out 
how this affects the stability problem. Consider first the situation of Section 13.2, 
i.e., that with uniformly sloping isentropes over a single horizontal boundary, but 
with the beta effect included. This is the problem (with compressibility effects also 
included) considered in Charney’s (1947) pioneering paper on baroclinic instability. 

The equation for a small wavelike disturbance on any zonal mean flow U(y, z^) 
with the y variations sufficiently slow is (12.9.8) with the potential vorticity gradient 
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given by (12.9.4). The boundary condition = 0 on a horizontal boundary gives, 
after substitution of the wavelike form (12,9.7) in (12.9.6), 

(U - = idUjdzJii^. (13.4.1) 

For “purely barodinic” instability problems, t/ is a function only of , so the partial 
derivatives in (12.9.8) and (13.4.1) become ordinary derivatives. In theEady problem, 
dq/dy was zero, so given by (12.9.9) was constant, and analytic solutions of 
(12.9.8) were thus easy to obtain. If dqjdy is nonzero, nt^ is not constant, but solutions 
are easily obtained numerically when the imaginary part q of c is nonzero. For 
“neutral” disturbances, i.e., freely propagating waves with q = 0, the calculation is 
complicated by the singularity that exists at the steering level, but this does not occur 
for growing disturbances. 

In the Charney problem 

dq/dy = p (13.4.2) 

is a constant and there is no upper boundary. Solutions are discussed, e.g., by Kuo 
(1952, 1973), Charney (1973), and Pedlosky (1979). The solution for the fastest- 
growing mode (which has / = 0) is shown in Fig. 13.6 for the incompressible limit 
so comparison can be made with the /-plane solution of Fig. 13.1 and the 
Eady solution of Fig. 13.4. The maximum growth rate is achieved for / = 0 and is 
independent of ft, being given by 

= 0.286(//A'J dU/dz ^. (13.4.3) 

Surprisingly, this is almost the same result as that (13.3.13) found for the Eady 




f'g- 13.6. Properties of the most unstable Charney wave, i.e., of the most unstable perturbation to a uniform 
shear flow on a beta plane, in the incompressible limit. The solution is independent of y. (a) The stream function 
for the ageostrophic flow in the x-z, plane. Near the ground, ascent is associated with "coldward" flow and descent 
with "warmward” flow as found in Section 12.10. (b) Contours of normal velocity v (solid) and isentropes (dashed) 
in the x-z. plane. The lines marked H (high geopotential) and L (low geopolential) are zero lines for v. The points 
marked W (warm) and C (cold) show where the air is warmest and coldest on the lower boundary and also at 
=* 2ff||, which is the edge of the picture but not of the flow. The small panel at the side shows how the poleward 
heat flux varies with height. The steering level (SL) is also marked. The Rossby height Hg for this wave Is given by 
(13.4.4). (Solution courtesy of P. D. Killworth.) 
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problem. The functional dependence is exactly the same, with no dependence on 
P, and the value is only about 8% less than that in the Eady case Thus an e-folding 
time of about 2 days for the mid-latitude atmosphere is also predicted by this model. 

Qualitatively, the solution looks like the Eady solution (Fig. 13.4) near the ground. 
Perturbation geopotential contours tilt westward with height, warm air is ahead of 
the trough line, poleward-moving air is warmer than average and descends at an 
angle less than that of the isentropes. Quantitatively, of course, there are differences. 
For example, the surface warm tongue is now 41° ahead of the surface trough. The 
phase difference between temperature and pressure increases to a maximum of 92° 
at = 0,5//n and then falls off toward zero. The steering level is at = 0.33Hf^ 
(this is lower than for the Eady problem, in which it was 0.40//^ above the surface). 
The poleward heat flux falls off with height and is less than 7% of its surface value 
at z^ = At higher levels, the solution approaches asymptotically the /-plane 
solution shown in Fig. 13.1 and the visual similarity can be seen in the figures. In 

oarticular. the chase differences between O' and 6 become small. This is also a feature 

*■ , - ^ - __ _ -- ... 

of observed transient disturbances in the atmosphere (Lau and Wallace, 1979). 

The important feature of the incompressible Charney solution that is not in the 
Eady solution is that the horizontal and vertical scales are set by the value of ft and 
not by the tropopause height. Scales for the fastest-growing wave (which has I = 0) 
are given by 

k-^ = \. 26 U,/pNJdU/dz^, 

//„ = (fJkNA = 26( dU/dz^ n3.4.4i 

1^/ Vf » ip ' - ( ip \ - ^ 

= 1 .26/^1p X isentrope slope. 

The last expression comes from using the thermal wind equation (13.2.1) and the 
definition (6.17.24) of N^, It so happens that the value of Hr, at midlatitudes, that 
is given by this formula is of order 10 km, so these scales are very similar to those 
found by Eady. 

Green (I960) studies the problem when both the beta effect and a lid are present, 
thereby combining the Eady and Charney problems. The parameter that determines 
the solutions is the ratio of the height scale given in (13.4.4) to the height of the lid. 
The maximum growth rate varies little, as expected from the fact that it is very 
similar in the two limiting cases. However, the beta effect does strongly influence 
the properties of the very short and very long waves. There are now short wave modes 
that are rendered unstable by the beta effect, whereas the longest waves are unstable 
through a new mode with a more complicated vertical structure and a weaker growth 
rate. 

The height scale given by (13.4.4) also is comparable with the scale height so 
compressibility effects should also be included. These produce differences in detail 
but not in the basic structure of the fastest-growing mode [see Lindzen et al. (1980) 
for the compressible case]. 

The Charney and Eady problems provide good illustrations of the baroclinic 
instability process in a continuously stratified fluid. The instability can also be ob¬ 
tained in the single situation of two superposed homogeneous layers of different 
densities and differing mean velocities. This was studied by Phillips (1951) for the 



13..S Nec essary Conditions lor Instability 


563 


/-plane case [see also Pedlosky (1979)], with layers of equal depth, and was extended, 
e.g., by Gill et al. (1974), to include effects of beta, bottom slope, and unequal layer 
depth. The model has been applied by P. C. Smith (1976) to explain the energetic 
fluctuations observed in the very strong (0.6 m s“ ‘) bottom current (Fig. 10.8) that 
flows through Denmark Strait between Iceland and Greenland. The fluctuations 
have a period of 1.8 days and the f-folding time given by the model is about 4 days. 


13.5 Necessary Conditions for Instability 


In Sections 13.3 and 13.4 it was shown by studies of particular cases how dis¬ 
turbances can grow spontaneously by drawing on the supply of potential energy 
available in the mean flow. This is a very important demonstration because it shows 
a means by which atmospheric depressions and oceanic eddies can be formed. How¬ 
ever, the example of Section 13.2 shows that the mere presence of available energy is 
not sufficient to ensure instability since dynamical constraints may not allow the 
energy to be released. This raises the question about what conditions are required 
for instability to occur. It turns out that it is possible to find conditions that are 
necessary in order for instability to occur. These are very useful because if they are 
noi satisfied, it can be concluded that the dynamical constraints will not allow the 
energy to be released. If they are satisfied, the possibility of instability is indicated, 
but this cannot be verified without making detailed calculations. 

The necessary conditions for instability are most easily derived for perturbations 
with no y dependence and for flow between two horizontal boundaries. Suppose that 
the flow is unstable, so that the imaginary part C; of c is nonzero. Then multiplying 
(12.9.8) by the complex conjugate of ij/, integrating by parts, and using the boundary 
condition (13.4.1), an equation results whose imaginary (divided by Cj) and real parts 
yield, respectively. 




(13.5.Ia) 


(V 


g) 


jl\U-c\^ey * 



Cr) 


dQ 


/o|f/ - J 


P. 


(I3.5.lb) 


where P is a positive definite expression. 

In each equation, the first term is an integral from the lower to the upper boundary 
and the square brackets enclosing the second term denote the value al the upper 
boundary minus the value at the lower boundary. The thermal-wind equation! 13.2.1) 
has been used to express the boundary contributions in terms of the temperature 
gradient on the boundary. The result is easily generalized to the case in which y 
dependence is allowed, in which case (13.5.1) is integrated over the y domain, at the 
boundaries of which either periodicity or a condition of no normal flow is assumed. 
Also, the upper and lower boundaries can have a small slope, provided that d®jdy 
in (13.5.1) is interpreted as the temperature gradient along the boundary rather than 
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that at a fixed level. It is also possible to remove one or both of the boundaries to 
infinity by taking the appropriate limit. 

The application of (13.5.la) to the problems already studied can now be made by 
considering the signs of the various terms on the left-hand side. In the example of 
Section 13.2, the only contribution is a negative one from the lower boundary, which 
cannot equal zero, and therefore the flow must be stable, as is indeed the case. In the 
Eady problem, the negative contribution from the lower boundary is balanced by a 
positive contribution from the upper boundary, thereby allowing the possibility of 
instability. In the Charney problem, there is no upper boundary contribution, but 
there is instead a positive contribution from the interior, so instability is again pos¬ 
sible. In general, the necessary condition for instability that is required for (13,5.1) to 
hold is (Green, 1960; Charney and Stern, 1962) that the set of functions 


{dqm 


interior! 


id®/dy\ 


lower 1 


-idem 


upper 


(13.5.2) 


must not have the same sign throughout, but must include both positive and negative 
values. Conversely, a sufficient condition for stability is that the set of functions 
(13.5,2) have the same sign everywhere. An alternative derivation and interpretation 
of this result is given by Bretherton (1966). 

The condition can be strengthened by taking into account (13.5.1b), in which c^ 
can be replaced by an arbitrary constant Uf because an arbitrary multiple of(13.5.1a) 

i^on nMM Ai-1 f / 1 ^ 1 Tt lo i-f' I o mi 

vuxi L/v uj* XL iwilwrvis txxut xiiw jiKyjv fo (c- *j yx. i yyj-r) cx xx uiiLiywi 

Vj can be found such that the functions 


((C - V,)dqldy),(iU- Ur) a©/ay),o,„, -((U - Cja©/ay)„„„ 

(13.5.3) 

are nowhere positive. The result can also be obtained [see Pedlosky (1979)] without 
assuming a wavelike dependence on x and t by balancing the rate of change of dis¬ 
turbance energy with rates of change of other integrals that are negative definite 
when the quantities (13,5.3) are everywhere negative or zero. The technique can be 
generalized to nonparallel, quasi-geostrophic flows. Then the geopotential perturba¬ 
tion O" acts as a stream function for the steady flow whose stability is being investi¬ 
gated, since the horizontal flow is geostrophic and thus horizontally nondivergent 
at the leading order of approximation. Consequently (12.8.13) shows that the potential 
vorticity q is constant on streamlines O" = const., i.e., 

q = m"). (13.5.4) 

Similarly, the temperature © of a fluid particle on the boundary is conserved, and so 

1=; = 


on the upper and lower boundaries. A sufficient condition for stability that was found 

__;____i_i_x_ t ^ / t f\^ e\ _ 

Dy niunicn uMng a nicinou uuc lu /\rnoiu is iiiaL 

idq/d(i>"\„,,rior . (d©/a<D''),o,,er. -(a©/^<I>")„pp„ (13.5.6) 

be positive everywhere. The relationship with (13,5.3) can be seen by noting that for 
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parallel flow 


dq dqjdy 


dq/dy 


(13.5J) 


d<l^"ldy foU 

The above conditions are useful, for example, in discussing baroclinic instability 
in the ocean. Gradients are generally weak below the surface layers, so dq/dy is close 
to beta except near the surface. If dq/dy does not change sign and the bottom tem¬ 
perature gradient is negligible, (13.5.2) implies that instability is possible only if the 
surface temperature increases toward the poles! This rarely happens, but in regions 
of westward surface flow, the temperature increases poleward at the thermocline 

IpvpI nc ran hp Qppn in mprirlinnnl tpmnprntiirp cprtinnQ /"cpp nlcri Fio 19 THiq can 

produce a change in sign of dq/dy with quite modest currents. For instance. Gill 
et al. (1974) found instabilities with e-folding times of order 100 days for westward 
surface currents of 0.05 m s“ *. A quite different situation exists in the cold waters of 
Drake Passage, where the observed eddies appear to be due to an instability asso¬ 
ciated with the equatorward increase of temperature on the bottom (Wright, 1981), 


13.6 Barotropic Instability 


The stability problems examined so far have been for the case in which t/ is a 
function only of z^, i.e., the “pure baroclinic” case. In general t/ is a function of both 
and r and thp notential vnrticitv eradient H 2.9.4i. which can be resoonsible for 

^ »----W p- --- -- J ^ -- ,, ----- --I- - - 

instability, as it is in the Charney problem, involves y derivatives as well as z^ deriva¬ 
tives. The condition for the terms involving y derivatives to be small relative to those 
involving derivatives is that the y scale L should satisfy 

L»N^H/fo, (13.6.1) 


where H is the z scale of the U profile, assumed not to be larger than the scale height 
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the undisturbed flow has horizontal scales large compared with the Rossby radius. 
The condition (see Section 12.3) is also the one for the energy of the undisturbed flow 
to be principally available potential energy rather than kinetic energy. 

The opposite limit occurs when C/ is a function only of y, and is called the “pure 
barotropic” case. This applied when variations with height can be neglected. When 
both types of instability are potentially present, a quantitative assessment of their 
relative importance can be made by using the disturbance energy equation. For the 
incompressible case, this equation can be deduced by starting from the disturbance 
form of the quasi-geo strophic momentum equations (12.2.24) and (12,2.25), which 
give 


/oMa = + V ^/^X)Vg, 


foK = ^ d/dx)u^ + (dU/dyX, 


(13.6.2) 

(13.6.3) 
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where Uiy, z^) is the undisturbed flow, 

Mg = -/o' ‘ d(t>'/dy, i?g = fo '■ d<t>'/dx 


(13.6.4) 


is the disturbance geostrophic velocity, and (Ua.uJ is the disturbance ageostrophic 
velocity. If times (13.6.3) is subtracted from times (13.6,2), and (13.6.4) is used, 
the result [cf. (12.2.33)] can be written 

~^d/dt + U d/dx)(ul + Vg) + (dU/dy)UgVg + u^d<^'ldx + v^d<^'/dy = 0. (13.6.5) 
Adding N~ ^ d^'jdz^ timcs( 12.9.6) and using(l 2.8.2), (13.6.4), (13.2.5), and (13.2.1) gives 

2 a© 


!;)(“• + + (^)) ^ 


“ [kj 






dx 


(13.6.6) 


This can be averaged with respect to x over a wavelength, the average being denoted 
by an overbar and periodicity in x being assumed, to give on integration with respect 
to y and z^ 


11 
2 dt 



“b + 


+ 






dy dz^ 


' du _ 

-^UgVgdydz^ 



d& — 

-^v,edydz,. 


(13.6.7) 


The normal velocity is assumed to vanish on the boundary of the domain of integra¬ 
tion. The right-hand side contains two terms representing sources or sinks of dis¬ 
turbance energy. Only the second arises in a “pure baroclinic” problem, in which this 
represents conversion of mean available potential energy to disturbance energy. Only 
the first arises in “pure barotropic” problems, in which it represents conversion of 
mean kinetic energy to disturbance energy. When both processes are active, the ratio 
of the terms may be taken to define the relative importance of the two effects. 

The “purely barotropic” problem will now be illustrated by a simple /-plane 
example. When beta is zero, the problem has exactly the same form as in the non¬ 
rotating case, so the classical theory of the stability of undirectional flows can be 
applied (Lin, 1955; Drazin and Howard, 1966; Drazin and Reid, 1981), The example 
chosen is that of a uniform shear flow 

U = ydUjdy for |y| < L (13.6.8) 

(with dU/dy constant) sandwiched between two regions of uniform flow as shown 
in Fig. 13.7. This problem was first studied by Rayleigh (1880) and is very similar 
mathematically to the Eady problem studied in Section 13.3. This is because the 
potential vorticity gradient dqjdy, given by (12.9.4), is zero (except at y = ±L), so 
(12.9.1) again reduces to (13.2.2), although this time there is no variation. The 
solution has structure similar to that of (13.3.2), and for a growing mode it takes the 
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Fig. 13.7. Perturbation geopotential (or perturbation pressure) for the most unstable disturbance to the split¬ 
line velocity profile shown at the right. The tilt of the phase lines is such that it is correlated with - v, i e.. if y points 
northward, eastward momentum is carried southward and westward momentum is carried northward. 


form 


O' = (a cos kx sinh ky + b sin/:x cosh Jty) exp(ff/) for |j| < L. (13.6.9) 


For |>^| > L, O' decays exponentially away from the value given by continuity of 
O' at y = L, The relationships between a, b, and a follow from the requirement of 


_■_/i-i ^ 


cuniinuuy Oi v^, as given oy at y = x 


They give 


aa = b{dU/dy)(\ — kL + ^ exp( —2^L)), 
ab = a(dU/dy)(JiL — i + i exp( —2^L)), 


and hence 

= (dUjdy)\i cxp(-4kL) - ({ - kLf). (13.6.11) 

The maximum value for the growth rate a is given by 

= 0.2012 dU/dy when = 0.3984, (13.6.12) 

and the corresponding solution is shown in Fig. 13.7. As for the Eady problem, 
instability occurs only for wavenumbers that are less than a cutoff value, which in 
this case is given by kL = 0.6392. 

The geopotential perturbation O' shown in Fig. 13.7 has phase lines tilting in the 
direction opposite to the shear profile shown in the panel at the side, i.e,, if eastward 
mean velocity increases to the north, phase lines tilt westward with increasing 
latitude. This is characteristic of a growing wave because (13.6.7) shows must 
have the sign opposite to dU/dy for growth. Equations (13.6.4) then show that where 
O' increases with x, the y gradients of O' and U must have the same sign, and this 
implies that phase lines tilt the way opposite to that of the shear flow. In the present 
example has a constant value for | y | < L and is zero for | y | > L. The sign is that 
associated with bringing momentum from outside the shear layer in toward the center 
of the layer. This has the effect of reducing the mean flow energy by transfer to the 
disturbance. 

The above example is useful for illustrating the characteristics of barotropic in¬ 
stability, but for geophysical applications the beta effect is often of prime importance. 
The required modification is discussed by Kuo (1949, 1973). The first condition 
(1 3.5.2), found in Section 13.5, shows that barotropic zonal flow is stable if 


B - d^Uldv^ 

I I r' 

does not change sign, i.e., if the maximum value of the vorticity gradient d^Ujdy^ 
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is less than fi. To give an indication of the implications of this, define a length scale 
L and velocity scale AC/ such that ddJil} equals the maximum vorticity gradient. 
The instability is possible only when 

L<iAUIpy!\ (13.6.13) 

i.e., for atmospheric examples with AC/ = 20 m s“‘, L must be less than 1000 km 
for instability, whereas for an oceanic example with AC/ = 20 cm s“ L must be 
less than 100 km for barotropic instability to be possible. 

Stability calculations have also been made for barotropic planetary waves 
(Lorenz, 1972; Gill, 1974; Coaker, 1977; Ripa, 1981). Except for the special case of 
zonal flow, planetary waves on an infinite beta plane are always unstable (Gill, 1974). 
If their inverse wavenumber is well below the value given by (13.6.13) (or, looked at 
from another viewpoint, if their amplitude AC/ is sufficiently large), the instability 
is just like that of parallel flow in the absence of beta. For large scales (or small 
amnlitudeL on the other hand, the unstable disturbance consists of two waves that 

- - r - 7 — 7 

form a resonant triad (see Section 8.13) with the primary wave. The results have been 
generalized to a two-layer system by Jones (1979). On a sphere, the geometric con¬ 
straints reduce the possibilities of resonant interactions, so not all waves are unstable 
(Hoskins, 1973; Baines, 1976), 

In practical examples, there is often a mix of baroclinic and barotropic effects. 
Parameters that affect the situation are the ratios of the length scale L on which the 
flow varies to the Rossby radius and to the beta scale (13.6.13). In oceanographic 
examples the ratio of the depth scale, on which the mass flow varies, to the ocean 
depth is also important, and Killworth (1980a) has discussed the stability properties 
for the variety of limiting cases that are possible. The presence of side boundaries 
is also important in the case of boundary currents like the Gulf Stream, and bottom 
topography also has an effect. Laboratory experiments on the stability of boundary 
currents are discussed, e.g., by Griffiths and Linden (1981). 

The remaining sections show how disturbances can grow spontaneously in certain 
circumstances, and there are many other examples that occur in nature. In fact, 
instabilities are very common and give rise to such natural features as turbulence in 
wind and water, both tropical and extratropical storms, a great variety of cloud 
forms, rain bands, thermals, etc. The instabilities are not studied here, but the follow¬ 
ing authors have written pertinent books: Betchov and Criminale (1967), Chand¬ 
rasekhar (1961), Charney (1973), Drazin and Reid (1981), Gossard and Hooke 
(1975), Lilly (1979), Turner (1973), Wallace and Hobbs (1977), Woods (1982), and 
Yih (1980). 


13.7 Eddies in the Ocean 


Many aspects of the dynamics of the ocean circulation were discussed earlier in 
Sections 10.14 (eastern boundary currents). Sections 11.12, 11.14, and 11.16 (tropical 
currents), and Sections 12.5 and 12.6 (extratropical currents). In particular, it was 
seen that in mid latitudes, Ekman pumping (introduced in Section 9.4) causes vertical 
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displacements of the thermocline and the establishment of a “Sverdrup balance,” 
as depicted in Fig. 12.5. The associated density field contains a large amount of avail¬ 
able potential energy that is generated at an average rate of order 10“^ W m“^ 
(Gill e/ a/., 1974) by Ekman pumping. The scale of the gyre is set by the meridional 
scale /~ ' as 1000 km of the wind stress, which is about 30 times thebaroclinicRossby 
radius (see Section 12.5). It follows [see (7.5,2)] that the available potential energy 
is about 30^, i.e., about 1000 times bigger than the kinetic energy associated with the 
Sverdrup mean circulation. If this were the whole story, the ocean currents away 
from the boundaries would be very weak (of order 1 cm s“ ^), and this was thought 
by many to be the case until current measurements in such regions began to be made 
in the late 1950s. 


In practice, however, currents observed in the ocean interior are typically of order 
10 cm s“ ' rather than 1 cm s“ *, so how do such strong currents arise? It has been 
seen in the earlier sections of this chapter that eddies can arise through instability 
of the mean flow and can draw on the potential energy available in the mean held. 
Such eddies tend to have a scale of the order of the Rossby radius, i.e., a scale for 
which [see (7.5.2)] the kinetic energy is comparable with the available potential energy. 
It follows that if the available potential energy of the ocean gyre were suddenly 
used to create eddies on the scale of the Rossby radius, their available potential energy 
would be about half that of the original gyre (i.e., the eddy available potential energy 
would be the same order as that of the original gyre), and the eddy kinetic energy 
would be about the same, i.e., very much larger than that of the original gyre. This 
argument gives a possible source of energy for the eddies, but it does not explain why 
and how that energy source might be utilized. Numerical experiments [see, e.g., 
Schmitz and Holland (1981); Robinson et al. (1977)] with sufficient resolution to 
simulate eddies demonstrate how these can be generated and also contain many 
features that can be compared with observation. In particular, the geographical 
distribution of eddies indicates that the major production zones for eddies are in 
the regions of strong currents such as the Gulf Stream. Also, the models indicate 
that the deep recirculating flow found in the western basin of the North Atlantic is 
eddy-driven. 

The observed properties of eddies vary considerably, but the word eddy is gen¬ 
erally used to describe features with length scales (inverse wavenumbers) of order 
10-100 km, and with time scales (inverse frequency) of 10-30 days. They tend to 
be in approximate geostrophic balance and are generally found to move westward 
at a few centimeters per second. Their amplitude, in terms of vertical displacement 
of isopycnals, can be 100 m or more, and the associated currents can be 1 m s" ' or 
more, although magnitudes of order 10 cm s“' are more typical. In the North Atlantic 
between 0° and 50°N, the distribution of eddy potential energy density, calculated 
by Dantzler (1977), indicates that the largest values (500-2000 cm^ s~^) are confined 
to the general area of the Gulf Stream. Although there is little doubt that eddies in 
this region are due mostly to instability (Schmitz and Holland, 1982), other genera¬ 
tion mechanisms such as wind forcing (see Section 9.11) or flow over topography 
(Sections 8.7-8.10) could be significant elsewhere (Muller and Frankignoul, 1981). 


Instabilities may take a variety of forms, and the mechanisms are often difficult 


to identify observationally. However, one form clearly seen in observations is due 
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Fig. 13.0. (a) Chart of the depth, in hundreds of meters, of the 15° isothermal surface, showing the Gulf Stream, 
nine cyclonic rings, and three anticyclonic rings. Contours are based on data obtained between 16 March and 
9 July 1975. (b) A temperature section through the Gulf Stream and two cyclonic (cold-core) rings south of the 
stream. The section is a "dog-leg" from 36°N, 75°W (left-hand end) to 35°N, 70°W (middle) and then to 37°N, b5°W 
(right-hand end). [From Richardson e( ai. (1976, Figs, la and 4a, Section 3).] 
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to Gulf Stream meanders forming large loops that pinch off and form Gulf Stream 
“rings.” If they break off on the equatorward side, they have cold water in the middle 
(cold-core eddies), and the Labrador Sea water they contain may be trapped in the 
eddy for a year or so, in which time the ring may move a considerable distance to the 
west and south. Similarly, warm-core eddies form on the poleward side and drift 
westward also, sometimes being reabsorbed into the Gulf Stream. For example. 
Fig. 13.8 shows the Gulf Stream, nine cold-core (cyclonic) rings and three warm-core 
(anticyclonic) rings observed in the spring of 1975, together with a cross section 
through the Gulf Stream and two of the rings. A summary of the properties of rings 
is given by Richardson (1982). 

Further information about eddies may be found in the survey article by Wunsch 
(1981) and in the comprehensive volume on eddies edited by Robinson (1982). 
Reviews of the observational base are given by Richman eta/, (1977) and the MODE 
Group (1978). Modeling of eddies and their interactions with the mean flow is dis¬ 
cussed by Rhines (1977, 1979) and by Rhines and Holland (1979), Analogies between 
ocean eddies and baroclinic disturbances in the atmosphere are considered by 
Charney and Flierl (1981). 


13.B Fronts 


The solutions found in Section 13.3 nicely illustrate the initial development of 
baroclinic disturbances, but sooner or later effects that have been neglected in the 
model will come into play and give rise to new features. One is the development of 
the sharp fronts that are such a familiar feature of surface weather charts. These 
have a variety of forms and develop in a variety of ways. Descriptions are given e.g., 
by Wallace and Hobbs (1977) and by Palmen and Newton (1969); many ideas of 
structure go back to Bjerknes (1919). Here attention will be concentrated on one 
illustrative example, namely, the fronts formed by the fastest-growing Eady wave 
(see Fig. 13.4). This is somewhat special because the disturbance is independent of 
y and in fact satisfies the nonlinear quasi-geostrophic equations. However, the quasi- 
geostrophic approximation itself breaks down when the ageostrophic velocity com¬ 
ponent Mg becomes comparable with its geostrophic counterpart, which in this case 
is U. Then the derivative D/Dt, following the motion, can no longer be approximated 
by DJDt. 

A formal procedure for finding the equations that apply in the neighborhood 
of a front is to introduce appropriate nondimensional variables (in a frame of 
reference moving with the front), allowing for the fact that the cross-front scale 
is small compared with the along-front scale L^. Suitable scales for t, u, v, 
w, <D', and 8 are {LJL^)f~\{flN^)L^, (LJLy)fL^, fL^, and 

The result of introducing these scalings is that the only term that can be 
neglected in the equations is the acceleration term Du/Dt in the x component of the 
momentum equation, this term being of order {LjLyf relative to the Coriolis term. 


Thus now along the front is in geostrophie bulanec with the cross-front pressure 
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gradient, i.e., 

i; = i;, =/-‘ aO'/djc. (13.8.1) 

The cross-front flow is not in geostrophic balance, but it is still useful to express it 
as the sum of a geostrophic part and an ageostrophic part u^, where 

/u, = -Dv/Dt = -DvJDt, (13.8.2) 

the equality on the far right using (13.8.1). The operator DjDt has its full three- 
dimensional form (4.1.7), i.e., it includes the term djdz^. The remaining equa¬ 
tions to be satisfied are the hydrostatic equation (6.17.20), the continuity equation 
(12.8.2), and the potential temperture equation (4.10.8). These equations were used 
by Sawyer (1956) and Eliassen (1962) to discuss the vertical circulation at fronts. 

It so happens that this set of equations can be transformed into the quasi-geo- 
strophic equations by a change of variables (Eliassen, 1962; Hoskins and Bretherton, 
1972: Hoskins and Draghici, 1977), i.e., by a replacement of the variables on the left 
of the following tabulation with those on the right (denoted by changing lowercase 
into capitals and vice versa) 


where 


(D' 0' = <D' + \v\ 

X X = X + vjf. 


I = t, 


Ma 

Ni 


U.= 

nl = 


^w^dv/dz^, 

wJJ 


«*9 

f 




dv 36 


dz^ 3x 


]■ 


(13.8.3) 


^ _ djX, ZJ 
f dx dx d(x, z^,) 


(13.8.4) 


is the Jacobian of the coordinate transformation. The dependent variables 6, Ug, and 
V are unchanged, so there is no need to introduce new symbols for them. The inde¬ 
pendent variables z^ and t are not changed either, but capital letters are used to indi¬ 
cate that partial derivatives such as 3jdZ^ that involve capital letters, are for fixed 
X, whereas tjdz^ is for fixed x. 

The proof of the result about the transformation is a matter of manipulation of 
partial derivatives. For instance, by the definition (13.8.3) of X, it follows that its 
derivative, following the motion, is 

DXIDt = DxiDt + f-^DvlDt = u+ Dv/Dt = u... fl3.8.5i 

r / ■ ^ I ■ j I \ j 

the last equality using (13.8.2) and the definition of u^. It follows that the expression 
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for the derivative following the motion is, in the new coordinates, 

D d DX d d DZ^ d D, d 

- =- 1 - 1- U - 1- - i - = — 2 -j- u; - 

Dt dT Di ex dy Dt dZ* Dt * dZ^ ’ 
where DJDt is defined by 

DJDt = djdT + Mg d/dX + v d/dy 


(13.8.6) 


(13.8.7) 


and djdT represents the time derivative with X (not x) kept constant. The transformed 
versions of (13.8.2) and (4.10.8) are now 


fU,= - D^v/Dt, D^e/Dt + (ni/(x^g)W^ + v dO/dy = 0, (13.8.8) 

and the remaining equations are 

fv = d^'/dX, a^gd = #7aZ*, dUJdX + dWJdZ^ = 0. (13.8.9) 


These follow by expanding derivatives with respect to X and Z^ in terms of x and 
derivatives, using for any function F 


6F _ djF.X) _ I d(F,X) 1 OF I 6v 

dZ^~ d(Z^„X)~J d(z^,x)~Jldz^\‘ ' f dxj dx f dz^ 


and a similar result for dFjdX. 

Now the quantity nj is proportional to Ertel’s potential vorticity Q, defined by 
(7,11.17), and therefore is conserved following the motion by (7.11.13). The semi- 
geostrophic equivalent can be derived from the above equations. For the Eady 
problem, is uniform for the undisturbed flow and thus remains uniform throughout 
the motion. It follows [as was first shown by Hoskins and Bretherton (1972)] that 


4.1 _a-____ i:**^*^ i __ _ / j 

me siujuiiuii 111 me iiciii&ijuiiiieu euuiuiimie im&i me aiaiiie luiiii j j.j,i aa mai luuiiu 

in section 13.3. In particular 6 and v are given on a section y = 0 by 


= nlZ^ + 


exp(<r7') 

Hr 


r cos kX 


coshjZJH^) 

sinh(H///R) 


+ sin kX 


sinh(Z,/H,) 1 

cosh(/f/HR)J’ 

(13.8.11) 


f\X — x) = fv = kexpiffT) 


— sin kX 


sinh(Zg./ffR) 

sinh(f//HR) 


+ coskX 


coshjZ JHJ^) 
cosh(/f/HR) 


( 


3.8.12) 


This solution is shown in Fig. 13.9, which was constructed by first calculating contours 
in (X,ZJ space and then using (13.8.12) to transform to (x, zj space. It has the 
property that a singularity develops on the boundaries (at the points marked L) 
after a finite time, the singularities corresponding to the formation of fronts with 
infinite gradients. The singularity on the ground is at the point where 7 = oo, i.e., 
dx/dX = 0, i.e., by (13.8.12) it occurs at kX = when k^ exp(ffT) = 2“ Figure 
13.9 shows the solution when the disturbance amplitude is 90% of the value at this 
time. For comparison. Fig. 13.10 shows an observed section through a front, and the 
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F'g- 13.9. Large-amplitude solution for the fastest-growing (two-dimensional) Eady wave. Contours are of 
normal velocity (solid) and potential temperature (dashed) in a vertical section. The amplitude of the perturbation 
is 90% of the value at which singularities develop at the low pressure (L) points on the boundary. At these points, 
which corresponds to the fronts, the normal velocity is zero. The contour interval in potential temperature is the 
Sdm6 dS in the srTidll'-dmplliLide solution shown in Fig. 13.40. The solution wds obtdineu by coordindte trdnsrormdt^on 
from the latter, so the boundaries of the contoured region do not coincide with the frame. The vertical exaggeration 
is N,//. Note that the velocity and potential temperature contours become nearly parallel at the front. The lower 
panel shows the corresponding variation of surface pressure with distance x. Note the sharpness of the trough 
as compared with the broadness of the ridge. 



Fig- 13.10. A vertical cross section through a frontal zone from Omaha, Nebraska (OM), to Charleston, South 
Carolina (CH). showing contours of velocity in meters per second (dashed) and potential temperature in degrees 
Kelvin (solid). The horizontal distance across the section is about 2000 km. The time was 00 CCT on 20 November 
1964. The figure is from Wallace and Hobbs (1977, Fig. 3.20). where further details are described. The front may be 
compared with the one obtained for an ideal fluid in Fig. 13.9. 
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similarilies in the lower troposphere are apparent. (The structure near the tropopause 
can be modeled in a similar way, as discussed below.) 

There are several features of the front that are independent of the details of the 
formation process. By definition, the front is a region of large gradients, so the dom¬ 
inant terms in the potential vorticity balance [the last equation of (13.8.3)] give 


dv dO dv 36 _ d{v, 6) 

VJl vz^ vz^ VX C\X, z^) 


(13.8.13) 


i.e., 13 and 6 contours tend to coincide in the front. This feature can be seen in both the 
theoretical and the observed fronts. Also, potential vorticity conservation requires 
/ + dv/3x to remain positive, so it can be large only when the relative vorticity 
dv/3x is large and cyclonic. To give an idea of possible magnitudes, detailed observa¬ 
tions by Sanders (1955) of a front in the United States showed dv/dx with a value of 
10/ at a height of 300 m, and d9/dx at the same height was 0.5 deg km“ / 

Another general statement concerns the cross-frontal flow, for (13.8.2) gives on 
the surface 


dv/dt + u(/ + dv/dx) = u„ = — f ^ d<i>'/dy. 


(13.8.14) 


Assuming that the along-front pressure gradient and along-front acceleration do not 


change much, the cross-front flow u must become small when / 


hpontripc 


large. This statement can be made more precise for the Eady case since v (and hence 
dv/dt) is zero at the point L of minimum pressure and maximum cyclonic vorticity 
at which the front forms. From Fig. 13.4b it can be seen that the ageostrophic flow 
opposes the geostrophic flow at this point. The latter remains constant, but in¬ 
creases exponentially with time so (13.8.14) implies that (/ + dv/dx) will become 
infinite in a finite time. Because there is little cross-front flow, the poleward flow 
ahead of the front continues to bring in warm air, whereas the equatorward flow 
behind brings in cold air, and so builds up the temperature contrast even further. 
Other features of the front shown in Fig. 13.9 follow from the properties of baroclinic 
disturbances, e.g., the slope to the west with height, with a value for the slope of order 
f/N. Typical observed values are of this order [the value is about f /N in Fig. 13.10 
and was about 0.3 / /N in the case studied by Sanders (1955)]. 

In reality, infinite gradients are not observed, so clearly other effects such as 
y variations (see below), friction, mixing, and latent heat release modify the struc¬ 
ture of fronts, which can become quite complicated when viewed on a small scale 
[see, e.g., Bennetts and Hoskins (1979)]. The maximum velocity in the solution of 
Fig. 13.9 is 0.90k■ = \AN^H or about 100 m s~ / Sanders found changes in geo¬ 

strophic velocity v^ of this magnitude across the front, but the change in the measured 
velocity r was only 20 m s" ‘ at 300 m. At 1200 m the changes in measured and 
geostrophic velocities were both about 35 m s"^ One obvious discrepancy in the 
theory is the neglect of the surface boundary layer. The large shear (see Section 9.5) 
leads to a large Ekman flux into the surface low (Sanders measured convergence at 
a rate equal to 5/at 300 m) that enhances the temperature gradient and leads to 
increased upward velocity at the front. Descriptions of the vertical motion observed 



576 


13 Instabilities, Fronts, and the Genera/ Circulation 


at fronts have been given, e.g., by Browning et al. (1975). Blumen (1980) has added 
surface friction effects to the solution shown in Fig. 13.9 and has made comparisons 
with Sanders’ observations. Friction effects outside the boundary layer have been 
considered by Gill (1981) in another context and by Garrett and Loder (1981) in 
connection with fronts in the ocean. Shapiro (1981) has discussed the effects of 
turbulent fluxes in the free atmosphere and R. T. Williams (1974) obtained a steady- 
state front numerically. Latent heat release may also be important and has been 
modeled, e.g., by Orlanski and Ross (1978). 

The development of fronts in three-dimensional flows can be handled by the same 
methods as those used above. The y component of the momentum equation is 
approximated in the same way as is (13.8.2), i.e., 

= DuJDt, (13.8.15) 

and will provide a good approximation in frontal regions, whatever their orientation, 
provided that the along-front scale is large compared with the cross-front scale. 
The approximation is known as the geostrophic momentum approximation, first 
introduced by Eliassen (1949), and the equations are known as the semigeostrophic 
equations. The equations can be transformed into the quasi-geostrophic equations 
(Hoskins, 1975; Hoskins and Draghici, 1977) by using the variables of (13.8.3) and 
also by using 

Y = y-ujf. (13.8.16) 

The coordinates X, F, called geostrophic coordinates, were used by Yudin (1955) and 
the transformation has been further discussed by Blumen (1981). The quantity n^ 
is proportional to Ertel’s potential vorticity as before, and J is the ratio of total 
vorticity to/. The approximation has been applied to the development of the square 
Eady wave (shown in Fig. 13.5) by Hoskins (1976). Hoskins and West (1979) added 
the effect of horizontal shear in the mean flow, and the types of fronts that develop 
have been discussed by Hoskins and Heckley (1981). The mathematical theory of 
frontogenesis has been reviewed by Hoskins (1982). 

As Figs. 13.9 and 13.10 indicate, fronts can also form on the tropopause. The 
rigid lid model is not very good for describing their development, but representation 
of the tropopause as a discontinuity in (or rather n^) gives remarkably realistic 
results, as found, e.g., by Hoskins (1972). A significant feature of these fronts is the 
descent of a tongue of stratospheric air well below normal tropopause heights, and 
such tongues can be traced, e.g., by measuring ozone concentration. Descriptions 
may be found, e.g., in Reed and Danielsen (1959) and Shapiro (1974). 

In the ocean, fronts are produced by a variety of mechanisms. Sometimes they are 
very distinct in the temperature and salinity fields but not in the density field, and 
this distinction is important so far as the dynamics is concerned. A survey of tempera¬ 
ture fronts as seen by satellites is given by Legeckis (1978). Figure 13.11 shows the 
main climatological frontal regions (i.e., regions where fronts are most commonly 
observed) in the North Pacific, and these are discussed by Roden (1975). One impor¬ 
tant type of front is that produced by Ekman convergence in the surface layer, the 
subtropical fronts found at about 30°N and 40“S being important examples. Roden 
and Paskausky (1978) have studied changes in such fronts due to changing Ekman 
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Rg. 13.TL A schematic map of the main North Pacific fronts. The cross sections marked A-E are given in Roden's (1975) paper. [From Roden (1975, Fig. 1).J 
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convergence. A second type of front is that formed at a water mass boundary (see 
Welander, 1981) such as that which separates the subarctic and subtropical gyres. In 
the North Pacific (Fig. 13.11) this front is located at about 42'"N and is formed where 
the cold equatorward flowing Oyashio meets the warm poleward flowing Kuroshio. 
The surface front is a prominent feature in temperature and salinity sections but not in 
density sections. A factor that may be important in determining the properties of the 
front is that it is close to the boundary between upward Ekman pumping in the 
subarctic gyre and downward Ekman pumping in the subtropical gyre. The Antarctic 
Convergence (Mackintosh, 1946) has properties similar to those of the North Pacific 
subarctic front (Taylor et ai, 1978). A detailed study of the Antarctic Convergence, 
where it passes through Drake Passage, has been made by Joyce et al. (1978). Fronts 
can also be formed by coastal upwelling of cold water (Mooers etai, 1976; Foo, 1981), 
an example being shown in Fig. 10.16. McVean and Woods (1980) have studied the 
formation of fronts by convergent mean flow, using the method of Hoskins and 
Bretherton (1972), A further type of front is formed by gradients in rates of stirring, 
e.g., by tides (Simpson, 1981), and such fronts have been modeled by James (1978). 
They are distinctive features of shallow seas and form a boundary between well- 
mixed water on the shallow side of the front and stratified water on the deep side. 
Large-amplitude waves are commonly observed on fronts (Woods et al., 1977) and 
models have been constructed by James (1981). Yet another way of producing tem¬ 
perature contrasts in models of well-mixed shallow seas is by applying the same 
amount of cooling to different depths of water (Gill and Turner, 1969). 


13.9 The Life Cycle of a Baroclinic Disturbance 


The baroclinic instability theory indicates how depressions form in the atmosphere 
and how their initial structure is determined. Similarly, eddies can be generated in 
the ocean through instabilities of the mean flow. Eddies (the term is taken to include 
atmospheric disturbances) cannot, however, grow indefinitely, and their mean 
effect cannot be assessed without some knowledge of the way in which they mature, 
decay, interact with other disturbances, etc. For the atmosphere, a useful picture is 
provided by considering the behavior of disturbances to a realistic zonal flow such 
as that shown in Fig. 13.12a. The horizontal temperature gradient is mainly confined 
to the 30-60“ latitude band, giving a jet stream centered at 45“ and 200 mb. Simmons 
and Hoskins (1978, 1980) studied the evolution of a disturbance to this flow that 
initially had the structure of the fastest growing mode of zonal wavenumber 6 with 
small amplitude (such that the maximum disturbance pressure was 1 mb). The 
disturbance grows rapidly by drawing on the potential energy available in the mean 
flow, and develops a realistic surface structure with fronts, as shown in Fig. 13.12c. 
The occlusion process eventually chokes off the disturbance near the surface, and the 
disturbance energy reaches a peak during the seventh day. Then the disturbance 
energy falls off as rapidly as it grew and by the end of the tenth day is reduced to 
about a tenth of its peak value. Thereafter the decay is much slower. About a quarter 
of the available potential energy is released during this process, the zonal mean flow 
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and zonal mean temperature distribution at the end of the life cycle being as shown 
in Fig. 13.12b. This distribution is only weakly unstable, so no further significant 
release of available potential energy takes place. 

A useful means of depicting the changes in the disturbance during its life cycle 
(Edmon et al., 1980) is by means of “Eliassen-Palm cross sections," which show 
thcquasi-geostrophic Eliassen-Palm flux, defined in Section 12.9, and its divergence. 
This flux has the direction of the group velocity (when that concept applies); its 
horizontal component [see (12.9.14)] is proportional to the horizontal momentum 
flux, its vertical component is proportional to the horizontal heat flux, and its diver¬ 
gence is proportional to the quasi-geostrophic potential vorticity flux. Figure 13.13 




13.12. Meridional cross sections ol zortal-mean potential temperature and zonal wind for (a) The basic 
zonal-mean state at the beginrsir^g of the life cycle experiment. IFrom Simmons arxJ Hoskins (1960, Fig. la).) (b) The 
zonal-mean state at the ertd of the life cycle. Corttour intervals are 5 K and 5 m s~ V The zero velocity contour is 
drawn relalivefy dark. (Courtesy of B. t Hoskirts.l (c) North polar stereographic plot s xiwing surface pressure (solid 
contours) and near-surface temperature (dashed corHours] after 5 days of integration for a disturbance of zonal 
wavertumber 6 to the (low shown in (a). The initial surface pressure amplitude was 1 mbar and the initial p>erturbalion 
was the fastest-growMig normal mode. Contour intervals are 6 mb and 6 K. 
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Ftg. 13.13. (continued) 

shows this flux at two stages in the life cycle, and the average values over the cycle. 
The arrows give the direction of the flux and the contours its divergence, i.e., they 
give the potential vorticity flux. The initial (fastest-growing) disturbance, shown in 
Fig. 13.13a, has a structure remarkably similar to that of the Charney mode, studied 
in Section 13.4, but conflned to a channel, so that the horizontal planform is like 
that shown in Fig. 13.5. The channel walls would be placed at about 35 and 55^ to 
match the structure shown in Fig. 13.13a, with half a sine wave spanning the channel. 
The arrows for a Charney mode are exactly vertical because it has no momentum 
flux, and their magnitude varies with height in a manner like that shown in the inset 
at the right of the lower panel in Fig. 13.6. The pattern seen in Fig. 13.13a is very 
close to this. 

The structure at day 8 (Fig. 13.13b), when the disturbance has begun to decay 
rapidly, is very different. The fluxes near the surface have become relatively small and 
spread over a wider range of latitude. The baroclinic instability process is now 
ceasing to operate (see above), and it appears that planetary waves have been radiated 
upward and equatorward from the seat of the instability. The strongest fluxes are 
now in the jet stream within the 10 m s“^ contour, the significance of this contour 
being that this is where the disturbance wave speed equals the flow speed. At such 
places planetary waves tend to be absorbed and perhaps partially reflected (see Sec¬ 
tion 8.9), so that disturbance energy can be trapped in the Jet stream by the “critical 
line.” The arrows show the preferred direction of wave propagation for these dis¬ 
turbances (which presumably could be found approximately by ray-tracing tech¬ 
niques), namely, equatorward and upward. This determines where the waves are 
absorbed, namely, on theequatorial flank of the jet stream just below the tropopause. 
The energy lost from the disturbance as it propagates to regions where the velocity 
relative to the wave is weaker is largely converted to mean flow kinetic energy. A 
calculation of the rates of transfer of disturbance energy to zonal kinetic energy in 
fact shows that it begins to rise rapidly at the end of the sixth day, reaches a maximum 
2 days later (the time corresponding to Fig. 13.13b), then falls to near zero during the 
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next 2 days. The resultant zonal flow at the end of the cycle is shown in Fig. 13.12b. 
The westerlies are too strong at the surface, but this can be rectified by including 
surface friction (Simmons and Hoskins, 1980). 

The mean Eliassen-Palm cross section for the cycle is shown in Fig. 13.12c. 
The upward arrows represent a poleward heat flux, and this is large over the region 
of large initial horizontal gradient. The equatorward pointing component of the 
flux represents a po/eward transfer of westerly momentum, corresponding to equator- 
ward planetary-wave propagation [see (12.9.14)]. The flux is particularly large be¬ 
tween 150 and 400 mb within the jet stream. This transfer is extremely important in 




f'*- 13.13. Eliassen-Palm cross sections during the life cycle of a baroclinic disturbance. The vectors, shown 
by arrows, give the Eliassen-Palm flux (see Section 12.9), which for linear waves is in the direction of the group 
velocity. Because of the coordinates used, the horizontal and vertical components of the vector are defined, 
respectively, by - 2Jtr^g~ ‘uV' cos^ ^and 2xfi^g~' v'T' cos^cpHdQIdp), where r is the earth's radius, <(> the latitude, 
g the acceleration due to gravity, and f the Coriolis parameter. IThis is 2nr^ cos^ <plpj& times the Eliassen-Palm 
flux as defined in (12.9.14).l With this choice, the "divergence," defined as the sum of the qt derivative of the hori¬ 
zontal component and the p derivative of the vertical component, is equal to 2itr^g"' cos* <p and therefore 
is proportional to the quasi'geostrophic potential vorticity flux, The "divergence," so defined, is shown by contours 
[contour interval 1.5 x lO” m* for (a) and (b) and 4 x 10*’ m* for (c)]. The zero contour is drawn dark, (a) At day 
zero for the life cycle, i.e., represents the fastest-growing mode; (b) at day 8; and (c) the average over the cycle. 
IFrom Edmon ef a/. (1980, fig. 3)1 



582 


13 Instabilities, Fronts, and the General Circulation 



the angular momentum budget of the earth, and is responsible for the midlatitude 
surface westerlies that are such an important feature of the circulation. Further dis¬ 
cussion may be found in Section 13.10. 


13.10 General Circulation of the Atmosphere 


13.10.1 Introduction 


An introductory discussion about the way in which the atmosphere responds to 
the radiative driving from the sun was given at the beginning of the book, and it 
seems fitting to conclude with a further discussion in light of the concepts that have 
been developed in the intervening chapters. In Chapter I it was shown that a purely 
radiative equilibrium is unstable in the sense that air at the surface would be lighter 
than that above the surface. Thus convection takes place over the depth of the tropo¬ 
sphere and radiative-convective equilibrium models can be constructed to simulate 
a local balance between radiative and convective effects. One could imagine an 

atmr»cnKprp in ii/KirK ciir*K a K!ilanr*(» nnniiwi nn !s\/t^rao(^ at panli latitiiH^ inrl#»npn_ 


dently. This would give much higher temperatures at the equator and much lower ones 
at the poles, with the equator-to-pole temperature difference being perhaps four times 
the 30 K that appears in the zonal average distribution shown in Fig. 7.9. Such a 
temperature distribution could be in thermal-wind balance with the zonal flow, giving 
a very much stronger jet stream than that observed. 

Such a state is not observed, however, because of the action of baroclinic dis¬ 
turbances as described in Section 13.9. These derive their energy from the potential 
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gradient as illustrated in Fig. 13.12. Radiation, on the other hand, lends to restore 
the gradient, so the mean temperature field observed is largely due to a balance 
between the competing effects of the instability and of radiation. 

To gain further insight into the zonal mean circulation, consider the equations 
for [m], [y], and [w^,], the temporally and zonally averaged velocity components 
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associated with the coordinates a, (p, , where X is longitude, cp is latitude, and 

is the log-pressure coordinate introduced in Section 6.17, and for the time and 
zonally averaged temperature [T]. The square brackets denote a zonal mean (and 
the departure from this mean will be denoted by a superscript asterisk) and the 
overbar denotes a mean with respect to time (the depature from the time mean will 
be denoted by a prime). The two components [ti] and [vv,^] can be expressed [cf. 
(9.15.10)] in terms of a stream function if/ associated with the meridional circulation. 
From the continuity equation (6.17.11) and the definition (6.17.29) of , it follows 
that the stream function can be defined by 

p^[t)] cos (p = — p^[vv^] cos (p = r“* dtj/jdq}, (13.10.1) 

where r is the radius of the earth (the spherical polar form of the equations is dis¬ 
cussed in Section 4.12). Similarly, the two components [ii] and [T] can be expressed 
in terms of a single variable [$], the time and zonally averaged geopotential, because 
the “rapid” adjustment processes studied in earlier chapters will keep them in approx¬ 
imate thermal-wind balance. Taking from (4.12.15), the meridional momentum 
equation in spherical polar coordinates, the terms that contribute to the geostrophic 
balance (7.6.7) (but also including a nonlinear term that can be significant in low 
latitudes), and appending the hydrostatic equation (6.17.20), there results 


f2Q -I- r *ful sec o'llul sin » = — r ‘ dlibMda). 

\ — f ^ ^ j t - % - f * 

h:^r[T] = 8m/dz^. 


(13.10.2) 


For simplicity, the distinction between virtual temperature and temperature T 
will be dropped, i.e., moisture effects on buoyancy will be ignored. 

Thus the zonal mean circulation can be described in terms of two variables if/ 
and [®]. The observed field of if/ for the two extreme seasons is shown in Fig. 1.7, 
whereas the fields of [«] and [T] that are associated with [^] are shown in Fig. 7.9. 
The equations that determine the distributions of [$] and if/ are the remaining two 
equations, namely, the averaged forms of the zonal momentum equation (4.12.14) 
and of the temperature equation [see (4.4.6) and (6.17.13)]. These are coupled equa¬ 
tions and can be solved only when taken together, but for discussion purposes it is 
useful to consider the two equations separately, 


13.10.2 The Zonal Momentum and Angular Momentum Balances 

A useful form of the zonal momentum equations (4.12.14) is in terms of the 
angular momentum 

M = (ftrcos<p -I- [M])rcos(p. (13.10.3) 

The averaged form of this equation can then be written as 

‘[^] dMjdq) + [vv,^] dMjdz^ = r cos (piX^^ T^rrioion). (13.10.4) 

where 

T^«idy = -r“ ‘ sec^ (p d{iuv)^y cos^ (p}/d(p - p' ' d{p^(uw)^y]jdz^ 


(13.10.5) 
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is the mean rate of convergence of zonal eddy momentum per unit volume and 
^frtcdon represents the “friction” term due to subsynoptic scale processes (i.e., 
processes with a scale smaller than that of the baroclinic eddies). In the above expres¬ 
sion, the brackets and subscript “eddy” denote 


(Ml^)«ddy = [W**^*] + Wv'], 


(13.10.6) 


i.e., the sum of contributions from both time variations (transient eddies) and longi¬ 
tudinal variations (stationary eddies). Values of the eddy momentum fluxes, as 
estimated directly from observations, are given by Oort and Rasmusson (1971) and 
by Newell et ai (1972). Values may also be calculated indirectly from data, using 
the analyses of geopotential, temperature, and wind fields that are made routinely 
for use in numerical forecast models, and values for the northern hemisphere (lati¬ 
tudes above 20°) so calculated are given by Lau (1978, 1979b) for the winter and by 
White (1981) for the summer. Values for the southern hemisphere at 500 mb are 
given by Trenberth (1982). 

In practice, depends on the mean O field, in a way very similar to that studied 
in Section 13.9. To solve the two equations for [$] and i/^, this relationship must be 
known. Examples of methods that attempt to approximate this relationship for use 
in simplified models of the circulation are given by Green (1970) and by Held and 
Suarez (1978). For this discussion, however, the eddy fluxes of both heat and mo¬ 
mentum will be taken as given functions that are known from observations. The 
principal components of these fluxes, as assumed in quasi-geostrophic theory, are 
those that contribute to the quasi-geostrophic Eliassen-Palm flux [see (12.9.14)], 
so that data on observed fluxes can be displayed in an Eliassen-Palm cross section. 
Figure 13.14 shows the observations (including both transient and stationary eddy 
contributions) for the northern hemisphere winter as calculated from two different 
data sets. The similarity with the model result of Fig. 13.13 is remarkable and indi¬ 
cates that much of the observed distribution is achieved through the same processes 
as those discussed in the previous section. 

Consider now the flow that would be produced if initially there were some 
specified state, such as the hypothetical radiative-convective equilibrium mentioned 
earlier, and then the eddy fluxes and any other known forcing terms were suddenly 
switched on. The response would be determined by the two coupled equations for 
[4>] and if/. In the initial stages, restoring effects would not be important, so the be¬ 
havior would be as discussed for the frictionless, time-dependent case by Eliassen 
(1952) [see also Charney (1973)]. However, equilibrium can be reached only when 
frictional and thermal restoring effects have come into play, the dominant restoring 
effect depending on the relative time constants. Examples of equilibrium solutions 
that were determined in this way are given by Schneider and Lindzen (1977) and by 
Held and Hou (1980), who calculated Hadley circulations driven by thermal forcing 
alone. Their results showed that the equilibrium reached depends strongly on the 
nature of the restoring terms. Unfortunately, those terms are not known in practice 
with any degree of accuracy. 

In the momentum equation (13.10.4), however, T^friction is thought to be very 
small except in the surface boundary layer and in the tropics, where momentum 
transfer in cumulus clouds may be significant [the point is discussed by Thompson 
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and Hartmann (1979)]. Consider, therefore, the solution of (13.10.4), for which 
rhciion small, or alternatively, for which T^fricnon is assumed to be known. The 
left-hand side of (13.10.4) may be written, after use of (13.10.1), as the Jacobian of 
Ip and M, so that if M were known, ip could be determined by integration downward 
along isolines of M. (The equations are closely related to those that apply to fronts, 
and this term is simplified if \d is used as a horizontal coordinate in place of <p.) In 
practice, the isolines of M do not differ too much (+2° of latitude) from isolines of 
<p (i.e., vertical lines). Thus the integration does not differ very much from integration 
along the vertical, which is equivalent to saying that the tenn involving [w,^] on the 
left-hand side of (13.10.4) is small compared with the first. Thus [t;] can be calculated 
from i^oidy '’^friction if the coefficient r~^ sec<p dMjdip is known. In practice, 
the value of this coefficient is close to / in mid latitudes and at low levels. At high 
levels in the tropics it may be much smaller than /, but it still has the same sign as 
/for positions more than a few degrees from the equator. 

Since the contribution from vertical eddy fluxes is small in (13.10.4), it may be 
approximated, when i^rnciion ‘s small, by 

[v\dMld((> = — r sec <p 5((Mu)jdjy cos^ <p)/5(p. (13.10.7) 

Alternatively, (13.10.7) may be taken to define the part of the meridional flow asso¬ 
ciated with eddy fluxes alone. In practice, (Mi5)rfdy (see Figs. 13.14 and 13.16) is mainly 
positive in the northern hemisphere, with maximum values in the upper troposphere 
near 30°N, i.e., near the latitude of the jet stream. Thus in the upper troposphere 
(13.10.7) gives equatorward flow to the north of 30“N, and poleward flow to the 
south, as seen in Fig. 1.7 [a meridional cross section of [i;] is given by Lau (1978, 
Fig. 17)]. Typical values of [S] are 0.1-0.3 ms"'. The mid-latitude cell associated 
with the upper level equatorward flow is called the Ferrel cell, and this appears to be 
entirely a response to the eddy fluxes. 

Between the equator and 30°N, (13.10.7) gives northward flow, so at least pari 
of the observed meridional flow in the Hadley cell seen in Fig. 1.7a is associated with 
eddy fluxes. There may well be additional flow associated, say, with heating effects, 
but any enhancement above the boundary-layer requires other terms in (13.10.7) 
to be important there. If M is assumed to have its observed distribution, the only 
possibility left is for T^fricuon to be important, i.e., transfers of momentum by sub¬ 
synoptic scale motions outside the boundary layer must have significant effects. 
Models showing the possible role of “cumulus friction” have been studied by Sch¬ 
neider and Lindzen (1977) and by Schneider (1977). These models show how a strong 
Hadley cell could be driven even in the absence of the T^^ddy term. In these models, 
the dominant restoring mechanism can be determined only by considering the coupled 
equations for [O] and ip. For friction to be important, and thus make a Hadley cell 
possible even in the absence of the time scale for this process must be small 

compared with other “restoring” effects like Newtonian cooling. The connection 
between friction and the thermal field can be seen from the fact that friction tends to 
reduce the vertical shear and hence, by the thermal-wind equation, d[T]ld<p. Thus 
friction can serve to flatten isotherms (relative, e,g., to their radiative-convective 
equilibrium slopes) and reduce available potential energy. (Note', in practice the 
distribution of M is not fixed, but is determined as part of the response. In the limiting 
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case considered by Held and Hou (1980), for instance, the M and i}/ fields adjust to 
make the left-hand side of (13.10.4) zero above the boundary layer, i.e., so as to make 
angular momentum conserved along streamlines.) 

Now comes the question of what determines the surface winds. In mid-latitudes, 
the answer is a simple consequence of the fact that (13.10.7) applies except in the 
surface boundary layer. Calculation of [D] from this equation gives a net equatorward 
mass flux above the boundarv laver. so a ooleward Ekman dux is reouired within the 

-- -— - - 'rf rf' A » 

boundary layer. It follows from (9.2.5) that an eastward stress is required at the 
surface, and hence from (9.5.1) that the surface wind must be westerly in mid-latitudes. 
It also follows, since the oceanic Ekman transport is directed oppositely to the 
atmospheric Ekman transport (see Section 9.2 and Fig. 9.1), that the oceanic Ekman 
flux beneath the Ferrel cell is equatorward. [An extension of this idea has been used 
by Holopainen (1967, 1978) to deduce the ocean circulation from upper-wind 
statistics!] 

A more eeneral areument is obtained bv inteeratine n . times 113.10.41 with resnect 

_ --- ^- ^ -— ---^- - ^ . - - - - ^ - 

to to obtain the angular momentum balance for a zonal ring of the atmosphere. 
If the friction term T^^fricuon assumed to be dominated by the vertical gradient of the 
horizontal stress between layers, its effects integrate out to give only a surface con¬ 
tribution and the balance obtained after integration may be written 


(f: 


(MM rd(p = -T%)cos^(p, (13.10.8) 
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in Section 2.3 (which includes the mountain torque) is balanced by the gradient of 
the angular momentum flux across latitude circles that are associated with the motion 
of the air. (The flux of “planetary angular momentum” associated with the Coriolis 
term is proportional to the meridional mass flux, and hence is zero.) The variation 
of T* with latitude is shown in Fig. 2.2 and, with the exception of low latitudes, is bal¬ 
anced almost entirely by the eddy term, i.e., the term involving (Mu)eddy (which can 
be written as the sum of a transient wave contribution and a stationary wave con¬ 
tribution). The contribution from the mean motion is important only at low latitudes 
in the Hadley cell. The peak value of this contribution in the middle of the cell is 
about equal to the eddy contribution at this latitude (Newell et ai, 1972, Fig. 4.10). 

The angular momentum balance is easy to understand once eddy fluxes of mo¬ 
mentum, and the reason for these fluxes, are appreciated. However, the information 
now available about eddy fluxes is relatively recent, and the reason for the mid-latitude 
surface westerlies was a puzzle for a long time. Lorenz (1967) provides a very inter¬ 
esting discussion of the history and development of ideas about the general circula¬ 
tion. The suggestion that eddies are important came from Jeffreys (1926), who first 
presented a shallow-water model of the general circulation that gave surface easterlies 
everywhere as in the model presented in Section 9.16 and Fig. 9.14. He then pointed 
out that the only way to reconcile (13.10.8) with the existence of surface westerlies 
is to assume that the eddy contribution is important. Further discussion of the angular 
momentum budget is given by Newton (1972b) and Newell et ai (1972, Chapter 4). 

To summarize, the following features of the zonal mean wind field shown in 
Fig. 7.9 are worth noting: 
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(i) The surface wind is generally much smaller than the thermal wind, as repre¬ 
sented, say, by the difference between the surface wind and the wind at 200 mb. 
Thus it is perhaps appropriate to think of the surface winds as being zero to a first 
level of approximation, and the upper winds as those following from a thermal-wind 
balance. 

(ii) The surface winds are largely determined by the need for (13.10.8) to be 
satisfied. In mid latitudes at least, this means that they result from the eddy mo¬ 
mentum fluxes since the [M][r] term is relatively small. In Section 13.9 it was found 
that eddy momentum fluxes arise mainly during the later stages of the life cycle of 
eddies, and the direction of the fluxes appears to be the result of wave refraction by 
the mean field. The structure of the jet stream also influences where and how strongly 
the waves are absorbed, and thereby is instrumental in determining flux divergence. 
Since the main ocean currents are driven by the surface winds, they may be said to 
be largely a consequence of such processes in the upper troposphere! 

(iii) Since the surface pressure (shown in Fig. 2.3) is largely in geostrophic 
balance with the wind near the surface, the surface pressure distribution follows from 
the surface-wind distribution and is therefore determined by the same processes. 


13.10.3 The Heat Balance 

Consider first the heat balance in a vertical column. In Chapter 1 it was seen how 
a radiative—convective enuilibrium could be established with heat being absorbed 
at the ground and transferred upward by convection through the depth of the tropo¬ 
sphere. This model therefore gives a balance in the troposphere between radiative 
cooling and upward transfer by convection. The observed situation at most latitudes 
is qualitatively similar, with radiative cooling rates [see, e.g., Dopplick (1972)] over 
the depth of the troposphere of the order of 1 K day “ ‘. The main heating term, which 
can be identified with a convective effect, is that due to latent heat release. This reaches 
values of over 2 K day“ ^ (Newell et ai, 1974). In the tropics this form of heating 
extends over the whole depth of the troposphere, but in mid latitudes it is confined 
to much shallower depths. The difference between the radiative and “convective” 
terms is called the diabatic heating rate, and values calculated by Hantel and Baader 
(1978) are shown in Fig. 9.10 (these were actually estimated from the advective terms 
that balance them). If there were no meridional transfer of heat, there would be a 
radiative-convective equilibrium at each latitude, and the diabatic heating term 
would be zero. This would give a very much, greater equator-to-pole temperature 
difference than that observed. Because meridional transfers take place, however, the 
diabatic heating term would be expected to be positive in the tropics and negative 
at high latitudes. In practice, Fig. 9.10 shows a somewhat more complicated pattern 
with heating in the tropics (0-10°), but also between 30 and 40°N. Cooling is found 
both in the subtropics and in high latitudes. This structure is a result of the latent- 
heating distribution whose geographical variations follows the precipitation pattern 
shown in Fig. 2.6. The secondary maximum at 30-40°N is associated with the rain 
belt at these latitudes. In other words, because the “convective” term involves latent 
heat release that depends on moisture transport, it cannot be regarded as a purely local 
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response to heating at the surface. [The contributions of different terms to the mois¬ 
ture balance are discussed by Rasmusson in Chapter 6 of Newell el al. (1972).] 

The diabatic heating term can be regarded as a forcing term that is balanced 
through two types ofadvective flux; one associated with eddies and the other with the 
mean meridional circulation. The zonally and time averaged form of the heat equa¬ 
tion [cf. (4.4.6) and (6.17.13)] is 

r-^[v] d[T]/d<p + [wJ(K//r4T] -h d[T]ldz^) = (13.10.9) 

where 


QaUylpCp = -r ^ sec (p di{vT\My cos <p)/d<p 

-expizJyH,) d{(w^T),ady exp(~z^jyH,))ldz^ (13.10.10) 

is the eddy flux convergence, the eddy terms being the sum of the transient and sta¬ 
tionary parts as in (13.10.6), and Cdiab/pcp is the diabatic heating rate in degrees per 
unit time. 

Before considering the terms in this equation, it is useful to look at the vertically 
integrated energy balance shown in Fig. 1.8. Here, the poleward flux of energy (the 
upper curve) is required to balance the radiation surplus at the equator and deficit 
at the poles. The shaded area represents the energy flux in the ocean and the unshaded 
area the atmospheric flux. The diagram shows that transient eddies carry most of the 
flux at mid-latitudes with peak values at 40-50°N. [Note that the latent heat flux 
contributes about 35% to the peak. Details of the various contributions are tabulated 
by Oort (1971).] The flux associated with the mean meridional circulation is important 
near the equator. 

Information about {vT)^^y and (H'^7’)^dj, is given by Oort and Rassmusson 
(1971), Newell el al. (1974), Lau (1978, 1979a,b), van Loon (1980), and White (1982). 
According to quasi-geostrophic theory, the main contribution to Q^^dy comes from 
the term in (13.10.10) that involves the horizontal flux (u7’)^j,, which is proportional 
to the vertical component of the Eliassen-Palm flux displayed in Fig. 13.14. [The 
flux [W^T] may, however, play a significant role in redistributing heat in the vertical 
(Edmon et al.,, 1980).] The main features of the (u7’)e(Uy field (see Figs. 13.14 and 
13.15) are that this flux is mainly poleward outside the tropics with largest values 
around 40-50° latitude, maxima being at the surface and at 200 mb. Thus the eddy 
heat flux is divergent (giving cooling) between 20° and 40°N but convergent (warm¬ 
ing) north of 50°N. The other advective flux is that due to the mean meridional circu¬ 
lation, but outside the tropics this circulation is driven by the eddies, as seen earlier 
in the section. The heat carried by this circulation therefore can also be regarded as 
being due to the eddies. Thus the extratropical temperature pattern can be regarded 
as a balance between diabatic heating and the advective fluxes resulting from the 
presence of eddies. 

The dominant term on the left-hand side of (13.10.9) is the one involving [vv,^], 
which represents heating due to subsidence or cooling due to upward motion. The 
zonal mean field of [iv,^] is given by Lau (1979b, Fig. 16a) for the northern hemisphere 
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Fig. 13.14, Eliassen-Palm cross sections for the total wintertime (transient plus stationary) fluxes in the same 
format as for that of Fig. 13.13. The contour interval is 2 x 10** m* (a) Based on an ll-year average ol NMC data 
and (b) based on a 5-year average from Oort and Rasmusson (1971). (From Edmon et al. (1980, Fig. 5).I Calibration 
arrows for the vectors are shown at the bottom. 
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Fig. 13.15. Vectors showing the wintertime heat fluK by transient eddies at 850 mb. The contours show the 
corresponding mean BSO-mb temperature (contour interval 2 K). [From Lau and Wallace (1979, Fig, 3).J 


winter, and can also be estimated from Fig, 1.7, Values are mostly under 1 mm s" 
At midlevels near the equator, where is particularly large and positive, it is 
balanced largely by cooling due to mean upward motion (Newell et al., 1974, Fig. 
7.21). Note, however, that if the [p] term dominates the left-hand side of (13.10.4), 
as seems to be the case, there can be no meridional circulation and hence no [vv,^] 
term without eddy momentum transfer of some kind, i.e., by synoptic scale eddies 
or by subsynoptic processes like cumulus friction. This is indicative of the coupled 
nature of the zonal momentum and temperature equations, and both equations need 
to be considered to determine the response to a specified forcing. 
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13.10.4 Longitudinal Structure 

Stationary wave patterns in the atmosphere were discussed in Section 12,9 and 
the structure in the northern hemisphere winter is depicted in Figs. 12.13 and 7.8. 
Numerical models such as those of Simmons (1982) indicate the importance of low- 
latitude forcing on these patterns, and forcing by topography and heating variations 

__ _i *1 n 
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properties strongly influence the way eddies behave. In particular, eddies tend to 
grow in favored locations and dissipate further downstream, so different stages in 
the life cycle tend to occur at different longitudes, This influences the longitudinal 
distribution of eddy fluxes, which can therefore play a role in maintaining longitudinal 
variations in tKe mean flow. 

Meridional sections of the mean flow and various eddy statistics are given for the 
northern hemisphere winter and for different longitudinal sectors by Lau (1978). 
The jet stream vanes a great deal in strength as can be seen m Fig. 7,8b (in), which 
shows geopotential topography at the level of the jet stream core. Figure 13,16 shows 
the zonal velocity field at 250 mb explicitly. The jet stream is strongest over East 
Asia, where it is located at 30°N and has a maximum of 61 m s" ‘. It weakens over the 
Pacific to a minimum of 27 m s" ^ over western North America, then accelerates to 
40 m s“ ‘ over eastern North America. It decelerates again over the Atlantic. 

The heat flux due to eddies tends to be strongest near places where the jet stream 
is strongest, horizontal temperature gradients being strongest near these locations 
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imposed on the mean temperature distribution [cf. Fig. 7.8b (iii)]. The flux is nearly 
everywhere down gradient, although Lau and Wallace (1979) found no systematic 
relation between the magnitude of the flux and the temperature gradient, (Their 
scatter diagram, however, gives an upper bound of 6 x 10® s“ ^ on ed dy d iffusivity, 
with a median value of 2 x 10® m^ s"L) The eddy momentum flux [u'v'] (see Fig. 
13.16) has its largest value of 100 m^ s“ ^ at 250 mb over western North America, i.e., 
at a longitude where the jet stream is weak. This is consistent with the idea that eddies 
develop (as in the early stages of a life cycle) where the jet stream is strong and decay 
(as in the later changes of the life cycle) further downstream where the jet stream is 
relatively weak. 

The equations corresponding to (13.10,4) and (13,10,9) for the longitudinally 
varying flow may be taken as the one for the meridional component of the ageo- 
strophic flow, which is discussed by Lau (1978), and the heat equation, which is dis¬ 
cussed by Lau (1979b), The stationary wave pattern is inevitably associated with 
accelerations and decelerations of the zonal flow, and these may be seen in Fig. 13.16. 
The accelerations must be balanced by a meridional ageostrophic flow, and this 
turns out to be bigger than the ageostrophic flow forced by the eddies by a factor of 
3-4. When zonally averaged, however, the acceleration terms for the zonal flow 
disappear, and the zonal mean meridional flow is in balance with eddy terms as has 
been seen already. 

In the heat balance, the horizontal advection terms associated with the mean 
motion are not small, as in the zonal average, but are as large as or larger than the 
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Fig. 13.16. Vectors showing the "irrotational" transient eddy flux of westerly momentum at 250 mb in the 
winter season. Contours are for the corresponding mean 2S0'mb zonal wind field (contour interval 10 m s~ M. The 
vector field shown is obtained by expressing the flux as the sum of a nondivergent part (for which a stream func¬ 
tion can be defined) and an irrotational part, which can be expressed as the gradient of a scalar. (From Lau and 
Wallace (1979, Fig. 9).l 


Other terms. However, (Lau, 1979b, Fig. 20) the vertical advection (by the time-mean 
flow) term tends to be of sign opposite to that of the horizontal advection (by the 
time-mean flow) term (it would cancel the horizontal advection term if flow were 
along isentropes). The diabatic heating, deduced by computing the balancing ad- 
vective term, is shown in Fig. 13.17 at 700 mb. Note the large positive values off the 
east coasts of the continents. The region of large heating at 700 mb over the western 
North Atlantic corresponds to the area of large heat flux from the ocean to the 
atmosphere seen in Fig. 2.7. This draws attention once more to the connection with 
the ocean, and the coupled nature of the atmosphere-ocean system. Some insight 
into the way in which this system operates can be gleaned from the above discussion, 
but nature is complex and there is still much to be learned! 
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Fig. 13.17. The distribution of diabatic heating rate at 700 mb (contour interval 1K day " as estimated by Lau 
(1979b, Fig. 21). 
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Appendix One 


Units 

and Their SI Equivalents* 


Physical 

quantity 

Unit 

Equivalent 

Reciprocal 

Length 

nautical mile (NM) 

1.85318 km 

km = 0.5396 NM 

Mass 

tonne (t) 

10* kg = 1 Mg 


Time 

min 

60s 



Urn 

lit 




day 

86,400 s 

s = 1.1574 X 10" ® day 


yr 

3.1558 X 10^ s 

s = 3.1688 X 10"® yr 

Temperature 

°C 

“C = K - 273.15 


Velocity 

knot 

0.51477 m s" ‘ 

m s"' = 1.9426 knot 

Density 

gm cm"^ 

tonne m"* = I0*kgm"* 


Force 

dyn 

10"’ N 


Pressure 

dyn cm" ^ 

10"‘ N m"* = 10" ‘ Pa 



bar 

10’ N m"* = 10’ Pa 


Energy 

erg 

10"" J 



cal (I.T.) 

4.IB6B J 



cal(l5°C) 

4.1855 J 



cal (thermochemical) 

4.184 J 

J = 0.239 cal 

(Note 

The last value is the one used for subsequent conversions involving calories.) 

Energy fiux 

langley (ly) min" ‘1 

697 Wm"* 

W m * = 1.434 X 10"* ly min"' 


cal cm"* min" ‘ j 




ly hr" ‘ 

11.6 Wm"* 

Wm'* = 0.0860 ly hr"' 


ly day " ‘ 

0.484 W m"* 

W m~* = 2.065 ly day"' 


kcal cm"* yr"' 

1.326 W m * 

W m"* = 0.754 kly yr'' 

Volume flux 

Sverdrup 

I0‘m’s"* 


Latent heat 

cal gm" ^ 

4184J kg"' 

Jkg"‘ = 2.39 X 10"*calgm"‘ 


* Values are taken from or derived from “The Royal Society Conrerence of Editors. Metrication in 
Scientific Journals,” 1968, The Royal Society. London. 


595 






This Page Intentionally Left Blank 



Appendix Two 


Useful Values 


Molecular mass of dry air, m, = 28.966 
Molecular mass of water, m, = 18.016 
Universal gas constant, = 8.31436 J mole*' K"' 

Gas constant for dry air, R = RJm^ = 287.04 J ltg"‘ ' 

Gas constant for water vapor, R^ = RJm^ = 461.50 J kg'' K' ‘ 

Molecular weight ratio £ = = 0.62197 

Stefan’s constant a = 5.67 x 10'" W m'* K'* 

Acceleration due to gravity, g (in ms~ as a function of latitude ^ and height z (in m) 
g = (9.78032 + 0.005172 sin" (p - 0.00006 sin" 2^)(l + zla)'^ 


Mean surface value, g = Jj^"g cos (p d(p = 9.7976 

ixouiua ui apii^ic iiaviiJ|$ me aaiiie wiuiiie aa me eaiiii) u = \jjti iviii ve^L 


polar radius = 6357 km) 

Rotation rate of earth, Cl = 7.292 x 10"’ s'' 

Mass of earth = 5.977 x 10"* kg 

Mass of atmosphere = 5.3 x 10'" kg 

Mass of ocean = 1.4 x lO"' kg 

Mass of water in sediments and rocks = 2 x 10"" kg 

Mass of ice on earth = 2.2 x lO'^’kg 

Mass of water in lakes and rivers = 5 x 10*'' kg 

Mass of water vapor in atmosphere = 1.3 x 10'" kg 

Area of earth = 5.10 x I0‘* m" 

Area of ocean = 3.61 x 10’* m" 

Area of land = 1.49 x 10'* m" 

Area of ice sheets and glaciers = 1.62 x 10'" m" 

Area of sea ice = 1.75 x 10” m" in March and 2.84 x 10” m" in September 




La 
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Appendix Three 


Properties of Seawater 


A ^ _** _*e_ 

ns. I I ne cquaiiun ui swie 

It is necessary to know the equation of state for the ocean very accurately to 
determine stability properties, particularly in the deep ocean. The equation of state 
defined by the Joint Panel on Oceanographic Tables and Standards (UNESCO, 
1981) fits available measurements with a standard error of 3.5 ppm for pressure 
up to 1000 bars, for temperatures between freezing and 40°C, and for salinities 
between 0 and 42 (Millero et al., 1980; Millero and Poisson, 1981). The density p 
(in kilograms per cubic meter) is expressed in terms of pressure p (in bars), tempera¬ 
ture t (in °C), and practical salinity S. The last quantity is defined in such a way 
(Dauphinee, 1980) that its value (in practical salinity units or psu) is very close to the 
old value expressed in parts per thousand (ppt). Its relation to previously defined 
measures of salinity is given by Lewis and Perkin (1981). 

The equation for p is obtained in a sequence of steps. First, the density of pure 
water (5 = 0) is given by 

= 999.842594 + 6.793952 x IQ-^t - 9.095290 x + 1.001685 

X 10-^3 - 1.120083 X 10-V -I- 6.536332 x 10"’/^ (A3.1) 

Second, the density at one standard atmosphere (effectively p = 0) is given by 
p(5, t, 0) = p^ + 5(0.824493 - 4.0899 x 10" -|- 7.6438 x 10 " 

- 8.2467 X 10 "+ 5.3875 x 10" V) 

+ 53'"(-5.72466 x 10"' + 1.0227 x 10" 

- 1.6546 X 10-®/^) + 4.8314 x 10"^^5^ (A3.2) 
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A3 Properties ol Seawater 


Finally, the density at pressure p is given by 

pis, t, p) = piS, t, 0)/(l - plKiS, t, p)), (A3.3) 

where K is the secant bulk modulus. The pure water value Ky, is given by 
Ky, = 19652.21 + 148.4206r - 2.327105r^ + 1.360477 x 10" 

- 5.155288 X lO'^t* (A3.4) 

The value at one standard atmosphere (p = 0) is given by 

KiS, t, 0) = a:,, + 5(54.6746 - 0.603459/ + 1.09987 x 10 - 2,2 

- 6.1670 X 10 "^/ 2 ) + 52 / 2^7944 ^ JO-2 + 1.6483 x 10-2/ 

« moo ^ 10 -*» 2 \ cat 

— IV I ) 

and the value at pressure p by 

^(5, t,p) = KiS, /,0) + p(3.239908 + 1.43713 x 10""/ 

+ 1.16092 X 10-V - 5.77905 x 10-^/^) + p5(2.2838 x 10-^ 

- 1.0981 X 10-’/- 1.6078 x 10-®/2)+ 1.91075 x \Q-*pS^'^ 

+/ 72 ( 8.50935 X 10-6.12293 X 10-^/+ 5.2787 x 10-®/2) 

+ p25(-9-9348 X 10-'' + 2.0816 x 10-“/ + 9.1697 x 10"‘®/2). (A3.6) 

Values for checking the formula are p(0, 5, 0) = 999.96675, /j( 35, 5, 0) = 1027.67547, 
and p(35, 25, 1000) = 1062.53817. 

Since p is always close to 1000 kg m-’, values quoted are usually those of the 
difference ip — 1000) in kilograms per cubic meters as is done in Table A3.1. The 
table is constructed so that values can be calculated for 98% of the ocean (see Fig. 
3.2).The maximum errors in density on straight linear interpolation are 0.013 kg m- ’ 
for both temperature and pressure interpolation and only 0.006 for salinity interpola¬ 
tion in the range of salinities between 30 and 40. The error when combining all types 
of interpolation for the 98% range of values is less than 0.03 kg m- 


A3.2 Other Quantities Related to Density 


Older versions of the equation of state usually gave formulas not for calculating 
the absolute density p, but for the specific gravity pjp^, where is the maximum 

Tirci tAt* CinAA ■ c> ic ci1«irci«rc> aIaoa n ■ n *s 4'AnllA.i-t ^ is/no 

\jk k^iEtww ttiis i>3 L\j a uaiivu u rvaa 

defined by 

(7 = 1000((p/p,„) - 1) = (1000/p„)(p - pj. (A3.7) 

Since the value of is 


p^ = 999.975 kg m 


(A3.8) 



A3.4 Specific Heat 
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it follows that a, as defined above, is related to the (p — 1000) values by 

(T = (p- lOOO) + 0.025, (A3.9) 

i.e., 0.025 must be added to the values of (p — lOOO) in the table to obtain the old a 
value. The notation ffi (sigma-t) was used for the value of tr calculated at zero pres¬ 
sure, and (Tg (sigma-theta) for the quantity corresponding to potential density. 
Another quantity commonly used in oceanography is the specific volume (or steric) 
anomaly d defined by 

d = vJ,S, t, p) - p) (A3.10) 

and usually reported in units of 10 ® m^ kg“ ^ 


A3.3 Expansion Coefficients 


The thermal expansion coefficient a is given in Table A3.1 in units of 10' ^ K" ‘ 
along with its S derivative. The maximum error from pressure interpolation is two 
units, that from temperature interpolation is three units, and that for salinity inter¬ 
polation (30 < 5 < 40) is two units plus a possible round-off error of two units. 

The salinitv expansion coefficient B can be calculated bv usina the eiven values of 

_ ___ - ^ - ^ -- _ ---- _ _ --- - ^ -^ ^ 

dpjdS. 


A3.4 Specific Heat 

The specific heat at surface pressure is given by Millero et al, (1973) and can be 
calculated in two stages. First, the value in joules per kilogram per degree Kelvin 
for fresh water is given by 

c„(0, /, 0) = 4217.4 - 3.720283r + 0.1412855t2 - 2.654387 x 10" 

-H 2.093236 X lO'^f*. (A3.11) 

Second, 

Cp(5, t,0)= Cp(0, /,0)-l-5(-7.6444-l-0.107276r- 1.3839 x 10'^t^) 

+ 5^^^(0.17709 - 4.0772 x 10"^/ + 5.3539 x 10"’t^). (A3.12) 

The formula can be checked against the result Cp(40, 40, 0) = 3981.050. The 
standard deviation of the algorithm fit is 0.074. Values at nonzero pressures can be 
calculated by using (3.3.1) and the equation of state. The values in Table A3.1 are 
based on the above formula and a polynomial fit for higher pressures derived from 
the equation of state by Dr. N. P. Fofonoff. The intrinsic interpolation errors in the 
table are 0.4, 0.1, and 0.3 J kg" ‘ K" ‘ for pressure, temperature, and salinity inter¬ 
polation, respectively, and there are additional obvious roundoff errors. 
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A3.5 Potential Temperature 

The adiabatic lapse rate T is given by (3.6.5) and therefore can be calculated from 
the above formulas. The definition in Section 3.7.2 can then be used to obtain 0, 
The following algorithm, however, was derived by Bryden (1973), using experimental 
compressibility data, to give 0 (in °C) as a function of salinity 5, temperature t 
(in “^C), and pressure p (in bars) for 30 < 5 < 40, 2 < t < 30, and 0 <p < 1000: 

0(S, t,p)= t-p(3.6504 X 10"''+ 8.3198 x lO""*/- 5.4065 x 10~'^t^ 

+ 4.0274 X 10"®t3)-p(5- 35)(1.7439 X 10"^ 

- 2.9778 X 10-^0-P^(8.9309 x 10"'' - 3,1628 x 10"®r 

+ 2.1987 X 10" ^ 4 J057 ^ 10"®(5 - 35)p^ 

-p^(-l .6056 X 10" '*' + 5.0484 x 10" '^t). (A3.13) 

A check value is 0(25, 10,1000) = 8.4678516, and the standard deviation of Bryden’s 
polynomial fit was 0.001 K. Values in Table A3.1 are given in millidegrees, the in¬ 
trinsic interpolation errors being 2,0.3, and 0 millidegrees for pressure, temperature, 
and salinity interpolation, respectively. 


A3.6 Speed of Sound 

The speed of sound can be calculated from the equation of state, using (3.7.16). 
Values given in Table A3.1 use algorithms derived by Chen and Millero (1977) on 
the basis of direct measurements. The formula applies for 0 < 5 < 40, 0 < t < 40, 
0 <p < 1000 with a standard deviation of 0,19 m s" ‘. Values in the table are given 
in meters per second, the intrinsic interpolation errors being 0,05,0,10, and 0.04 m s "' 
for pressure, temperature, and salinity interpolation, respectively. 


A3.7 Freezing Point of Seawater 

The freezing point tf of seawater (in °C) is given (Millero, 1978) by 
tf(S,p) = -0.05755 + 1.710523 x 10"^5^'' - 2.154996 x 10"’5' 
- 7.53 X 10" V. 

The formula fits measurements to an accuracy of ±0.004 K. 


(A3.14) 



TABU A3.1 


p 

(bar) 

s 

/ 

(“C) 

p- 1(»0 

dp 

dS 

a 

(10-^ K"': 

dx c 

) dS (Jkg-'K- 

‘) dS 

0 

(10-^ °C) 

d0 

dS 

C, 

(ms"') 

dc, 

dS 

0 

35 

-2 

28.187 

0.814 

254 

33 

3989 

-6.2 

-2000 

0 

1439.7 

1.37 

0 

35 

0 

28.106 

0.800 

526 

31 

3987 

-6.1 

0 

0 

1449.1 

1.34 

0 

35 

2 

27.972 

0.801 

781 

28 

3985 

-5.9 

2000 

0 
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1.31 

0 

35 

4 

27.786 

0.796 

1021 

26 

3905 

-5.8 

4000 

0 

1466.6 

1.29 

0 

35 

7 

27.419 

0.788 

1357 

23 

3985 

-5.6 

7000 

0 

1478.7 

1.25 

0 

35 

10 

26.952 

0.781 

1668 

20 

3986 

-5.5 

10000 

0 

1489.8 

1.22 

0 

35 

U 

26.394 

0.775 

1958 

17 

3988 

-5.3 

13000 

0 

1500.2 

1.19 

0 

35 

16 

25.748 

0.769 

2230 

15 

3991 

-5.2 

16000 

0 

1509.8 

1.16 

0 

35 

19 

25.022 

0.764 

2489 

14 

3993 

-5.1 

19000 

0 

1510.7 

1.13 

0 

35 

22 

24.219 

0.760 

2734 

12 

3996 

-4.9 

22000 

0 

1526.8 

1.10 

0 

35 

25 
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0.756 
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11 
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-4.9 

25000 

0 

1534.4 

1.08 

Q 
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35 
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32.958 
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1.38 

100 

35 

0 

32.818 
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799 

28 
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-45 
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1465.5 

1,35 

100 

35 

2 
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10 
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35 

13 

30.818 
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35 
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22 
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-i 

1508.2 
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35 

4 
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20 
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-5 
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35 

-2 

46.658 
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1351 

24 

3867 

-4.9 

-2221 

-7 

1507.2 

1.39 

400 

35 

0 
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1534 

22 

3071 

-4.8 
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-6 

1516.5 

1.36 
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35 

2 

46.017 
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20 
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-6 

1525.3 
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35 

4 
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19 

3800 
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3610 

-6 

1533.7 
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35 

-2 

51.029 
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1587 

22 

3844 

-4.7 

-2316 

-8 

1524.8 
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35 

0 
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1751 

20 

3849 

-4.6 

-386 

-8 

1534.0 

1.35 

500 

35 

2 
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0.764 

1907 

19 

3054 

-4.6 

1546 

-7 

1542.7 

1.32 
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35 

-2 
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0.766 

1807 

20 

3824 

-4.4 

-2426 

-9 

1542.6 

1.37 

600 

35 

0 

54.908 

0.762 
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18 

3829 

-4.4 

-506 

-9 

1551.6 

1.34 
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35 

2 

54.481 

0.758 

2094 

17 

3835 

-4.4 

1416 

-9 

1560.2 

1.31 
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Appendix Four 


Properties of Moist Air 


A4.1 Methods of Specifying Moisture Content 


/r/if/St* ol^cr\1iif^ /i ic rtnacc r\^ \/^nrs-r v^At* 

\i*j * vfmrn^vt Vft^r»vwr»s« MSBvrsf vi. ui^kJWAUiw A4^ua»isus^j Ahj vtaw laiMOkJ TW|^wa |^wi 

unit volume of moist air. 

(b) The specific humidity q is the mass of vapor per unit mass of moist air: 

q = pjp. (A4.1) 

(c) The mixing ratio r is the ratio of the mass of vapor to the mass of dry air: 


^ = 9/(1 - ?)• (A4.2) 

(d) The vapor pressure e' of water vapor in moist air is defined as the function 
ofp and q given by (3.1.12) 

e'lp = qlie + (1 - e)q) = r/ie + r) = r/(0.62197 + r). (A4.3) 

If air were an ideal gas mixture, e' would be exactly equal to the partial pressure e 
of water vanor. In nractice it will be sliehtlv different. 

A « w » 

(e) The relative humidity U is the ratio of r to the saturation mixing ratio r^ 
of moist air relative to a plane water surface: 

U = r/r^ = 9(1 - 9w)/(9w(l “ 9)) (A4.4) 

It is usually expressed as a percentage. 
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A4 Properties of Moist Air 


A4.2 Saturation Vapor Pressure 

(a) The saturation vapor pressure e^iT) of pure water vapor over a plane water 
surface is discussed in Section 3.4. Values are given in Table 94 of the Smithsonian 
Meteorological Tables. For temperatures / between ±40°C, the value in millibars 
is given correct to 1 part in 500 by 

logio^wCO = (0.7859 + 0.034770/(1 + 0.004120- (A4.5) 

(b) In air, the partial pressure e'^ of water vapor at saturation is not exactly 
but is given by 

4 = (A4.6) 

whereX lies between 1 and 1.006 for observed atmospheric conditions, values being 
given in Table 89 of the Smithsonian Meteorological Tables. The value of is given 
correct to 2 parts in 10^ by 

/„ = 1 + 10-^p(4.5 + 0.0006t^), (A4.7) 

where p is the pressure in millibars. Values of r^ and follow from (A4.3) with 
e' = e'^, and are shown as functions of p and T in Fig. 3.6a. 

(c) The saturation vapor pressure ei(T) of pure water vapor over ice is given in 
Table 96 of the Smithsonian Meteorological Tables and satisfies (correct to 3 parts 
in 1000 for 0 > t > —40) 

logjo = logio e^(t) + 0.00422t. (A4.8) 

(d) The saturation partial pressure in moist air is/ times Cj. Values of/ are 
given in Table 90 of the Smithsonian Meteorological Tables, and / is given correct 
to 1 part in lO'^ by (A4.7). 

(e) The saturation vapor pressure over a salt solution is less than over fresh 
water. For seawater, the reduction is about 2% (Kraus, 1972, p. 46). 


A4.3 Further Quantities Related to Moisture Content 

(a) Dew point is the temperature to which air must be cooled at constant 
pressure and constant mixing ratio to reach saturation with respect to a plane water 
surface. The frost point is the equivalent with respect to a plane ice surface. 

(b) Lifting condensation level is the level at which a parcel of moist air lifted 
adiabatically becomes saturated. 

(c) Wet-bulb temperature is the temperature to which a parcel of air is cooled 
by evaporating water into it gradually, adiabatically, and at constant pressure until 
it is saturated. It is measured directly by a thermometer whose bulb is covered by a 
moist cloth over which air is drawn. 

(d) From the above definitions, it follows that for a parcel with pressure p 
the 9 contour through (p, T), the 0* or 0* contour through (p, 7^), and the r^ or 
contour through (p, 7^) all intersect at the lifting condensation level (Normand’s rule). 
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A4.4 Latent Heats 


The latent heat of vaporization is given by (3.4.6), i.e., 

Z-,(/) = 2.5008 X 10*^ - 2.3 x 10^/ Jkg"', (A4.9) 

where / is the temperature (in degrees Celsius). The latent heat of sublimation L, is 
given by 

L,(/) = 2.839 X 10^ - 3.6(/ + 35)^ J kg"'. (A4.10) 


A4.5 Lapse Rates 


The dry adiabatic lapse rate is given to within 0.3% by 

r=,g/c,. (A4.11) 

The saturation adiabatic lapse rate (for liquid water) is given approximately by 
r, = 6.4 - 0.12t + 2.5 X 10“ 

+ [-2.4 + 10-\t - 5)2](1 - p/p,) Kkm- (A4.12) 

where p, = 1000 mb and t is the temperature (in °C). The maximum error in the range 
jfj < 40 and 500 < p < 1000 is 0.2 K km".Accurate values of are given in Table 
79 of the Smithsonian Meterological Tables, whereas Table 80 gives values for the 
ice stage. 
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Appendix Five 


A List of Atlases 
and Data Sources 


Note that (i) many references could be placed in more than one subdivision but 
are given only once; (ii) if a work is listed in the main reference section, only the author 
and year are quoted; (iii) the list can be extended by consulting the bibliographies 
given in the references below. 


A. Catalogs and Bibliographies 

Jenne, R. L. (1975). “Data Sets for Meteorological Research,” NCAR Tech. Note lA-111. Natl. Center 
Atmos. Res., Boulder, Colorado. 

Keehn, P. A., and Rigby, M., eds. (1968). “Bibliography on Marine Atlases." Am. Meteorol. Soc., Wash¬ 
ington, D.C. 

Ropelewski, C. F., Predochl, M. C., and Platto, M. (1980). “A Quick Reference to Selected Climate 
Data.” Center for Environmental Assessment Services, Washington, D.C. 

Stommel, H., and Fieux, M. (1978). “Oceanographic Atlases: A Guide to Their Geographic Coverage 
and Contents,” Woods Hole Press, Woods Hole, Massachusetts. 

B. Atmospheric Circulation 

Atkinson, G. D., and Sadler, J. C. (1970). “Mean Cloudiness and Gradient Level Wind Charts over the 
Tropics.” Tech. Rep. 215, Vols. 1 and 2. Air Weather Service, U.S. Air Force, Washington, D.C. 
Lau, N.C., White, G. H., and Jenne, R. L. (1981). Circulation statistics for the extratropical northern 
hemisphere based on NMC analyses. NCARTech. NoteTN-171 -(- STR. Natl. Center Atmos. Res., 
Boulder, Colorado. 

Oort, A. H. (1982). Global atmospheric circulation statistics, 1958-1973. NOAA Prof. Pap. 

Ramage, C. S., and Raman, R. V. (1972). “Meteorological Atlas of the Indian Ocean Expedition,” Vol. 2. 
Natl. Sci. Found., Washington, D.C.' 

Sadler, J. C. (1975). The upper tropospheric circulation over the global tropics. Univ, Hawaii UH MET 
75-05, 1-35. Dept, of Meteorol., Univ. of Hawaii, Honolulu. 

Sadler, J. C., Oda, L., and Kilonsky, B. J. (1976). Pacific Ocean cloudiness from satellite observations. 

Univ. Hawaii UH MET 76-01, 1-137. Dept, of Meteorol., Univ. of Hawaii, Honolulu. 

Shideler, D. H., and Sadler, J. C. (1979). Pacific Ocean cloudiness from satellite observations. Part II. 
Univ. Hawaii UH MET 79-13, 1-56. 
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U.S. Air Force and U.S. Dept, of Commerce (1971). “Global Atlas of Relative Cloud Cover 1967-1970.” 
USAF/USDC, Washington, D.C. 

van de Boogard, H. (1977). The mean circulation of the tropical and subtropical atmosphere—July. 

NCAR TN-118STR, 1-41. Natl. Center Atmos. Res., Boulder, Colorado. 

Wahl, E. W., and Lahey, J. F. (1969). “A 700mb Atlas for the Northern Hemisphere.” Univ. of Wisconsin 
Press, Madison. 

Corby (1969), Crutcher and Meserve (1970), Newell et al. (1972-1974), Newton (1972a), Oort and Ras- 
musson (1971), Palmen and Newton (1969), Schutz and Gates (1971, 1972), Taljaard el al. (1969), Winston 
el al. (1979), and other references in Section 13.10. 


C. Precipitation 


Dorman, C. E., and Bourke, R. H. (1979). Precipitation over the Pacific Ocean 30“N to 60^N. Mon. 
Weather Rev. 107, 896-910. 

Dorman, C. E., and Bourke, R. H. (1981). Precipitation over the Atlantic Ocean, 30'’N to 70'N. Mon. 


Weather Rev. 109, 554-563. 

Jaeger, L. (1976). Monatskarten des Nicderschlage filr die ganze Erde, “Berichte des Deutschen Wetter- 
dienstes,” No. 139, Offenbach. 
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Washington, D.C. 

Taylor, R. C. (1973). “An Atlas of Pacific Islands Rainfall.” University of Hawaii, Inst. Geophys., Hono¬ 
lulu. 


Baumgartner and Reichel (1975). 


D. Surface Winds'f 

Fernandez-Partagas, J., Samuels, G., and Schott, F. (1980). “Surface Wind Maps for the Western Indian 
Ocean Jan-Sep 1979,” Tech. Rep. TR80-4. Rosenthiel School Mar. Atmos. Sci., University of 
Miami, Miami, Florida. 

Goldenberg, S. B., and O’Brien, J. J. (1981). Time and space variability of tropical Pacific wind stress. 
Mon. Weather Rev. 109, 1190-1207. 

Han, Y.-J., and Lee, S.-W. (1981). A new analysis of monthly mean wind stress over the global ocean. 

Climatic Res. Inst. Rep. No. 26, Oregon State Univ., Corvallis. 

Hellerman, S. (1980). Charts of the variability of the wind stress over the tropical Atlantic. Deep-Sea Res. 
26, Suppl. 2, 63-75. 

Wearn, R. B., and Baker, D. J. (1982). Wind stress variability over the Southern Ocean 1976-78. J. Phys. 
Oceanogr. 12. 

Anderson (1982). Bunker (1976), Fieux and Stommel (1977), Hellerman (1967), Leetmaa and Bunker 
(1978), White and Saur (1981), Wyrtkl and Meyers (1975, 1976). 


E. Surface Temperature, Pressure, Currents, Winds, Sea Ice, etc. 

Deutsches Hydrographisches Institut, Hamburg. Monatskarten fur den Indischen Ozean (Publ. No. 
2422, 1960), Nordatlantischen Ozean (Publ. No. 2420, 1967), Siidatlantischen Ozean (Publ. No. 

TAnt I 07 It 

Hastenrath, S., and Lamb, P. (1977). “Climatic Atlas of the Tropical Atlantic and Eastern Pacific Ocean." 
Univ. of Wisconsin Press, Madison. 

Japan Oceanographic Data Center (1979). “Marine Environmental Atlas. Currents; Adjacent Seas of 
Japan.” Japan Hydrographic Association, Tokyo. 

Koninklijk Nederlands Meteorologisch Instituut (1952). “Oceanografische en Meteorologischc Gege- 
vens,” Publ. 135 (Indische Oceaan). 

Landsberg, H. E., ed. (1969). “World Survey of Climatology” (A series of many vols). Elsevier, Amsterdam. 


t See also Section E. 
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Ministerstvo Oborony SSSR (1980). “Atlas okeanov Sevcrnyy Ledovityy Okean” (Atlas of the Oceans. 
The Arctic Ocean). Glavnoye Upravlcniye Navigatsii i Okeanograhi Ministerstvo Oborony. Moscow, 
SSSR. 

Stidd, C. K. (1974). Ship drift components: Means and standard deviations. Scripps Inst. Oceanogr. 
Ref. Ser. 74-33, 1-57. 

USSR Academy of Science (1964). “Physical Geographical Atlas of the World.” Moscow. 

Zwally, H. J., Comiso, J. C., Parkinson, C. L., Campbell, W. J., Carsey, F., and Gloerson, P. (1982). 
“Antarctic Sea Ice Cover 1973-76 from Satellite Passive Microwave Observations.” NASA, Green- 
belt, Maryland. 

J. F. Garrett (1980), Hastenrath and Lamb (1979), Perlroth (1969), U.S. Department of Commerce (1963, 
1965, 1974, 1976, 1977. 1978. 1979). 


F. Air Sea Heat Exchanges, etc. 


Clark, N. E., Eber, L., Laurs, R. M., Renner, J. A., and Saur, J. F. T. (1974). Heat exchange between 
ocean and atmosphere in the eastern North Pacific for 1961-71. NOAA Tech. Rep , NMFS SSRF 
NIVlFSSSRF-682, 1-108. 


Hastenrath, S., and Lamb, P. (1978). “Heat Budget Atlas of the Tropical Atlantic and Eastern Pacific 
Oceans.” Univ. of Wisconsin Press, Madison. 

Hastenrath, S., and Lamb, P. (1979). “Climatic Atlas of the Indian Ocean. Part 11. The Oceanic Heat 
Budget." Univ. of Wisconsin Press, Madison. 

Privett, D. W. (1960). The exchange of energy between the atmosphere and the oceans of the southern 
hemisphere. Geophys. Mem. (U.K. Met. Off.) No. 104, 1-61. 

Ramage, C. S., Miller, F. R ., and Jefferies, C. (1972). “Meteorological Atlas of the Indian Ocean Expedi¬ 
tion," Vol. 1. The Surface Climate of 1963 and 1964. Natl. Sci. Found., Washington, D.C. 

Ramage, C. S., Adams. C. W., Hori, A. H., Kilonsky, B. H.. and Sadler, J. C. (1980). Meteorological 
atlas of the 1972-73 El Nifto Univ. Hawaii UH Met 90-03, l-lOl. Dept, of Meteorol., Univ. of 
Hawaii. Honolulu. 

Weare, B. C., Strub, P. T., and Samuel, M. D. (1980). “Marine Climate Atlas of the Tropical Pacific 
Ocean.” University of California, Davis. 


Budyko (1963, 1974). Bunker (1976, 1980), Hastenrath (1980), Malkus (1962), Stommel (1980), Wyrtki 
(1965). 


G. Sea Level 


Pgrmnngnf Scrvicc Tor Sc& Lcvs! (1978). ''Monthly End Annus! Mesn Heights of Scs Level,3 vo!s. 


Inst. Ocean Sci., Bidston, Merseyside, United Kingdom. 


H. Time Series and Variability 

FofonofT, N. P., and Tabata, S. (1966). Variability of oceanographic conditions between ocean station P 
and Swiftsure Bank off the Pacific coast of Canada. J. Fish. Res. Board Can, 23, 825-868. 

Helland, P. (1963). Temperature and salinity variations in the upper layers at Ocean Weather Station M 
(66^N 2^E). Arbok Univ. Bergen, Mat.-Naturvitensk. Ser. No. 6. 

Husby, D. M., and Seckel, G. R. (1975). Large-scale air-sea interactions at Ocean Weather Station V, 
1951-71. NOAA Tech. Rep. iVWS SSRF NMFS SSRF-696, 1-44. 

Lazier, j. R. N. (1980). Oceanographic conditions at O.W.S.BRAVO 1964-1974. Aimos.-Ocean 18, 
227 238. 

Lee, V., and Wunsch, C., eds. (1977). Atlas of the Mid-Ocean Dynamics Experiment (MODE-1). MIT, 
Cambridge, Massachusetts. 

Schroeder, E., and Stommel, H. (1969). How representative is the series of Panulirus stations of monthly 
mean conditions off Bermuda? Prog. Oceanogr. 5, 31-40. 

Smed, J (1947). Monthly anomalies of surface temperature in the sea around South Greenland during 
the years 1876- 1939. Anne. Biol. 2, 16-22 (updated in later issues). 

Tabata, S. (1965). Variability of oceanographic conditions at Ocean Station P in the northeast Pacific 
Ocean. Trans. R. Soc. Can. 3, 367-418. 
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White, W. B., and Walker, E. A, (1974). Time and depth scales of anomalous sub-surface temperature at 
ocean weather stations P, N and V in the North Pacific. J. Geophys. Res. 79, 4517-4522. 

J. Surface and Near-Surface Ocean Data 

Robinson, M. K.. (1976). “Atlas of North Pacific Ocean Monthly Mean Temperatures and Mean Salinities 
of the Surface Layer.” Dept, of the Navy, Naval Oceanogr. Office, Washington, D.C. 

Robinson, M. K., Bauer, R. A., and Schroeder, E. H. (1979). “Atlas of North Atlantic-lndian Ocean 
Monthly Mean Temperatures and Mean Salinities of the Surface Layer.” Naval Oceanogr. Office, 
Bay St. Louis, Mississippi.t 

K. Oceanographic Atlases 

Dietrich, G. (1969). “Atlas of the Hydrography of the Northern North Atlantic.” Cons, Int. Explor. 
Mer., Charlottenlund Slot, Denmark. 

Diiing, W., Ostapofif, F., and Merle, J., eds (1980). “Physical Oceanography of the Tropical Atlantic 
during GATE.” University of Miami, Coral Gables, Florida. 

Fuglister, F. C. (1960). “Atlantic Ocean Atlas.” WHOI, Woods Hole, Massachusetts. 

GEOSECS (1981) “Atlantic Expedition” (2 vols.), “Pacific Atlas.” Natl. Sci. Foundation, Washington, 
D.C. 

Gordon, A. L., Molinelli, E., and Baker, T. (1982). “Oceanographic Atlas of the Southern Ocean.” 
Columbia Univ. Press, New York. 

Japan Oceanographic Data Center (1975). “Marine Environmental Atlas: North-western Pacific Ocean,” 
Vol. 1. Japan Hydrographic Association, Tokyo (Vol. 2, 1978). 

K-olesnikov, A. G. (1973). “Equalant I and II.” UNESCO, Paris. 

Lcvitus, S. (1982). Climatological Atlas of the World Ocean. NOAA Prof. Pap. 

Love, C. M., ed. (1972). “EASTROPAC Atlas,” Vol. 1. U.S. Dept of Commerce, NOAA, Washington, 
D.C. (Vol. 3, 1971; Vol. 5, 1972; Vol. 7, 1973; Vol. 9, 1975; Vol. 1 1, 1977). 

Miller, A. R.,Tchernia, P., Chamock, H., and McGill, D. A. (1970). “Mediterranean Sea Atlas.” WHOI, 
Woods Hole, Massachusetts. 

Reid, J. L. (1965). “Intermediate Waters of the Pacific Ocean.” Johns Hopkins Press, Baltimore, Maryland. 
Sayles, M. A., Aagaard, K., and Coachman, L. K. (1979). “Oceanographic Atlas of the Bering Sea Basin.” 
Univ. of Washington Press, Seattle. 

Tsuchiya, M. (1968). “Upper Waters of the Intertropical Pacific Ocean." Johns Hopkins Press, Baltimore, 
Maryland 

Worthington, L. V., and Wright, W. R. (1970). “North Atlantic Ocean Atlas.” WHOI, Woods Hole, 
Massachusetts. 

Wyrtki, K. (1971). “Oceanographic Atlas of the International Indian Ocean Expedition.” Natl. Sci. 
Found., Washington, D.C. 

L. Data Centers 

Meteorological and oceanographic data can be obtained from Data Centers. Many countries have 
their own National Data Centers, and there are also World Data Centers, such as 

World Data Center A for Meteorology 
National Climatic Center 

Federal Building, Asheville, North Carolina 28801 

World Data Center A for Oceanography 
National Oceanographic Data Center/NOAA 
Washington, D.C. 20235 


t Also available on magnetic tape as “Bauer-Robinson Numerical Atlas” from Fleet Numerical 
Oceanography Center, Monterey, California. 
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Critical latitude, 441, 445, 448, 454, 503, 304, 306 
Critical level, 290-292, 454, 334 
Critical line, 580 
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Oregon, 422 
South Africa, 520, 522 
of water, 20, 599-601,603 
Denver, 294 

Depression formation, 545, 546, 549, 556-563, 578 



Depth, equivalent forcing, 344, 428, 507 
Desert, 13, 428 
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Kelvin wave, 379, 437, 450 
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Divergence-vorticity ratio, 313, 447 
Djakarta, 480,482 
Doodson number, 335 

Doppler-shifled frequency, 283, 301, 437, 452 
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internal, 41, 70. 79, 80 
kinetic,76-81, 111, 112 
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mechanical, 76-81,111,112 
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potential. 80. 81, 111.112,139,140,142,170,502 
Energy balance of earth, 2,7, 31,33 
Energy conversion, 79, 80, 112, 166, 195, 566, 580 
Energy density 
internal waves, 140, 146, 153 
quasi'geostrophic, 355 
Energy equation, 70,76-81,83, 111 
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rotating, 267 
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quasi-geostrophic, 502 
Kelvin wave, 379 
Poincar^ wave, 206, 255, 256 
Energy release, rotating fluid, 195 
Energy transport, meridional, 14, 15, 31, 35, 524, 
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group velocity, 441,450 
vertical propagation, 450-454 
Equatorial wave observation, 440,442,452-454 
Equatorial wave reflection, 456 
Equatorial Countercurrent. 483.487.489 
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Forcing depth, equivalent, 344,428, 507 
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Fourier series, 334 
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cold, 545-547 
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oceanic. 576-578 
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Greenhouse effect, 8,9 
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surface wave, 137 
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Gulf Stream, 503, 512,513, 520 522. 568-571 
rings, 570, 571 

Gyre, 81, 466, 509, 514, 519, 569 
poleward shift with depth, 219 


H 

Hadley, 13. 23, 189,319, 367, 369, 506, 549 

.I.jti'nn II ia '>t 170 AAT dll 

m t uuiu^ wn wuiufcivritf > f -wvi — * « ■ « 

475,584-588, 590 



652 


Index 


Halley, 13,22.23,37,95,98,189,319,367,369,476, 
549 

Halocline,48 
Hamburg, 158 
Haney flux foimula, 36 
Hatteras, Cape, 520 
Hazard to aircraA, 288 
Heat balance 

of atmosphere, 14, 15, 587-590 
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I 


Ice Age, 17,482 

Ice eflects, 4, 7, 16, 32, 33, 36, 330, 522 

Iceland, 563 

Icelandic low, 477 

Ice-water boundary, 89 

Ideal gas law, 40-44, 53, 54, 223, 224 
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Interannual variability, 457, 476-482, 489, 491, 
541-543 
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Internal boundary, 86, 87 
Internal energy, 41,70, 79,80 
equation, 70, 80 
Internal heating, 71 
Internal tide, 305, 336 
Internal wave 

boundary generated, 142-153, 268-294 
bounded region, 154, 156, 157 
compressible fluid, 169 
continuous slraliRcation, 131, 132, 139 
dispersion relation, 131, 132, 155, 258, 261 
energy partition, 261, 267 
equations, 130, 169, 171 
rotating, 258 

group velocity, 134, 259-262, 271, 273 
hortzontai propagation, 260 
initial value problem, 163-169, 175-177 
polarization relations, 132, 133, 262-266, 300 
radiation, 325 

reflection, 146, 147, 149, 261, 286, 287, 298 
sani-infinite region, 156, 162-165, 186 
spectrum, 305 -308 
speed values, 122, 125, 126, 128, 161 
two-layer, 122, 123, 139, 158 
vertical propagation, 262 
Internal Poincare wave, 252 -253 
Internal wave experiment (IWEX), 305, 306 
Intertropical Convergence Zone (ITCZ), 13,26,32, 
458,467,468, 476,483,487 
Intrinsic frequency. 283, 301,437,452 
Inverse barometer, 337 
Inversion, 56, 61, 158, 218, 330,416,417 
Ionosphere, 49 

Irrotational part, momentum flux, 592 
Isallobaric wind, 311-315, 355, 361, 364, 365,447, 
497,498, 502,517, 543 
Isentropic coordinates, 180 
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Isothermal atmosphere, 49, 172, 186, 505 
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Jacobian, 572, 573, 575, 585 
Japan, 522 

Jeffreys, 397, 398, 586 
Jet 

stream, 538,540,550,578,580-582,585,587,591 
coastal, 404, 463 
low level, 476, 479 
nocturnal, 332, 333 
July simulation, 469, 470 
Junction conditions, 114 
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Karman constant, 30, 329 
Kelvin, 189, 192, 197, 204, 229, 230, 237, 254,302, 
376 

Kelvin circulation theorem. 230 
Kelvin-Helmholtz billows, 325, 549 
Kelvin wave, 372,378-410,415-420,436. 456.457 
energy partition, 379 
equatorial, 415, 430,436-440 
radiation, 452,453, 456 
Khordazbeh, Ibn, 489 
Kibcl’ number, 498 
Kinematic viscosity, 75, 295 
K'metic energy, 76-81, III, 112 
equation, 76-78, 80, 111 
isobaric form, 187 
quasi-geostrophic, 502 
Kinetic theory of gases, 295 
Klein-Gordon equation, 196, 198, 342, 386 
Kolmogorov length, 79 
Krakatoa, 177, 178 
Kuroshio, 513, 522, 578 
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Laboratory experiments, 38, 96, 97, 105, 122-124, 
137,138, 155,189, 210,283,291-294,303,316, 
325, 338,370,385,389,402,426,506,509,549, 
560,568 

Labrador Sea, 516, 571 
Lac L6man, 416 
Lagrange, 86, 109,227, 231, 233 
Lagrange acceleration formula, 227,498 
Uke, 114, 125. 203,204, 373-385 
Lake Kinnaret, 427 

Lake Michigan, 252, 253,405, 407,416 
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Lamb, 105, 121, 173, 226,506 
Lamb wave mode, 172, 175-177, 185-188, 207, 
296, 378, 504 

Laminar Ekman layer, 331, 332 
Langley, 595 

Laplace. 73,98.99, 102,173,189, 209,334, 335,504 
Laplace equation. 100-102, 282, 314, 551, 552 
Laplace tidal equation, 73, 98, 318, 335, 336, 431- 
435,504 

Laplace transform, 458 
Laplacian, horizontal, 432 
Lapse rate, 11, 12, 50.51, 56,57, 607 
dry adiabatic. 11, 50, 56. 607 
moist adiabatic, 12, 56, 607 
Latent energy, 81 
Latent heat, 11,31. 34, 81 
content of atmosphere, 31 
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Latent heat (coni.) 
flux, 10,30,31,34, 81,88, 588 
release. 11. 31. 71, 81,472, 575,576, 587 
of sublimation of water, 607 
of vaporization, 34,44, 45 
of water, 45, 607 
Lateral friction, 517, 518 
Lee wave, 150-152, 274-294, 320, 347-350,410 
equation, 280 
Level of no motion, 216 

Life cycle, baroclinic disturbance, 549, 578-582, 
587, 591 

Lifling condensation level, 59, 61,606 
Liouville-Green approximation, 153, 248, 286, 
297-302,441-443, 446, 542 
Loch Ness, 126 

Log-pressure coordinate, 182, 184, 523, 530, 551, 
583 

Logarithmic profile, 28, 29, 329 
Lomrael function, 460 
Long-creslcd wave. 101 

Longitudinal structure, atmospheric circulation, 
591 

Long planetary wave, 445,456, 502-506 

Long Poincare wave, 197, 205-208, 252 

Long-wave approximation, 106-108, 159 

Long-wave radiation, 9, 10,34 

Love numbers, 337 

Low, coastal, 379, 416,417 

Low-level jet, 476,479 

Lowestoft, 401 

Lunar day, 334 

Lunar nodes, 335 

Lunar orbit, 334, 335, 393 

Lunar perigee, 335 

Lyons, Gulf of, 516 
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Magnetosphere, 49 
Mannheim Society, 208, 209 
Margules. 219, 220,223,471, 503-505 
Margules relation, 211,219 
Mars, 7, 283 

Marsigli, 96,97. 119. 189, 222-223,238,385 
Mass 

of atmosphere, 597 
of earth, 597 
of ice, 597 
molecular, 40, 597 
of ocean, 597 

Mass conservation equation, 64,65, 69, 84, 92 
Mass flux, 14.66, 86 
in atmosphere, 14 
Material boundary, 86 


Material circuit, 229 
Material derivative, 64,180, 182 
geostrophic, 498, 529 
horizontal, 431 

Material element, 63,65, 69, 79, 80 
Meander, 463, 570, 571 
Mean flow-wave interaction, 309-311, 502 
Mean free path, 295 
Mechanical energy, 76-81,111,112 
equation, 76-78, 80, 111 
isobaric form, 187 

Mediterranean, 38, 96, 385, 516, 522 
Melting rate, 33 

Mercator projection, 495, 496, 499 
Meridional boundary effects, equatorial waves, 
456-458,460-462 

Meridional circulation, 13, 14, 22, 23, 369, 370, 
467-471.475.584-588.590 
Mesopause, 48, 296, 534 
Mesosphere. 48, 49 
Meteor train, 296 
Mexico. Gulf of. 349-352 
Microbarograph record, 178, 179 
Microwave transmission, 159 
Middle atmosphere, 48, 297,533 
Mid-ocean dynamics experiment (MODE), 506. 
571 

Milankovich, 16 
Minimum energy state, 221,222 
Mixed layer, 317, 320-327, 332, 463, 482, 483 
deepening, 325, 326, 332, 353 
modeling, 326 

Mixed planetary-gravity wave, 439, 440, 450-455, 
458 

Mixing. 320, 324, 326,353,408,426,427.463.473, 
487. 549, 575 
Mixing ratio, 56, 61 
Modified vertical coordinate, 299, 306 
Moist adiabat, 12, 56, 59 
Moist air properties, 605-607 
Moist static ener<™, 83 
Moisture content, atntosphere, 32 
Molecular conductivity, 71 
Molecular dilTusivity, 68 
Molecular mass, 40, 597 
Molecular mass ratio, 41, 597 
Momentum equation, 69,72, 74, 84,93, 98 
equatorial beta-plane, 434 
isobaric form, 181 
linear quasi-geostrophic, 497, 565 
mean zonal on sphere, 583 
Mercator coordinates, 495 
on sphere, 431, 432 
Momentum flux, 28 
internal waves, 145, 14K 
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map, 250 mb, 592 
planetary waves, 502, 538, 549, 581 
sections, northern hemisphere, 581 
Momentum transfer, air-sea, 22, 23 
Momentum transport, eddy, 550, 581-587 
Monsoon, 404, 463, 476 
Moon orbit, 334, 335, 393 
Motion, equation of, 72, 74, 84, 93, 98 
Mountain torque, 24, 586 
Mountain waves, 150-152, 274-294, 314, 315, 448 
Moving wave source, 137, 138, 302 
Munk layer, 518 
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Nansen, 123,215 

Narrow channel approximation, 373-376, 393, 394 
Natural coordinates, 233 235, 544 
Navier-Stokes equation, 75, 84 
Nebraska, 574 

Necessary conditions for instability, 563-565 
Networks, meteorological, 208 
New Guinea, 437 
Newton, 72, 98, 334 

Newtonian cooling, 291, 296, 319, 367-369, 466, 
584, 585 
values, 296 

Niiio, 457,458,482,49! 

Nocturnal jet, 332, 333 
Nonacceleration theorem, 537 
Nondimenstonal variables, 398,399,446,447,496, 
529, 571 

Nondivergent planetary wave, 502-506 
Nonhydrostatic wave regime, 259, 261, 276-279, 
286, 287 

Nonlinear interaction, 302-304, 307 
Nonlinear mountain wave, 292-294 
Nonlinear part, ageostrophic velocity, 498, 517 
Nonlinear quasi-geostrophic flow, 527-532 
Nonlinear western boundary, 517-521 
Normal mode, 121, 159 
compressible case, 174, 175 
isobaric form, 185, 186 
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resolution into, 167, 342-346, 450, 454,466, 468 
Noimand’s rule, 606 
North Equatorial Current, 483 
Northern oscillation, 477 
North Pole, 7,525 

North Sea, 112, 207, 339, 372, 380, 383-385, 394, 
395,401,402 

Norwegian Coastal Current, 426 

No'Slip condition, 89 

Nuclear explosion, 177, 178 

Numerical model, I, 16,68, 81, 115, 243-245, 294, 


296,337,350, 385,392,394,403,421,426,427, 
432,448,463,473,482,509, 510,512,515-517, 
519, 540, 541,560, 569, 576, 578,591 
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Occlusion, 578 

Ocean-atmosphere fluxes. 10, 15, 29, 30, 34, 592 
Ocean circulation 
forcing mechanism, 326-328, 507 
tropical. 459-464, 471,472,482-491 
wind-driven, 466, 507-522, 568,586, 587 
Ocean current, tropical, 482-491 
Ocean Island, 442,444 
Omaha, 574 

Omega equation, 494, 543-547 
Optical properties, 20 
Orbit 

of earth, 2, 16 
of moon, 334, 335, 393 
of particle 

internal wave, 263-266, 269 
mixed planetary-gravity wave, 440 
surface wave, 103 
Poincare wave, 251 
Oregon, 419-426 

Orthogonality of modes, 163, 167, 168 
Oscillation, inertial, 195, 252-254, 317, 322-326, 
332, 394 

Oscillation mode, ocean, map, 393 
Overrcflcction, 534 
Oyashio, 578 
Ozone, 8, 12 
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Pacific-North America Pattern, 541,542 


Pacific Ocean, 13, 104,212,216,344,372, 373, 394, 
415,417,422,428,430,437,442,444,445,457, 
462-464, 471, 475, 476, 479, 482-486, 489, 
491, 512.516,541 -543. 576-578 


Pacific wind stress map, 485 
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Parabolic cylinder function, 438,439,441,454,467- 
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Parallel flow instability, 550, 566-568 

Paris. 208,211 

Partial pressure, 40 

Partial reflection, 287-290,534, 580 

Pascal, 98 

Pendulum day, 205 

Pcnnincs, 274 

Perfect gas law, 40-44, 53,54, 223, 224 
Period minimum, planetary waves, 445 
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Penneability coefficient, 88 
Perrot, 210 

Perturbation density. 75 
Perturbation pressure, 75, 100 
Peru, 404,415,416,430,456,482,489 
Phase boundary, 87, 88, 89 
Phase change, 81 

Phase of wave, 101, 104, 137. 298,376 
Phase shift 
Charney wave, 562 
Eady wave, 558, 559 
Phase speed, 85, 101, 104, 134 
two-layer fluid. 121, 122 
Piecewise-unifoim medium, 146 
Planetary-gravity wave, 439,440,450-455,458 
polarization relations, 452 
Planetary wave. 417, 427,494, 500-512, 523-527, 
532, 549,580.581 
absorption, 534, 535, 538,580, 587 
dispersion diagram, 445,500 
dispersion relation, 446,500, 503, 523 
equatorial, 439, 444-463 
group velocity, 445,450, 500,510,523, 524.535, 
579 

instability, 568 
maximum frequency, 445 
observations, 504,506 
polarization relations, 523 
propagation mechanism, 448,449, 502 
radiation, 417,427,580 
reflection, 538 
on sphere, 503-506 
vertical propagation, 523- 527,580 
Pliny, 123,476 

Poincare wave, 196, 204, 249-256, 372 
in channel, 376, 377, 380-382 
dispersion relation, 196, 250, 299, 377 
energy partition, 206, 255, 256 
equatorially trapped, 439 
group velocity, 197, 198, 255 
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Polarization relation 
internal wave, 132, 133, 300 
rotating, 262-266 
mixed planetary-gravity wave, 452 
planetary wave, 523 
Port Edward, 520 
Potential 

centrifugal. 74, 80 
gravitational, 45, 72,74, 80, 336 
tide-producing, 334-337 
Potential density, 54, 55, 601 
of ocean, 47 

Potential energy, 80, 81, 111, 112,502 
available, 81, 170, 171, 187, 188, 219-225, 502, 


546,549-551,554,555,559,563,565,569,578, 
582,585 

distribution, ocean eddies, 569 
stratified fluid, 140, 142, 170 
two-layer fluid, 139 
Potential flow, 143, 261, 268, 275, 276 
Potential instability, 58 
Potential temperature, 52, S3, 602, 603 
profile. 57 
section 
front, 574 
Rockies, 289 

Potential temperature-entropy relation, 53 
Potential vorticity, 190-192, 196, 231-243, 313, 
396, 410,411,528 

contours, flow along, 433,506, 511,515, 564 
equation 

linear homogeneous 
y-plane, 192, 396, 399, 409 
on sphere, 432-435 
linear stratified, y-plane, 242, 243 
nonlinear homogeneous 
y-plane, 232 
on sphere, 433 

nonlinear stratilied,/-plane, 240 
quasi-geostrophic, 447,499,503,507,508,526, 
527.530,531 

shallow-water quasi-geostrophic, 499 
steady limit, 465,466 
western boundary layer, 518, 519 
Ertel, 240-243.531,573,576 
flux, 535, 579,581 
gradient, 532, 533, 560-565 
partition, 206-208 

perturbations, quasi-geostrophic, 532 
variations, western boundary current, 520, 521 
Potentiotropic fluid, 237 
Precipitation, 11, 31, 32, 311-313, 476, 479-482, 
491, 543, 568, 587 
map, 32 
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Pressure, surface, 22, 25-27,47, 587 
Pressure coordinate, 180, 186 
Pressure gradient, 45,75 
at equator, 463,464 
Pressure map, surface, 25,26, 418 
Pressure profile in atmosphere, 49 
Procopius, 96 
Prograde rotation, 504 
Progressive vector diagram, 252, 254, 323, 324 
Progressive wave, 101, 103, 123, 131, 147,304 
Progressive Poincare wave, 251. 376, 382 
Pseudoadiabat for atmosphere, 58, 59 
Pseudoadiabatic lapse rate, 12, 56, 59,472 
Pycnocline, 48 
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Q 

q-r variables, 435, 454 
Quasi'biennial oscillation, 453, 454 
Quasi-geostrophic motion, 205, 311-315, 354-356, 
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energy partition, 502 
on sphere, 531 
Quasi-geostrophic range 
beta plane, 525-527 
/-plane, 261, 274, 282. 283, 525 
Q-vector, 544-547 
map, 547 


R 

Radiation. 2, 7. 8, 10. 15.20, 296, 326, 582 
of gravity waves, 112 
of internal waves, 325 
of planetary waves, 417,427, 580 
of Kelvin wave, 452,453, 456 
of Poincar6 waves, 201 

Radiation balance of earth, 2, 10, 15. 16, 582, 588 
Radiation condition, 285, 348 
Radiative-convective equilibrium, 11,48,472,473, 
582, 584, 585, 587 

Radiative cooling rate, 22, 291, 296, 319,473, 587 
Radiative equilibrium, 7, 8, 296, 533, 582 
Radiative flux density. 71, 80 
Radiosonde sounding, 58, 59 
Radius 

of curvature, 234 
of defonnation, 190,205-208 
equatorial. 437-440, 460, 463, 467.487, 495 
of earth, 91, 597 

Rainfall, 11, 31, 32, 311-313, 476, 479-482, 491, 
543, 568, 587 
time series, tropics, 479 
Random phase assumption, 304 
Ratio of specific heats, 53 
Ray bundle, 302 

Ray tracing, 286-292, 297-302,441-443, 448, 538 
Rayleigh, 129, 131, 155, 550, 556 
Rayleigh friction. 319, 325, 367-369,413,466, 517 
Recirculating flow, ocean, 515, 569 
Reduced gravity, 98,120 

Redundancy in /-plane equations, 193, 196, 311, 
447, 497, 507 
Reef community, 491 
Reference ellipsoid, 9l 
Reference frame, 73 
Reference level, 216 
Reference pressure, 53, 54, 182, 183 


Reflection 

of equatorial waves, 456 
of internal waves, 147, 149, 261, 286, 287, 298 
partial, 261, 287-290, 534, 580 
of planetary waves, 538 
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Reflectivity distribution, 3, 458 
Refraction, 146, 286, 287, 538, 587 
Regime table, waves, stratified f-plane, 261 
Relative current, 212, 216 
Relative vorticity, 191,193 
Relaxation rate, theimal, 296 
Resonance. 114, 150, 261, 285, 287-290, 349, 391, 
393,442,512, 538 
Resonant triad, 303, 304, 568 
Retroflection, 522 
Retrograde, 504 
Richardson, 243-245, 528 
Rigid lid approximation, 127, 155, 233, 468 
Ring, Gulf Stream, 570, 571 
Rockies, 145, 287-290, 293,294 
Rossby, 189, 190, 192, 195,231,233,235-237,245, 
274, 503, 528 

Rossby adjustment problem, 191, 204, 245, 350, 
385, 396 

Rossby height, 274, 315, 551, 552, 556, 559, 561 
Rossby number, 498 

Rossfy radius, 190, 194, 199, 205-208, 247, 274, 
372, 379, 393-399, 403-409, 415, 417, 446, 
495,496,499, 502,510, 528,531,555, 560, 565, 
568 

baroclinic, 207 

equatorial, 437-440,460,463,467, 487,495 
modified, 348 

values, 206,207, 379,383, 403,405-407.418. 531 
Rossby wave, 417.427,494,500-512,523-527,532, 
549, 580, 581 

absorption. 534, 535, 538, 580, 587 
dispersion diagram, 445, 500 
dispersion relation, 446, 500, 503, 523 
equatorial, 439,444-463 
instability, 568 
observations, 504, 506 
propagation mechanism, 448, 449, 502 
on sphere, 503-506 
vertical propagation, 523-527, 580 
Rossby-gravity wave, 439,440,450-455,458 
Rotating frame, 73 
Rotating wave regime, 260, 261, 281 
Rotation rate, earth, 597 
Rotational spectrum, 306 
Rotor, 293 

Roughness length, 329 
Rum ford, 37 
Russell. Scott, 105, 209 
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Salinity, 33,40, 83, 599 
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equation, 64, 68, 70, 83-85, 94 
expansion coefficient, 51,54, 55,601,603 
range in ocean, 47 
Salt flux, 83,88 
San Francisco, 415,417, 428 
Santiago, 480 

Saturation mixing ratio, 56, 59, 606 
Saturation pseudoadiabat, 56, 58,59 
Saturation specific humidity, 56, 59, 72,606 
Saturation vapor pressure, 44,45,606 
Scale height. 49.85,99,130,172,183,295.450, 530, 
531,543. 551,561,562,565,583 
Scattering, 294, 304,413 
Schleswig, 394 
Sea breeze, 427,428 
Sea ice salinity, 33 

Sea level, 46,91,417,419, 425,483, 491, 512 
anomalies, American coast, 417 
change values, extreme, 491 
prediction, 419 
variations 
mid-latitude, 512 
Oregon, 425 
tropics, 483-491 


_>i‘^C AAO A’l£. 

dcasiuiiai V411H111U1I5, lUy jjo^ 

482,488-491,506,512, 533 
Seawater properties, 39, 599-603 
Secant bulk modulus, 600 
Seiche, 112, 114,385 
internal, 125, 126 
rotation effects, 373-376 
Semidiurnal tide, 335, 372,391-394 
Semigcostrophic equations, 572,573,576 
Semimajor axis of earth, 91 
Semiminor axis of earth, 91 
Sensible heat flux, 10, 30,34 
Separation, 294 

Separation of variables, 159, 162, 174, 207, 454 
Shadow zone, 448 

Shallow-water approximation, 107, 108 
Shallow-water equation 
equatorial beta-plane, 434-436 
forced 337-370,376.386,391,396,434-436,454, 
455, 459, 460,466-469 


/-plane, 191-196,231-235 
on sphere, 431 -433,471 
Shallow-water wave, 102, 107-110 
initial value problem, 109, 110 
Shaw, Napier, 208, 235, 236, 528 
Shear, 27, 79, 90, 217, 235, 302,307, 320, 325, 371 
Shear effect on waves, 284, 301 


Shear instability, 27-30, 308, 550, 566-568 
Shelf break, 427, 428 
Shelf circulation, 414,415, 427 
Shelf wave, 4(^-4! 5,419,439, 448 
equation, 413 

propagation mechanism, 411 
speed, 410,419 

Shift of cyclone with height, 218 
Ship wave pattern, 137, 138, 302 
Short planetary wave, 445,502-504 
Short Poincarf wave, 197, 205-208, 252 
Short-wave approximation, 106 
Short-wave radiation, 9,10,16, 33, 34 
Siberia, 177, 210 
Sigm^ coordinate, 368 
Sigma-theta, 47,55,601 
Similarity theory, 330 
Slicks, 123-125 

Sloping boundary, waves on, 408-420, 554 
Slow adjustment, 360-366 
Slowly varying wave, 104-106, 153, 248, 286, 297- 
302,437 
Snell’s law, 146 
Snow effect, 7, 16, 33 
Solar constant, 2, 16 
Solar perigee, 335 
Solar radiation, 9, 10,16, 33, 34 
Solenoidal held, 85 
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Somalia, 404,489 
Scnnali Current, 430,463 
Sound speed, 54,84, 85,169,185 
in air, 54 
perfect gas, 172 
seawater, 602, 603 
Sound wave, 82, 114, 157, 159, 302 
Sounding, 58, 59 
South Africa, 61,408,416,418 
South Equatorial Current, 483 
Southern Ocean, 393,516 
Southern oscillation, 457,476, 489, 491 
index, 480-482 
correlation map 
rainfall, 481 
surface pressure, 480 
South Pole, 7 
Specific entropy, 42, 70 
Specific gravity, 600 
Specific heat, 42-44, 601, 603 
of air, 43, 44 
ratio, 53 

Specific humidity, 40,41, 56, 87,605 
equation, 64, 84, 85 
Specific volume, 41, 65, 601 
anomaly, 215, 601 
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Spectral evolution, nonlinear, 303, 304, 307 

Spectral gap, 439, 493, 525 

Spectrum 

continuous, 156, 157, 159 
internal waves, 300, 305-308 
Spherical coordinates, 91 -94,431-433 
Spherical harmonics, 334 
Spheroidal coordinates, 91,92 
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Spin-Up of circulation, 494, 504, 507-512 

Spin-up time, 353-356, 398 

Stability 

conditional, 56, 57 
convective, 58 
potential, 58 

saturated atmosphere, 55 
static, 50, 51, 53 

sufficient conditions for, 563-565 
Standard atmosphere, 46,48-50, 178 
Standing mixed planetary-gravity wave, 440 
Standing Poincare wave, 198, 382 
Standing wave, 101, 103, 113, 125 
Stanton number, 30 
State equation, 39, 59-61, 84 
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Static stability, 50, 51, 53 
Stationary planetary wave, ocean, 519 
Stationary wave 
amplitude sections. 536, 537 
atmosphere, 494, 524-527, 533, 543, 584, 586. 
588-593 

geopotential departure sections, 539 
meridional velocity departure map, 540 
Steering level, 552, 553, 558-562 
Stefan’s constant, 7. 34, 597 
Stefan's law, 7 

Steric anomaly, 215, 461, 601 
Stevin, 98 

Stokes theorem, 229, 238 

Storm, 220, 232, 288, 293, 318, 327, 346-353. 362- 
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Storm surge, 339, 372, 394-403, 459 
equation, 400 
Storm track, 538 
Storm wave, 104 
Straining motion, 227 
Strait, flow through, 96, 97, 388-391 
Stratified fluid, 121 

Stratified incompressible fluid equations, 130 
Stratopause, 48, 49. 534 

Stratosphere, 48, 49, 452, 454, 458, 459, 502, 525, 
537 

Stratus, 3, 428 

Stream function, 133, 193, 233, 365, 368, 409, 413, 
508, 513, 519, 552, 553, 583 


Stress, 74, 75, 78, 89, 90 
formula, 29, 30 
surface, 24. 25, 29, 30, 586 
value, 321, 404, 456 
severe conditions, 352, 397 
Stretched-string analogy, 161 
Stretched vertical coordinate, 299, 306, 524 
Strophic balance, 311 
Sturm-Loiuville system, 161, 167 
Stuve diagram, 58, 59 
Subarctic front, 577, 578 
Subarctic gyre, 578 
Suberitical flow, 543 
Subharmonic instability, 304, 307 
Subsidence warming, 473, 588 
Subtropical front, 577, 657 
Subtropical gyre, 578 

Sudden stratospheric warming, 502, 525, 537 
Sufficient conditions for stability, 563, 565 
Summer hemisphere, 533, 534, 538 
Surface condition, isobaric form, 185 
Surface friction, 90, 319, 328-333, 339, 353-356, 
369, 398, 413-415, 426, 560, 576, 581 
Surface gravity wave, 20, 29, 101, 121 

Surface heat flux map, 35 
Surface pressure, 22. 25-27, 47, 587 
maps, 25, 26, 418 
time series, Darwin, 479 
Surface properties, 87, 88, 90 
Surface stress, 24, 25, 29, 30, 586 
formula, 29, 30 
variation, 24 
Surface temperature 
annual range, 21 
map, South Africa, 408 
Surface wave 

dispersion relation, 99, 102, 103 
general case, 173, 378, 552 
speeds, 106, 107, 114, 161 
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distribution, 27-29 550 
Surge, 339, 372, 394-403, 459 
Surge-tide interactior-. 395, 403 
Sverdrup equation, 465, 509, 513 
Sverdrup transport, 4i.5. 509-516, 569 
Sverdrup wave, 250 
Swell, 104 
STD recorder, 215 

T 

Taylor. G. 1., 174, 331, 372, 382-385 
Taylor-Proudman theorem, 506 
Tehuantapec, Gulf of, 420 
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Temperature 
anomalies, 457, 458,482 
annual range, 21 

change map, equatorial Pacific, 458 
change values, subsurface, extreme, 491 
equation, 71 

gradient, waves on 550-565 
map, surface. South Africa, 408 
850 mb, 590 
meridional section, 218 
profile in atmosphere, 49, 57, 59 

rancvA in (atmnGnhArA ^0 

in ocean, 47 
section 

along equator, 464 
atmosphere, 534 
ocean 

cross-equatorial, 462 
Peru, 416 
virtual, 41, 182 

Temperature-salinity curves, 60, 61 
Tephigram, 58, 59 
Thermal, 568 

Thermal conductivity, 48, 71, 295 
values, 71 

Thermal diffusivity, 71, 295 
values, 71, 295 
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Thermal expansion coefficient, 50, 54, 55, 601, 603 
Thermal relaxation rate, 296 
Thermal wind, 217, 533, 551, 562, 582-587 
Thermocline, 47, 207, 327, 460, 461, 482, 483, 508, 
516, 565 

depth anomaly, 457 
equations, 531 

Thermodynamic diagram, 58, 59, 61, 215 
Thermodynamic laws, 41,42 
Thermodynamic variables, 41 
Thermohaline circulation, 36, 426, 5)6 
Thermosphere, 48 
Thermosteric anomaly, 215, 461 
Thickness, 216 

maps, northern hemisphere, 213 
Three-layer model, 158, 287, 288 
Tidal dissipation, 283, 336, 393 
Tidal ellipse, 329, 330, 385 
Tidal power, 115 
Tidal stirring, 426, 427, 578 
Tide 

atmospheric, 99, 296, 337 
canal theory, 325, 391, 393 
in channel, 373-376, 380 
dynamics, 372, 391-394, 432, 506 
fortnightly, 335, 393 
gauges, 483 


internal, 305, 336 
semidiurnal, map, 392 
Tide-generating forces, 98, 318, 334-337 
Tilt 

of orbit, 16, 99 

of phase lines, 523, 524, 527, 538, 555, 558, 561, 
562, 567 

of thermocline in tropics, 464, 482, 483 
Tilted tube experiment, 291, 292 
Topographic effect, finite amplitude, 292-294 
Topographically generated wave, 142-153, 268- 
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Topographic wave, 412 

drag, 144, 145, 269, 270, 276-283, 288, 524, 527, 
543 


Topography 
of earth, 526 

effect, ocean circulation, 510-512, 515, 516, 521 
Torque on earth, 24, 586 
Torricelli, 208 

Total energy equation, 79-81, 111 
Trade wind, 13, 23, 25, 26, 369, 483, 549 
Transmission characteristics, atmosphere, 533 
Trapped wave, 143, 173, 378, 415, 436, 550, 558 
Traveling ionospheric disturbance, 297 
Traveling wave, 101, 103, 123, 131, 147, 304 
Triad interaction, 303, 304 

'Ti_ aqi 

Tropical current, 482-491, 512 
Tropical cyclone origin location map, 477 
Tropical temperature profile, 57 
Tropical wind, 13, 23, 25, 26,472-482 
Tropical year, 334 

Tropopause, 48, 49, 218, 534, 554-556, 575, 576 
Troposphere, 48,49, 575, 587 
Tsunami, 178 
Tunneling, 149, 534 

Turbulence, 27,90, 288,289, 294, 320,325, 330,426, 
568, 576 


Turbulent boundary layer, 27-30, 275, 318, 320, 
328, 333 
thickness, 330 

Turning point, 298, 441, 503 
Two-layer fluid, 97, 119, 122-128, 344, 345, 385, 
409, 471,519, 562, 563, 568 
Typhoon, origin location map, 477 


U 


Undercurrent 
coastal, 404-406, 428 
equatorial, 462, 463, 471, 472, 482-491 
Bosphorus, 96, 97 

United States, 46,48,49, 178,211,404,428,541,575 
Upwelling 
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coastal, 373, 379, 403, 408, 419-428, 459, 578 
equatorial, 456 -464, 486-491 
by hurricane, 349-352 
rate value, 404 
topographic effects, 420, 421 

V 

Vaisala frequency, 51, 52 
Vapor concentration, 605 
Vapor pressure, 40. 41, 605, 606 
Veering, 217 
Velocity, 64 
cyclonic part, 306 
Velocity profile 
boundary layer, 29 
ocean, 263, 308 
stratosphere, 263, 265 
Velocity section 

Agulhas Current. 520 
atmosphere, E. Africa, 479 
equatorial Pacific, 462 
front, 574 
Gulf Stream, 520 
ocean, NW Africa, 406 
Rockies, 289 
Venice, 375, 376, 394 
Venus, 7 
Vertical, 45 

Vertical coordinate, stretched, 299, 306, 524 
Vertical sounding, 58, 265 
Vertical velocity equation, regime table, 261 
Vertical velocity value, atmosphere, 475. 590 
Virtual temperature, 41, 182 
Viscosity. 48. 74, 75, 78, 79, 89, 90, 295 
eddy, 79, 332, 354, 517, 518 
values, 75, 295 

Viscous dissipation, 71, 76- 79, 291 
Volume element, 46, 65, 66, 68. 69 
Vortex 

filament, 228, 509 
forced baroclinic, 362 
sheet, 362 
street, 133 

stretching, 465, 466, 469, 509, 524 
tube, 230, 465 

Vorticity, 191, 193, 210, 226-231 
absolute, 232 
relative, 191, 193 

W 

Wake. Poincare waves, 199, 388, 456 
Wake How, 294 
Wales, 145, 283 


Walker circulation, 470, 471, 475, 482 
Wangara, 29, 333 
Warm air advection, 217 
Warm core disturbance, 217 
Warming 
adiabatic, 473, 588 
stratospheric, 502, 525, 537 
Warmward jet, 545, 546, 552, 559-561 
Warsaw, 208, 543 
Water balance of ocean, 33 
Water mass, 419, 423 
Water mass boundary, 578 
Water vapor, 40 
Water vapor effect, 8, 10, 11, 34 
Water vapor pressure, 40 
Water vapor residence time, 31 
Wave 

arrested topographic, 414 

equatorial, observations, 440, 442, 452-454 

on front, 578 

from impulse source, 137, 138, 302 
Wave action, 302 
Wave breaking, 293, 296 

Wave drag, 144, 145, 269, 270, 276-283, 288, 294, 
296 

ocean floor, 283 
Wave equation, 109, 128 

Wave front, 110, 112, 199, 201, 255, 386, 417, 455, 
456, 504, 509-511 

Waveguide, 151, 152, 154, 285, 297, 538 
coastal, 398-428, 456, 457 
equatorial, 436-463 
oceanic, 154, 157 
modes, 156, 157 
Wave group. 105 
Wave instability, 304 
Wave interaction, 302-304, 307 
Wavelength, 101 
Wavenumber, 101, 131 
Wave pattern, moving source, 137, 138, 302 
Wave speed value 

baroclinic planetary wave, 489, 503, 510 
barotropic planetary wave, 504, 509 
Wave transport, 309-311, 454 
Wave-mean flow interaction, 309-311, 502, 537 
Weak dispersion of pulse. 177-180 
Weddell Sea. 33. 37. 60, 516 
West Atlantic Pattern, 542 
West Indies, 57 

Westerly, mid-latitude surface, 582, 586 
Western boundary, equatorial, 456, 463, 487 
Western boundary current, 463, 476, 510, 513-522 
transport values, 513 
Western boundary-layer, width, 518 
Wet-bulb potential temperature, 57, 59 
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Wet-bulb temperature, 606 

Wieringen, 394 

Wind 

mean meridional cross section, 218, 534 
surface distribution, 27-29, 550 
tropical. 13. 23, 25. 26, 472-482 
Wind-driven current, 318, 327, 421-428, 458-464, 
482-491, 507-522, 568. 586, 587 
Wind-generated inertial oscillations, 322-326 
Wind map 

low-level, Indian Ocean, 478 
200 mb, July, 474 
250 mb, 592 
850 mb, July, 474 
Wind profile. 29. 265 
Wind section 

atmosphere, E Africa, 479 
front, 574 

n -nan 
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Wind stress, 24- 27. 29. 319, 516 

curl, 327, 435, 436, 465-468, 508, 513 
horizontal scale, 504, 508 
latitudinal variation, 24 
map 

Atlantic, 490 
tropical Pacific, 485 
Winter, abnormally cold, 541-543 
Winter hemisphere, 533-535, 538-540 


WKBJ approximation, 153, 248, 286, 297-302, 
441 -443, 446, 542 
Work 

by gravity, 80 
by pressure force, 80 
w-p' equation 
nonrotating, 129, 261 
quasi-geostrophic, 261, 528, 529, 543 
rotating, 257, 261 

w-phi equation, quasi-geostrophic, compressible, 
530, 533 
Wyoming, 294 


Y 

Yanai wave, 439, 440, 450-455, 458 
Yoshida jet, 460,487 


Z 

Zonal circulation section, tropics, 475 
Zonal flow, small disturbances to, 532-543 
Zonal momentum balance, 583-587 
Zonal wind map, 250 mb, 592 
Zonal wind section, 218, 534 
Zuyder Zee, 394 



